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PREFACE 


In the original work, the author endeavored to prepare a text- 
book on the Calculus, based on the method of limits, that should be 
within the capacity of students of average mathematical ability, and 
yet contain all that is essential to a working knowledge of the subject. 

In the revision of the book the same object has been kept in view. 
Most of the text has been rewritten, the demonstrations have been 
carefully revised, and for the most part new examples have been 
substituted for the old. There has been some rearrangement of sub- 
jects in a more natural order. 

In the Differential Calculus, illustrations of the “derivative” 
have been introduced in Chapter II., and applications of differentia- 
tion will be found also among the examples in the chapter immedi- 
ately following. 

Chapter VIT., on Series, is entirely new. In the Integral Calculus, 
immediately after the integration of standard forms, Chapter XXI. 
has been added, containing simple applications of integration. 

In both the Differential and Integral Calculus, examples illustrat- 
ing applications to Mechanics and Physics will be found, especially 
in Chapter X. of the Differential Caleulus, on Maxima and Minima, 
and in Chapter XXXII. of the Integral Calculus. The latter chap- 
ter has been prepared by my colleague, Assistant Professor N. R. 
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CHAPTER I 
FUNCTIONS 


1. Variables and Constants. A quantity which may assume an 
unlimited number of values is called a variable. 

A quantity whose value is unchanged is called a constant. 

For example, in the equation of the circle 


mE y == a’, 
æ and y are variables, but a is a constant. For as the point whose 
coordinates are v, y, moves along the curve, the values of v and y 


are continually changing, while the value of the radius a remains 
unchanged. 

Constants are usually denoted by the first letters of the alphabet, 
a, b, €, a, D, y, ete. 

Variables are usually denoted by the last letters of the alphabet, 


X, y, Z, P, Y, ete. 


2. Function. When one variable quantity so depends upon an- 
other that the value of the latter determines that of the former, the 
former is said to be a function of the latter. 

For example, the area of a square is a function of its side; the 
volume of a sphere is a function of its radius; the sine, cosine, and 
tangent are functions of the angle; the expressions 


e, log (77 +1), Va@+1), 
are functions of a. 
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A quantity may be a function of two or more variables. For 
example, the area of a rectangle is a function of two adjacent sides; 
either side of a right triangle is a function of the two other sides; 
the volume of a rectangular parallelopiped is a function of its three 
dimensions. 

The expressions 

w+ayt+y", log +y), a, 
are functions of æ and y. 
The expressions 


ay + yz +22, TEY, log (2? +y — 2), 


are functions of x, y, and z. 


3. Dependent and Independent Variables. If y is a function of 2, 
as in the equations 
y=% y=tan 4x, y=e*+1, 


x is called the independent variable, and y the dependent variable. 

It is evident that,when y is a function of v, x may be also regarded 
as a function of y, and the positions of dependent and independent 
variables reversed. Thus, from the preceding equations, 


x= Vy, x=} tany, «=log, (y —1). 
In equations involving more than two variables, as 
2ta—y=0, w+w2+20+y=0, 


one must be regarded as the dependent variable, and the others as 
independent variables. 


4. Algebraic and Transcendental Functions. An algebraic function 
is one that involves only a finite number of the operations of addi- 
tion, subtraction, multiplication, division, involution and evolution 
with constant exponents.* All other functions are called transcen- 
dental functions. Included in this class are exponential, logarithmic, 
trigonometric or circular, and inverse trigonometric, functions. 

Norte. — The term “hyperbolic functions” is applied to certain 
forms of exponential functions. (See Art. 277.) 


* A more general definition of Algebraic Function is, a function whose rela- 
tion to the variable is expressed by an algebraic equation. 
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5. Rational Functions. A polynomial involving only positive 
integral powers of a, is called an integral function of x; as, for 


Ee 240402434, 
A rational fraction is a fraction whose numerator and denominator 
are integral functions of the variable; as, for example, 
3104201 
aí-ta?—2m- 
A rational function of x is an algebraic function involving no frac- 
tional powers of z or of any function of a. 
The most general form of such a function is the sum of an integral 
function and a rational fraction; as, for example, 
32’ — 2” 


Riso DEER 


6. Explicit and Implicit Functions. When one quantity is ex- 
pressed directly in terms of another, the former is said to be an 
' explicit function of the latter. 

For example, y is an explicit function of x in the equations 


yos 27, y- VET 


When the relation between y and wis given by an equation con- 
taining these quantities, but not solved with reference to y, y is said 
to be an implicit function of x, as in the equations 


azy + bz + cy 4- d — 0, y+ log y =x. ` 
Sometimes, as in the first of these equations, we can solve the 


equation with reference to y, and thus change the function from 
implicit to explicit. Thus we find from this equation, 


pe 20nd: 
Xa ax + ce 


7. Singlevalued and Many-valued Functions. In the equation 
y=% —2 2, 


for every value of x, there is one and only one value of y. 
Expressing v in terms of y, we have 


e=1+Vy+1. 
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Here each value of y determines two values of x In the former 
case, y is a single-valued function of x. 

In the latter case, w is a two-valued function of u. 

An n-valued function of a variable w is a function that has n 
values corresponding to each value of a. 

The inverse trigonometric function, tan"! a, has an unlimited num- 
ber of values for each value of a. 


8. Notation of Functions The symbols F(a), f(a), p(x), y£), 
and the like, are used to denote functions of x. Thus instead of “y 
is a function of z," we may write 


y=f(x), or y= $(2). 


A functional symbol occurring more than once in the same prob- 
lem or discussion is understood to denote the same function or 
operation, although applied to different quantities. "Thus if 


J(r)zw-pp x NN 
then f) =} +5, F(a) =" +5, 
f(a 4-1) 2 (a 4- 1)? 4-5 — à? 4-2 a. 4- 6, 
f(2) 2214-5 — 9, f) =6. 


In all these expressions f( ) denotes the same operatiop as de- 
fined by (1); that is, the operation of squaring the quant'ty and 
adding 5 to the result. 

Funetions of two or more variables are expressed by cor mas be- 
tween the variables. 


Thus if Fo, y) 2 c 4-3 ay — y, E 
then fla, b)=a?+3 ab —U*. Jb, a) 20 +3 ba: a, 
f(3, 2) 2 3? + 3.3.2 — X = 23. f (a, 0) =a’. 


If  $(oy,2)—v--yz— y +2, 
then — 4(3,1, 51) 235 -1(— 1) — 124-2—27; 
$(a, b, 0) =a — b +2; (0, 0, 0) =2. 
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9. Inverse Function. If y is a given function of x, represented by 


Uo qux MM tuac See CL) 
and if from this relation we express œ in terms of y, so that 
sn nome wh sS S. T O) 


then each of the functions $ and y is said to be the inverse of the 
other. 

For example, if y=" = p(x), 

Here y, the cube root function, is the inverse of ¢, the cube 
function. 

If y= a = plo), 
then a = logy = ply). 


Here y, the logarithmic function, is the inverse of ¢, the exponential 
function. 


Again, suppose y= i E 2 SO) a o des HED) 
; ; y—2 
From this we derive ques FEE VLDE SSR o» cerei CL) 


Here y as defined by (4) is the inverse of ¢ as defined by (3). 
The notation $^! is often employed for the inverse function of ¢. 


Thus, if y = (0), x = p(y). 
If y = f») e = f(y). 


The student is already familiar with this notation for the inverse 
trigonometric functions. 


If Y = BID d, = guy. 


EXAMPLES 
1. Given 27? —Qayty=a’; 
change y from an implicit to an explicit function. 


Ans. y=x+ Va — r. 
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2. Given sin (2— y) =m sin y; 


change y from an implicit to an explicit function, 


Ans. ge ta] ee a 
m+ cos x 
3. Given f(2z)229—32 r2; 


find f), FC), f£ FED, SO). 
Show that f(x 4-1)— f (a) =6 2’, 
f(a + = fla) + 6a — 6x 4-1)h + (6x — 3)? + 2 7. 
4. Given Fl) (ÆRE 
show that F(x+1)—F(x—1)=8r. 


5. Given f(z)= 2€ +2", find f (0), flz)+F (—). 


aoe 
Show that f (22) —f(—22)=[f(@))-[f 97. 
6. If $(0) =e, p (ab) — 4 (a) $ (0). 


Show that the same relation holds for the function 
y (8) = cos 0 + V — 1 sin 6, 
giving y(a 4- b) ^ y (a) y (b). 
== Y 
Ue Lb = 
show that the inverse function is of the same form. 


8. If $(z) — mer, find the inverse function of q. 
ax — c 
Compare the two funetions when b — c. 


9. If f (a) = log, (e + Vaf — 1), 
show that f(a) = TET, 


10. If f(x, y)— ao? -2 0x + cy, find f(1, 2), f (y, — a). 
Show that 


f (eh y +h) fn, y) +2(a + by) h + 2 (bas + cy) k + f (h, E). 
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11. Given $ (m, n) = AER 


Im ln” 


where m, n, are positive integers; show that 
$ (m, n -- 1) 4- $ (m 4- 1, n)=¢p(m+1,n +1). 


x, Y, 2 
Zy x, y 
Y, g v 
show that f(y-4-2,2--«,*4- y) — 2f (2, Y, 2). 


12. Given PY 


2) 


CHAPTER II 
LIMIT. INCREMENT. DERIVATIVE 


10. Limit. When the successive values of a variable œ approach 
nearer and nearer a fixed value a, in such a way that the difference 
x—a becomes and remains as small as we please, the value a is 
called the limit of the variable a. 

The student is supposed to be already somewhat familiar with the 
meaning of this term, of which the following illustrations may be 
mentioned. 

The limit of the value of the recurring decimal .3333 .., as the 
number of decimal places is indefinitely increased, is 4. 

The limit of the sum of the series 1+4+4+1-+1+4---,as the number 
of terms is indefinitely increased, is 2. 


nd 3 
The limit of the fraction 2, as approaches a, is 3 a’. 
x — a 


The circle is the limit of a regular polygon, as the number of sides 
is indefinitely increased. 


The limit of the fraction m 2 as 0 approaches zero, is 1, provided 
0 is expressed in circular méasure. 

ll. Notation of Limit. The following notation will be used: 
« Lim, 4" denotes “The limit, as x approaches a, of.” 


Ao sq 2 
z—a 9 = 4. 


Y — AL 


Lim, (22? — ha + h?) =2 2. 


For example, Lim 


12. Some Special Limits. There are two important limits required 
in the following chapter. 


(a) Lim, sin 6 


, 0 being in circular measure. 


8 


LIMIT 9 


Let tne angle AOA' — 26, and let a be the radius of the are ACA 
From geometry, ABA'< ACA!'; 
"datis 2a sing «246, MÍ. (y) A 
Also from geometry, ACA' < ADA’; 
thatis, 240 —2atan 6, we 9> 6, 
Sin OS cos & : E . (2) od D 
Hence by (1) and (2), Ene 


mediate in value between 1 and cos 0. 
As 0 approaches zero, cos 6 approaches 1. 
sin O _ 1 


is inter- 


IN 


Hence Lim, 


The student will do well to compare the corresponding values of 0 
and sin 6, taken from the tables, for angles of 5°, 1°, and 10". 


sin 6 

M E — 0872665 0871557 
36 

1" 7 0174533 0174524 
180 

n .0029089 

= .0029089 

1080 — 


(b) Lim, (1 + A Before deriving this limit let us compute 
Z 


the value of the expression for increasing values of z. Thus, 

(1 + 4)? = 2.25 

(1 + 4) = 2.48832 

(1 + 45)? = 2.59374 

(1.01) = 2.70481 

(1.001)"" = 2.71692 

(L:0001)* — 2.71815 

(1:00001) 9 = 2:71827 

(1.000001)19 = 2.71828 
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The required limit will be found to agree to five decimals with the 
last number, 2.71828. 


By the Binomial Theorem, 
INS 1 2(z—1)/1V , 2 al 
=\=1 = = = eee 
Cae aur ea + 


2 
which may be written : ed (1 iz. 3 (1 x 2) 
=+ + 


1\4 
zd iPS 
(143) =1+1+=3 i8 


, 


z 
: 1252 
When z increases, the fractions —, —, etc., approach zero, and we 
2 
have 


Lim... ( 1 +t a1414 545454 "E 


bug e 
This quantity is usually denoted by e, so that 
beoe e at 
Id E 
e aF I IR bu car ih | 


The value of e can be easily calculated to any desired number of 
decimals by computing the values of the successive terms of this 
series. For seven decimal places the calculation is as follows: 


4) .166666667 
5) .041666667 
6) .008333333 
T) .001388889 
8) -000198413 
9) .000024802 
10) .000002756 
11) .000000276 

.000000025 
e = 2.7182818... 


This quantity e is the base of the Napierian logarithms. 


* For a rigorous derivation of this limit, the student is referred to more ex. 
vensive treatises on the Differential Calculus. 
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13. Increments. An increment of a variable quantity is any addi- 
tion to its value, and is denoted by the symbol A written before this 
quantity. Thus Az denotes an increment of v, Ay, an increment of y. 

For example, if we have given 

SE a , 
and assume v = 10, then if we increase the value of x by 2, the value 
of y is increased from 100 to 144, that is, by 44. 

In other words, if we assume the increment of x to be Ax —2, we 
shall find the inerement of y to be Ay — 44. 

If an inerement is negative, there is a decrease in value. 

For example, calling x = 10 as before, in y = 2?, 


it Ar=-—2, then Ay= — 36. 
14. Derivative. With the same equation, 
y=, 
and the same initial value of x, 
£ = 10, 


let us calculate the values of Ay corresponding to different values of 
Ax. We thus find results as in the following table. 


21. 
2.01 
0.2001 
0.020001 


20h + h? 


The third column gives the value of the ratio between the incre- 


ments of x and of y. 
It appears from the table that, as Az diminishes and approaches 
zero, Ay also diminishes and approaches zero. 
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The ratio n4 diminishes, but instead of approaching zero, ap 
dE 


proaches 20 as its limit. 
This limit of 22 is called the derivative of y with respect to 2, 
jut 


and is denoted by 2 “Y In this case, when «=10, the derivative 
E 
de 

It will be noticed that the value 20 depends partly on the func- 


tion y= 2?, and partly on the initial value 10 assigned to a. 
Without restricting ourselves to any one initial value, we may ob 


tain Y from gue. 
de 
Increase v by Ax. Then the new value of y will be 
y! = (v + Ax); 
therefore, Ay = jy! — y = (@+ Aa)! — a? = ZvAx + (Any, 
Dividing by Az, Ay 5, Ree 
The limit of this, when Ax approaches zero, is 2a. 


Hence, a 27 
a 


The derivative of a function may then be defined as the limiting 
value of the ratio of the increment of the function to the increment of the 
variable, as the latter increment approaches zero. 


It is to be noticed that a is not here defined as a fraction, but as 
las 
a single symbol denoting the limit of the fraction Sy . The student 
c ^ 


will find as he advances that a has many of the properties of an 
ordinary fraction. B 
The derivative is sometimes called the differential coefficient. 


15. General Expression for Derivative. In general, let 


y=f(2). 
Increase x by Az, and we have the new value of y, 
y — f(x + Av). 
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Ay — y' — y =f (e + Av) — f (2), 

Ay _f(@+ Ax) — f (2) 

Aa Aw í 

Mo pe) f 
de Ac 

Geometrical Illustration. The process of finding the derivative 
from y — z?, may be illustrated by a square. : 

Let x be the fete of the side OP, and y the area of the square 
on OP. 

That is, y is the number of square units 
corresponding to the linear unit of a. 

When the side is increased by PP’, the 
area is increased by the space between the 
squares. 

That is, Ay=2 zAz-- (Aa), AP —2c*-Ax, 


dy . 


Ay _ 
iy, A d 6 P P 


16. From the definition of the derivative we have the following 
process for obtaining it: 

(a) Increase x by Ax, and by substituting x + Aw for a, deter- 
mine y + Ay, the new value of y. 

(b) Find Ay by subtracting the initial value of y from the new 
value. 

(c) Divide by Az, giving Ar 


(d) Determine the limit D > as Aw approaches zero. This 


limit is the derivative dy 


Apply this process to je following examples. 
EXAMPLES 
1. y 222? —62z-4-5. 
Increasing x by Av, we have 
y+ Ay =2 (x + Av)? — 6 (x + Av) 4-5; 
therefore, Ay =2 (x + Ax)? — 6 (x + Ad) 4-5 —2a? 4-62 —5 
= (62? — 6) Ax + 6 (Am)? + Z(A x)’. 
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Dividing by Az, 


AY _ 62? 64 62Ax +2 (Ax). 
Ax 


dy — Tim, 22 — 641 — 6. 
da 


Az 
x 
2. descr 
_ &--Ax 
aM” imet SERT 
mieu he ee Ya cq AT MM UL: 
V apart zi CNE VCE 
A AS St 
Ac (#+Axz+1)(%+1) 
dy _ im Ay _ 1 . 
d cx Sine ly 
3. y= vr. 
y + Ay = Vx + Ax, 


Ay = Ve + Az — Va, 
Ay e Va + An — va 
Ax Ax 
The limit of this takes the indeterminate form >. 
rationalizing the numerator, we have 
Ay _ Ax ES 1 
AS Ax Va+Ar+ Va) Va+Ar+ Ve 


meu fen ed 
de A2=0 Ay 2/2 


4. y=0-20+30-4, LU Tere 
da 


But by 


4 z 4-3. 


5. y=(e—a), a — 3 (z—a) 
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6. y=(1+2)(8—20), WY =—dt1, 
7 Y =~; a 3. 
n—e dx (n—uy 
9. eee 8 i duc c9 
y+2” dy (y+2)* 
ot oe d 2a? 
108g — — e E 
y eta’ da (@ +a)” 
ia. me dv t+1 
(t—1)" d  (t—1)» 
d 1 
12. y= va 4-2, D. yn 
dy Sai 
13. y — ad, dy lm. 
dy v 
14. y= a? — a, E du 
1 da 1 
à ue ap 


16. Show that the derivative of the area of a circle, with respect 
to its radius, is its cireumference. 


17. Show that the derivative of the volume of a sphere, with 
respect to its radius, is the surface of the sphere. 


We shall now give some illustrations of the meaning of the deriva 
tive. 
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17. Direction of a Plane Curve. This is one of the simplest and 
most useful interpretations of the derivative. 

Let P be a point in a curve determined by its equation y = f (2), 
and PT the tangent at P. 

Let OM =4%, MP = y. 

If we give x the increment 
Ax = MN, y will have the in- 
crement Ay — RQ. 

Draw PQ. Then 

_ RQ_Ay 
angu S Tore E (1) 

Now if Aw diminish and 
approach zero, Ay will also 
approach zero, the point Q O 
wil move along the curve 
towards P, and PQ will approach in direction PT as its limit. 
Taking the limit of each member of (1), we have 


tan TPR = Lin ppp! = 29. 
A2 


That is, the derivative v, at any point of a curve, is the trigono 
ae 


metric tangent of the in- 
clination to OX of the 
tangent line at that 
point. 

This quantity is de- 
noted by the term slope. 

The slope of a straight 
line is the tangent of its 
inclination to the axis 
of X. 

The slope of a plane 
curve at any point is the 
slope of its tangent at 
that point. 


X 


Thus, dy , at any point of a curve, is the slope of the curve at that 
point. 
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For example, consider the parabola 2? = 4 py, 


4 p 
The slope of the curve is Goma: 
dz 2p 


At O, where « = 0, the slope = 0, the direction being horizontal. 


At L, where z — 2 p, the slope = 1, corresponding to an inclination 
of 45? to the axis of X. 


Beyond L the slope increases towards co, the inclination increasing 
towards the limit 90°. 


For all points on the left of OY, v is negative, and hence the-slope 
is negative, the corresponding inclinations to the axis of X being 
negative. 


18. Velocity in Terms of a Variable ¢ denoting Time. A body moves 
over the distance OP = s in the time t, s being a function of t; it is 
required to express the velocity at the point P. 

Let As denote 
the distance 4— — — — —$— ITT L — —— 
PP' traversed 
in the interval At. If the velocity were uniform during this interval, 


it would be equal to =A 
At 


For a variable velocity, 9 ;is the average or mean velocity between 


P and P', and is more vue equal to the velocity at P the less we 
make At. 
As ds 


That is, the velocity at P = Lim ao mae 


If v denote this velocity, v= 2, 


Thus, i is the rate of increase of s. 


ENS dt 7 and Z Y are the rates of increase of z and y ee 
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19. Acceleration. The rate of increase of the velocity v is called 
acceleration. 
If we denote this by a, we have by the prosedine article, 


dv. 
a —— 
: d 
For example, suppose a body moves so that 

JE 

: ds 2 

Then the velocity, ri ot, 
: dv 

and the acceleration, ET 6 t. 


20. Rates of Increase of Variables. For further illustrations of the 
derivative, consider the two following problems: 

Problem 1. A man 
walks aeross the street 
from A to B at a uniform 
rate of 5 feet per second. 
A lamp at L throws his 
shadow upon the wall 
MN. AB is 36 feet, and 
BL 4 feet. How fast is 
the shadow moving when 
he is 16 feet from A? 
When 26 feet? When 
30 feet? 

Let P and Q be si- 
multaneous positions of man and shadow. Let AP = g, AQ = y. 

BL 4 

'Then MC UL e => AA oe ec (1) 

When he walks from P to P’, the shadow moves from Q to Q'. 
That is, when Av = PP’, Ay = QQ". 

Let At be the interval of time corresponding to Ax and Ay. 


Ay 
3 Ay At 
Then we may write Am AE. RA LEE (2) 
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If now we suppose At to diminish indefinitely, Ay and Az will 
also diminish indefinitely, and we have for the limits of the two 
members of (2), dy 


dy _ dt M rate of increase of y 
dæ da ~ rate of increase of x. BI 
dt 


velocity of shadow at any point Q dy 
velocity of man de 


That is, 


Finding the derivative of (1), we have 
dy_ 144 


AÑ g 
TE CETT, See Ex. 8, Art. 16. 
Hence, 144 
velocity of shadow at any point Q — (86 — ay (velocity of man) 
144 
= 86 — ay (5 feet per second) 
120 
= (86 — ay feet per second 
= 1.8 feet per second, when « — 16; 
= 7.2 feet per second, when x = 26; 


= 20 feet per second, when x = 30. 


Problem 2. The top of a ladder 20 feet long rests against a wall. 
The foot of the ladder is moved away from the wall at a uniform 
rate of 2 feet per second. 

How fast is the top moving, 
when the foot is 12 feet Q 
from the wall? When 16 A 


U 


feet from the wall ? Q 
Suppose PQ to be one 
position of the ladder. y 
Let 
AP v, AQ = Y. 
Then 


y-2v400—2a* (3) A P p" 
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When the foot moves from Pto P', the urs moves from Q to Q'. 
Pints Ag DEA EQ 
In the same way as in Problem 1, 


Ay 
Ay At 
As Az 
At 
dy 
And from this, Y 
de | de’ 
dt 
: velocity of top at Q — dy 
So velocity of foot dac 
From (3 dy... —* _, Seo Ex. 14, Art. 16 
rom (3), de VES e Ex. 14, 2406; 
Hence, , 
velocity of top at any point Q = — — Y (velocity of foot 
X 0 uel ) 


— => feet per seconds 
V400—a? 


The negative sign is explained by noticing from the figure that y 
decreases when æ increases. Hence the rates of increase of v and y 
have different signs. 


When »=12, velocity of top = — 11 feet per second. 


Whenz- 16, velocity of top = — 22 feet per second. 


From these problems it appears that, while M is the ratio between 
: dy. 
the increments of y and z, ER is the ratio between the rates of increase 


of these variables. 
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21. Increasing and Decreasing Functions. Jf the derivative of a 
function of x is positive, the function increases when a increases ; and if 
the derivative is negative, the function decreases when x increases. 


For if the derivative zd which is the ratio between the rates of 
xe 


increase of the variables (see conclusion of Art. 20), is positive, it 
follows that these rates must have the same sign ; that is, y increases 
when æ increases, and decreases when x decreases. 


But if s is negative, the rates must have different signs ; that is, 
da: 


y decreases when x increases, and increases when œ decreases. 

This is also evident geometrically by regarding a as the slope of 
a curve. 

As we pass from A to B, y increases as « increases, but from B to 
C, y decreases as œ in- 
creases. 

Between A and B the 


dy 
lope +2 
S Op d 


Y 


is positive; be- 


tween B and C, negative. 

In the former case y is 
said to be an increasing 
function; in the latter 6 
case, a decreasing function. / (es 

For example, consider 
the function y = 2°, from which we find Y in = Oa, 


Since T is positive for all values of x, the function y = a is an 
00 


+ 


increasing function. 


if! d 1 
If we take y ==, we find m =e 


Here we have a decreasing function with a negative derivative. 
Another illustration is Ex. 1, Art. 16, 
y=24-604+5 Y= 6 (2-1) 
de 
When z is numerically less than 1, y is a decreasing function. 
When g is numerically greater than 1, y is an increasing function. 
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22. Continuous Function. A function, y= f(x), is said to be 
continuous for a certain value %, of x, when: y, = f (a) is a definite 
quantity, and Ay, approaches zero as Ax, approaches zero, Az, being 
positive or negative. : 


The latter condition is sometimes expressed, “when an infinitely 
small increment in + produces an infinitely small increment in y.” 


The most common case of discontinuity of the elementary functions 
(algebraic, exponential, logarithmic, trigonometric and inverse trigo- 
nometric, functions) is when the function is infinite. 


Y 


la | 


For example, consider the function y — npe , Which is continuous 
for all values of w except v = a. ie 


When v — a, y = co, that is, y can be made as great as we please by 
taking v sufficiently near a. Also when <a, y is negative, and 
when «>a, y is positive. 


There is a break in the curve when œ =a, and the function is said 
to be discontinuous for the value a = a. 
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The function Em. is likewise discontinuous when «=a. 
x—a 
This function being positive for all values of a, the two branches 
of the curve are above the axis of a. 


H . . . . el 
Likewise the functions, tan x, sec v, are discontinuous when x= z 


In general, if f(x) =«, when x=a, there is a break in the curve 
y — f (x) corresponding to z = a, and both the curve and the function 


are then discontinuous. E 
Another form of discontinuity is seen in the function y = 2 a A 
when 2 — 0. 2° 41 


Here y approaches two limits, according as x approaches zero 
through positive or negative values. 


2 


liu Re ke ch 


Pail 

We see that when «=0 the 
curve jumps from y=2 to y=1, 
that is from B to A. 

The function is discontinu- 
ous tor v= 0: 

It is to be noticed that the 
definition of the derivative 
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implies the continuity of the function. For Ay cannot approach a 
Ac 


limit, unless Ay approaches zero when Ax approaches zero. 

The converse is not true. There are continuous functions which 
have no derivative, but they are never met with in ordinary 
practice. 


EXAMPLES 


j 3 
1. The equation of a curve is y= a — +2 


(a) Find its inclination to the axis of x, when =0, and 
when rel. - Ans. 0° and 135°. 
(b) Find the 
points where the 
curve is parallel to 
the axis of X. 
Ans. $—0 and x—2. 
(c) Find the 
points where the 
slope is unity. 
Ans. x — (1r v2). 
(d) Find the 
point where the direc- 
tion is the same as 
that at «=3. Ans. «=—1. 


2. In Problem 1, Art. 20, when will the velocity of the shadow 
- be the same as that of the man? Ans. When AP — 24 ft. 
When one quarter, and when nine times, that of the man? 

Ans. WhencA P. —12 16) and o2tt. 


3. A circular metal plate, radius r inches, is expanded by heat, 
the radius being expanded m inches per second. At what rate is 
the area expanded ? Ans. 2 mrm sq. in. per sec. 
4. At what rate is the volume of a sphere increasing under the 


conditions of Ex. 3? Ans. 4 rr’m cu. in. per sec. 
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5. The radius of a spherical soap bubble is increasing uniformly 
at the rate of -% inch per second. Find the rate at which the 

volume is increasing when the diameter is 3 inches. 
Ans. 27 = 2.827 cu. in. per sec. 

10 

6. In Exs. 5,7, Art. 16, is y an increasing or a decreasing function ? 
Es 3x +5 
etl 


an increasing or a decreasing function of w? 


7. In the Example 1, above, for what values of v is y an increas- 
ing function of x, and for what values a decreasing function ? 


8. Find where the rate of change of the ordinate of the curve 
y —a?— 62° + 3x + 5, is equal to the rate of change of the slope of 
the curve. Ans. $—5 or 1. 


increasing at the same rate as x? 


9. When is the fraction a 
a+ a? 
Ans. When x? = a’. 


10. If a body fall freely from rest in a vacuum, the distance 
through which it falls is approximately s = 167’, where s is in feet, 
and ¢ in seconds. Find the velocity and acceleration. What is the 
velocity after 1 second? After 4 seconds? After 10 seconds ? 

Ans. 32, 128, and 320 ft. per sec. 


CHAPTER III 
DIFFERENTIATION 


23. The process of finding the derivative of a given function is 
called differentiation. The examples in the preceding chapter illus- 
trate the meaning of the derivative, but the elementary method of 
differentiation there used becomes very laborious for any but the 
simplest functions. 

Differentiation is more readily performed by means of certain 
general rules or formule expressing the derivatives of the standard 
functions. 

In these formule u and v will denote variable quantities, func- 
tions of z; and c and n constant quantities. 

It is frequently convenient to write the derivative of a quantity u, 


iis instead of dui 
dæ da 


the symbol » denoting * derivative of." 


Thus TL the derivative of (u + v), may be written a (u+v). 
de 


24. Formule for Differentiation of Algebraic Functions. 


da 


]L SL 
da i 
de 
LE —= . 

da : 
d du , do 

AGG os = A 
dx Sari, dx E da 
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d du dv \ | 
IV. v ue a ae dem i | T 
d du | 
Views E . 
dx 2 T 
du dv 
d [7 de NER 
Vik cA ROLL 
lo) v? 
VIL & (us) = nw, 
da da 


These formule express the following general rules of differenti- 
ation: 


I. The derivative of a, variable with respect to itself is unity. 

II. The derivative of a constant is zero. 

III. The derivative of the sum of two variables is the sum of their 
derivatives. 

IV. The derivative of the product of two variables is the sum of 
the products of each variable by the derivative of the other. 

V. The derivative of the product of a constant and a variable is 
the product of the constant and the derivative of the variable. 

VI. The derivative of a fraction is the derivative of the numerator 
multiplied by the denominator minus the derivative of the denomi- 
nator multiplied by the numerator, this Tee being divided by the 
square of the denominator. 

VII. The derivative of any power of a variable is the product of the 
exponent, the power with exponent diminished by 1, and the derivative 
of the variable. 


25. Proof of I. This follows immediately from the definition of 


aderivative. For, since arg 1, its limit P. 
Ax da 


26. Proof of II. A constant is a quantity whose value does not 


vary. d 
Hence Ac — 0 and 420; therefore its limit oe =0. 
Ac AY 
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27. Proof of III. Let y=u>+0, and suppose that when æ re. 
ceives the increment Ax, u and v receive the increments Au and Av, 
respectively. Then the new value of y, 

y + Ay =u + Au +v + Av, 
therefore Ay = Au + Av. 

Divide by Az; then 

Ay Au | Av 
Ax Aw Ag 

Now suppose Aw to diminish and approach zero, and we have for 

the limits of these fractions, 


dy du uua 


dx dx dz 


If in this we substitute for y, u Es we have 
= Zu + v) = — A —. 


It is evident that the same proof would apply to any number of 
terms connected by plus or minus signs. We should then have 


d du du eda 
= vtw oe == TM 
m sg Pls di de Pa 
28. Proof of IV. Let y=wv; 
then y + Ay =(u+ Au)(v+ Av), 
and Ay = (u + Au) (v + Av) — wv = vu + (u + Au)Av. 
Divide by Ax; 
then AE — = ve +(u + An) = 


Now suppose Ax to approach zero, and, nem that the limit of 
u + Au is u, we have 


qm do 
that is, acu) a yut, 
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29. Product of Several Factors. Formula IV. may be extended to 
the product of three or more factors. Thus we have 


EXC == e m = um u = (un) ab we 


It appears from the preceding that the derivative of the product 
of two or three factors may be obtained by multiplying the deriva- 
tive of each factor by all the others and adding the results. 

This rule applies to the product of any number of factors. To 
prove this, we assume 


du, 


d du y, Lu 
sel tats te) mans - * Un ng T tatata = Ue E a Un- Yd 


d d d 
Then 7 (wes PUR titus) = vag te po D + UU +++ Up T 


da dus du 
mM. *** Unti Ty + aM, s NT + … + UU *** na a® 


T us -** Un Dn, 
dx 


Thus it appears that if the rule applies to n factors, it holds also for 
n--1 factors, and is consequently applicable to any number of 
factors. 


The derivative of the product of any number of factors is the sum of 
the products obtained by multiplying the derivative of each factor by all 
the other factors. 
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30. Proof of V. This is a special case of IV., g being zero. But 


we may derive it independently thus : 


y = CU, 
y + Ay = c(u + Au), 
Ay = cAu, 
Ay Au 
L-— c—, 
Aa Az 
d d 1 du 
= ci” or PAGO — a 
31. Proof of VI. “Let y= > 
Au 
Th Ay — 4 AS, 
7 uenis v+Av?” 
therefore Ay=" +Au_u_vAu— uA 
vJ-Av. v (w+Av)v 
a (v+Av)v 


Now suppose Aw to approach zero, and noticing that the limit of 
v+ Av is v, we have 


Or we may derive VI. from IV. thus: 
Since y=" 
v 


therefore yoo 


g 
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od dv du 
By IV. 
y x "ax Es Jd da’ 
v — du udv, 
"da de v da? 
du dv 
vV——wuw— 
therefore dy | de — dx 
dr a 


32. Proof of VII. First, suppose n to be a positive integer. 


Let Y= VE 
then y + Ay = (u + Au), 
and Ay = (u + Au)" — w^. 


Putting wu’ for u + Au, we have 
Ay => uy!” =y -— (u! =n u) (AR -5 ur? u 4r qun-3 u? ae Me + ud, 


that is, Ay — Au (u" E uu + uw... 40), 
Ay PENES In—2 In—8 ay n—Y Au 
Kr = (u" t 4u" u +u ety A 


Now let Az diminish; then, u being the limit of u', each of the n 
terms within the UE becomes w^; UU o 
dy n-1 du ^ 
dx" de 
Or it may be proved by regarding this as a special case of Art. 29, 
where %, Ug «+» and u, are each equal to u. 


Then £ w) awit Tul it + -+ to n terms 


da 


—nu 


Second, suppose n to be a positive fraction, A 


P? 
Let y =u, 
then Y=; 


a 9/7 de D 
therefore "us (y?) a ) 
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But we have already shown VII. to be true when the exponent is 
a positive integer; hence we may apply it to each member of this 
equation. This gives 


_, dy du 
E — Pp LR 
qy da pu dei 
dy pw du 
therefore as => q y^ TES 


Substituting for y, uf, gives 


da q ¿po dx q da’ 
q 


which shows VII. to be true in this case also. 


Third, suppose n to be negative and equal to — m. 


Let y=u "= E 
un 
d -2 (u™) mor y 
b VI. A E ee = Seal 
y : da mp um d dx 


Hence, VII. is true in this case also. 


EXAMPLES 
Differentiate the following functions: 
Ly 2" 
CH (0 
ae YAM Ce 
de ds ) 


If we apply VII., substituting u=w and n —4, we have 


ds da 
—4a49— —4 > E 
miU de SD 
Hence, e AG, 


da 
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9. y —32* +4. 


d dot a pe 
= q Bd) =—" (Ba) + — (445), 


by IIL, making u =3x* and v= 47. 


Similarly, 


Hence, 


Hence, 


pe ee AP 
Ape = (qn) by V. 
=3 -4 æ= 12 x. 
d A 
ES —4.32?2—122? 
dy 2 
vx I gag = 12 (a + 2’). 
by 


d Oh o d: d 
Y (gå) + Pee 


2 (ah) = sal, by VII. 


= (2) = 0, by IL 


il 


a T cpu 
Hy x 


va 


dy _ d (3,3, d (ou) 4 Las) 4 da 

a iate dg ae 
=57 (jet 3t+0 
E 
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dy. d (2--9V. 
dx dx\a+3 
Applying VI., making 


u=% + 3 and v=x*+ 3, we have 


d 
e Cet yee 


da Na? + 3 CERS 
_@+3—(e@+3)2%_3-64—2 
AE (ES) (243) * 
dy. 3—6z—2a 
Hence, P gr EEEN 
6. y=(@+ 2). 
dy _ d (er 9) 
RS OM 


If we apply VII., making 


uci +2 and n=2, we have 
d pm 34 | 
Ane DYSSE (a2 + 2y 3 2 
BERN (4 2) e+ 2) 


c oui E) 
3 3 (a? + 2) 
Hence, Uy eee 


de 3(a E) 2) 
7. y= (a? +1) Va? — x. 


W= S6? +1) (@ — 2). 
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If we apply IV., making 
u=& +1 and v= (23 — ad, we have 


Tiete- 2 
— (a? +1) CEPET ot 2 @ +t), 
Lea) lær a) d e 2 iq 2) 3 (8 a? — 1), 
At 41) 22. 
Hence Y = le 0 s—1)0-2- t+ (aoe. 


— (241) (87 —1)-F4a(s —2) Tao*—2a3—1 
T yop uer ante ean 


2 (a? — x)? 2 (a? — ay! 
8. y=3a"— 2a + a? — 5, W3 (102 — 4a 40%). 
a 
dide O gt 
Bote GUAE ee cra dt Ae. UR di cat 
5 2 dy 2 
10. y= (x --2 a(x — a}, nom Ce) 


11. y= (x — aè y, mu 


Differentiate Example 11 also after expanding. 


2xz—1 dui c ed ier 
12. y= (@—1)” de (r—1y 


d 
13. y = x (aè + 5)? 255 (P +15). 
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Ce PER acme dy. — o —— o 
14. [ee Uae dz (a? = am 
15 (e — a du OOV T Ea 
YA dr wa 
G- =, que. = a 
. E da: 2 æv/ ax — a? 


Differentiate both members of the identical equations, Exs. 17-19. 
17. (@ + ax + a?) (a? — aw + a?) = a + aa? + at 


18. E ais =) = 2 +2 a? + atx. 
x 


19. "PEE 2 1 


RES xd cnr o WEN REE 
2a?—32z-41 iM ETE um] 
20. «=t (t + a’) 3» HER FRED 
2? — 3) 3244 t)(2t?—3)2 
21e oe S) E S ur 
+R” (P+ 2) 
22. eee my dy _ 2 axt (240+ 5 aa +22) 
(2a —3a)y da (2a —3 a)» 


23. y=(2+ 18 x — 8)*(« + 2), 


= 3 (13? — 24) (a +1)°(3 0—8)(0 4 2)5 


a- dy  n(z"--1 
24. y = x(a" + m)» rime 
95. y= ea j dy _ a 


V2 ax — a d» (2 as— ai 
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36. y= LM dy 8 e- eA}, 


at de 3 xt 
22?-4-1 D DEMON 
27. y= P pe, de z*v1— ag 


de 3 


98. a= (t$— 2). là M etm M. 
( IN SE ACA 


29. y Pay dy 20% 


a (a? + any? da (2 + a8) fü? — aryl 
30. y=,[U—2+1 ae 2 ee eee 
ear? de (yo D)Vvia+1 
Sup OD dq dw A 
(4 a 4-1)! de (4@+441)3 


32. y= (a? — 3 ax) (4a? + 8 az + 15 a?) 


ge ACA Dur AO 
dv (4? — 3 aa) S (Aa? -- 8 az +15 af 


33. y= (x+ Và? -- ly (nva? + 1— v), 
P = (i — 1) 4 VE ET. 


34. For what values of z is 3 z* — 8 a an increasing or a decreas- 
ing function of x? 
Ans. Increasing, when x > 2; decreasing, when x < 2 


35. A vessel in the form of an inverted circular cone of semi- 
vertieal angle 30?, is being filled with water at the uniform rate of 
one eubie foot per minute. At what rate is the surface of the water 
rising when the depth is 6 inches? when 1 foot? when 2 feet ? 

Ans, .06 1n. 5 .19 1n. ; .05 in., per sec. 
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36. The side of an equilateral triangle is increasing at the rate 
of 10 feet per minute, and the area at the rate of 10 square feet per 
second. How large is the triangle? Ans. Side = 69.28 ft. 


37. A vessel is sailing due north 20 miles per hour. Another 
vessel, 40 miles north of the first, is sailing due east 15 miles per 
hour. At what rate are they approaching each other after one 
hour? After 2 hours? Ans. Approaching 7 mi. per hr.; separating 
15 mi. per hr. 

When will they cease to approach each other, and what is then 
their distance apart ? 

Ans. After 1 hr. 16 min. 48 sec. Distance = 24 mi. 


38. A train starts at noon from Boston, moving west, its motion 
being represented by s=91?. From Worcester, forty miles west of 
Boston, another train starts at the same time, moving in the same 
direction, its motion represented by s'—2 t£. The quantities s, s', 
are in miles, and tin hours. When will the trains be nearest to- 
gether, and what is then their distance apart ? 

Ans. 3 P.M., and 13 mi. 

When will the accelerations be equal ? 

Ans. 1 hr. 30 min., P.M. 


39. If a point moves so that s= Vt, show that the acceleration 
is negative and proportional to the cube of the velocity. How is 
the sign of the acceleration interpreted ? 


40. Given Ss - + bt”; find the velocity and acceleration. 
41. A body starts from the origin, and moves so that in t seconds 
the coordinates of its position are 
2=t 448 —31, y=% -3f At. 
Find the rates of increase of æ and y. 


Also find the velocity in its path, which is 


ds | |(da\’, (dy 
Na) la Ans. 50+ 5. 


DIFFERENTIATION / 39 


42. Two bodies move, one on the axis of X, and the other on the 
axis of Y, and in ¢ minutes their distances from the origin are 


x= 2 t — 6t feet, and y=6t—9 feet. 


At what rate are they approaching each other or separating, after 

1 minute? After 3 minutes ? 
Ans. Approaching 2 ft. per min. ; separating 6 ft. per min. 
When will they be nearest together ? DER After 1 min. 30 sec. 


43. In the triangle ABC, L and M are the middle points of BC 
and CA respectively. A man walks along the median AZ at a uni- 
form rate. A lamp at B casts his shadow on the side AC. . Show 
that the velocities of the shadow at A, M, C, are as 2?: 3?: 4?; and 
that the accelerations at these points are as 2%: 3?: 42, 


SUGGESTION. — P being any position of the man, draw from La 
line parallel to BP. 


33. Formule for Differentiation of Logarithmic and Exponential 


Functions. 
1 du 


VIII. Zilog, u= log, ec. 


du 
Ix um 
de u 
X L qu =10g, a a—e. 
dx 
d a y QU 
XI. das e "s 


dv. 
dz 


XII. Lu = vu" T + log, u. wu" — 
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34. Proof of VIII. Let y=log,u, 


then y + Ay = log, (u + Av), 


Ay = log, (u + Au) — log, u = log, upar 


Sites, (1 4 aaa mA (1 + a 


TAU 


Ay = = loge (1 + FIRES Az. . . . . ə (1) 


U 


Dividing by Az, 


If Aw approach zero, Au likewise approaches zero. 


Now Lim,,.o (1 + au = Lim, € TE 2 
2 

For, if we put — =z, 

then (1 t = = (1 nt 3 
Y 2 

and as Au approaches zero, z approaches infinity. 

But in Art. 12 we have found 

Lim, (1 j- " 
z 
AU lav + 

therefore Lim ,—% 4 + DE E 


Hence, if we take the limit of each member of (1), 


du 

dy _ de 
=log,e—- 

dx 5 u 
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35. Proof of IX. This is a special case of VIII., when a=e. 
In this case 


log,e = log,e — 1. 


NorrE.—Logarithms to base e are called Napierian logarithms. 


Hereafter, when no base is specified, Napierian logarithms are to be 
"nderstood; that is, 


log u denotes log, u. 
36. Proof of X. 


Let cene 
Taking the logarithm of each member, we have 


log y= u log a; 
therefore by IX., da: du 


Multiplying by y =a“, we have 


e es dog qe a^ «du. 
da da 


37. Proof of XI. This is a special case of X., where a — e. 


38. Proof of XII. Lety-w. 
Taking the logarithm of each member, we have 


log y = vlog u; 


dy om 
therefore by IX., da dx 2 logu dv 
y de 
Multiplying by y =u”, we have 
dy »-1 du ] a. 
P cH EH + log u 


The method of proving X. and XII. by taking the logarithm of 
each member, may be applied to IV., VI., and VIL 
This exercise is left to the student. 
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y — «^ log (ax +b), 


mood 
I~ slog a 


y = logy (3 z +2), 


log ee 
ax +b’ 
3x41 
Reon 


y = log 


Ü—1--1 


elgg MEL 
d VOTER eg 


y= ate’, 
y = log (a” + ^), 


y= (e* D» 155 


EXAMPLES 
(See note, Art. 85.) 


dy _ 6 (x 4-1 J 
de 2x2+3¢2 


d aaf 2 nl b) | 
dz. pes ier )| 


dy __1+logw 
da (x log x)? 


dy _ 3 logwe 1.5029. 


IA RUNE C SE 
dy_ 20. 

de wa —b? 

dy _ mu 
de 32 +107+3 

Gr (o Da 

di +41 


dy 
—— TE vom 
da ( MEQUE 


dy _a* log a + b log b. 
da OF Alay? 


a ES eene Ty 


Differentiate Ex. 10 also after expanding. 


12. y= (8x — 1y'e*—, 


dy 242—105? 2, 
EM ere o D > 
de (x — 3)? 

dy 


dz 


=3 (9 af — 1)e, 
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13. y— b, 


14. y=log log x — i 1 


, 
og x 
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p S 55 +x log 5). 


dy. i-logz 
dæ «(log x)?” 


Differentiate both members of the identical equations, Exs. 15-18. 


15. 
16. 
17. 


18. 


Ig. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


(7+ €*)* 2 at +4 a?e* + 6 are” + 4 ve? + es, 


(a* — e)? = a** — 3 are + 3 are” — e, 


log (e* + e?) = log (e*-* + e*77) +e 4- a. 


giles (DEER ar z 


y=log (Vt +a + Va), 
y=log (2% + V4 2?— 1), 
y = log 
y — v [Qog x)?’ — 2 log z + 2], 


y = log (Yara Va a), 


vloge 
E 


1 — log (a +1), 


Veep le 
Ve tii 


dy_logz. 
de (e+1' 


dU EE 
dx 2V + ax 


Qa. T ue 
de Ag —1 
LUPA a eee 
dX evo+l 
W — (log gy. 


dy__ (w+a)'+ (w—a)t 
da 3(a? — a?) 


dy 


x 


y= log (V2+3+V20+2) + V(2 + 3)(æ + 2), pH 


y = log 


en — 1 BIS en 


ESETI 


dy — ZCN 
dæ — ge eg 
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log a dy il 
. y2log—ÀS9—— x IA 
dt 9811 log a dx wlog« (1 + log 2) 
> : dy . 30e" — 
28. y= (3e* —2e* --2)v2e* 4- 1, de V3 pL 
29. y=3 log (Va? +3 —3) + log (va? -- 9 +1), 
i E EEE 
dt ^ q9—2-/a23--8 
30. y «log (a4--vV 2 ac — a?) + — va 
eek ) Va+Vla—a 


dy _ i 


de 2(a 4/2 ax — d?) 


x da a va*--32a?--1 
32. y —log,(« + a), duct so 1  log,(æ + a i 
dæ logælæ+a x 


The following may be derived by XII. or by differentiating after 
taking the logarithm of each member of the given equation. 


99. Yana, E — na" (1+ log). 

d 
34. y — (aa?) P = (ax?) [2 + log (aa?)]. 
35. y — a7, a = gam (1 + 2 log 2). 


36. y= (log x), E (100 De + log log 3i 


37. y=w00e%, E = (n +1) (log a)" des 2"-1, 


38. = (5) ay AAA ae 
d bem : da c--a "m ue irse). 
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The method of differentiating after taking the logarithm of the 
expression may often be applied with advantage to algebraic func- 
tions. This is sometimes called logarithmic differentiation. 

In this way differentiate Exs. 21-26, pp. 36, 37. 


39. Find the slope of the catenary (Art. 128) y=2(c*+e ®, at 


2 
E c0. 
What is the abscissa of the point where the curve is inclined 45° 
to the axis of X? Ans. x=alog, (1-- V2). 


40. When does log% increase at the same rate as a? 
Ans. When x= log, e = .4343. 
When at one third the rate? Ans. When x= 1.3029. 
Verify these results from logarithm tables. 


41. If the space described by a point is given by s=ae' + be”, 
show that the acceleration is equal to the space passed over. 


42. If a point moves so that in ¢ seconds s=10 log feet, 


t 4-4 
find the velocity and acceleration at the end of 1 second. At the end 
of 16 seconds. Ans. Velocity = — 2 ft., and — .5 ft. per sec. 

Acceleration — .4, and .025. 
43. For what values of wis y —log (x — 2) — ERE 
an increasing or a decreasing function ? (e —2) 
Ans. Increasing when v 73; decreasing when æ < 3. 


39. Formule for Differentiation of Trigonometric Functions. In 
the following formule the angle w is supposed to be expressed in 
circular measure. 


d sin u = eos yt. 
XTE. ae = a 


XIV A cos u — — sin u D" 
` dæ da 


d NOLTE 
. —tanu=sectu=+ 
AV da de 
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XVI. T cot u = — cosec? ex . 


XVII. d seo u= secu tan y Qu : 
da da 


XVIII. Ca u = — cosec u cot u% 
dæ da 


EXE £ vers u =sin ud, 


40. Proof of XIII. Let y= sin v, 
then y + Ay = sin (u + Au); 
therefore Ay — sin (u + Aw) — sinu. 
But from Trigonometry, 


sin A—sin B=2sin (A — B) cos ¿(A+ 3). 


If we substitute A=u+Au, and B=u, 


we have Ay =2 cos (v + al sin Su, 
. Au 
Ay Au TETANU 
Hence E 008 (4) 
> Ax ( sE 2 ) Au Az 
2 


Now when Ax approaches zero, Au likewise approaches zero, and 
as Au is in circular measure, 
SOAM 
sin — 


Lima. ay =1 See Art. 12, 


Hence, 7 = 608 9 —^ 
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41. Proof of XIV. This may be derived by substituting in XIII. 


for v, =—u. 
2 


di T T d fa 
Th pats T = C= eee leer 
en sin e u) cos i u) E ) 


or Z cos = sin u( — a) = Sine 
42. Proof of XV. Since tan u = 311 V 
cosu 


cos u a sin u — sin L 
a de dx 
by VI., de fan u = 


cos? u 
du 5 du du 
cos? yu — + sin? u — = 
dx dx dx 
E cos? u ^. eos? 
2 du 
=sec? u —- 
x 


43. Proof of XVI. This may be derived from XV. by substitut 


ing SE u for u. 


44. Proof of XVII. Since sec u= 1 f 
cos u 

d ——cosu sin u— 

by VL, do “oa cosu 


du 
= sec u tan u—- 
dx 


45. Proof of XVIII. This may be derived from XVII. by sub- 


stituting 25 u for u. 


46. Proof of XIX. This is readily obtained from XIV. by the 


relation vers u= 1 — cos v. 
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10. 


11. 


12. 


13. 
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EXAMPLES 


. y = 3 sin 3x cos 2x — 2 cos 3a sin 2g, 


. y = log cos? x + 2x tan x — a, 


y = log (see ma + tan mo), 


y — log (a sin? x +b cos? a), 


y — cos « log sec (0 — a) + 0sin g, 


AY. 5 cos 3x cos 2a. 
da 


dy = 2x tan? a. 
da 


dy = M sec MÁX. 
a 


dy 2 (a—b) tan @ 
da a tan? «+ b 


dy | sin6 


dð  cos(0—«) 


y — (m — 1) see" * 'y — (m 4-1) sen 1a, Cl —(m? — 1) sec” ~ 1a tanta, 
v 


y = log tan (e: — ip 


r = log [sec 0 tan 6 (sec 0 + tan 0)?], 


y = cosec” ax cosec” ba, 


dy 
dx 


y = 22? sin 2% + 2x cos 2x — sin 2a, 


dy = — 2a sec Zan. 
da 

Une (sec 0 + tan 0). 
d tan 0 


—- = — cosec" aw cosec” ba (ma cot ax + nb cot bx). 


dy = 4o? cos 2a, 
de 


y =2 tan? v sec a + tan v sec z — log (sec x + tan 2), 


. sin æ + eos e 
Nd ere 


y 


y = e*(sin 2w — 5 cos 20), 


ay 8 tan? x secig, 
da 

dy EUM 2 sin & 

dæ e ` 


dy ; 
= 13e% (sin 2x — cos 2x). 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


32. 


23. 


24. 


20. 


DIFFERENTIATION / 


oM OUS re 
d 8 cos (7 + ay 
y = sin? 4x cos! 3x, 


sin «+ vers x 


= lo 

y S sin æ — vers a? 
= (sin 2 wm), 

y = (tan ER 2. 


dy 


Y= (sin JE cos a 


y=tanesecw + log 4| 181m 9 
1— sing 


y = (tan x — 3 cot x) V tan a, 


if 
sing (9 — «) 
Y = TARDA 
sing (0 + 0) 


y=a log (a sin æ + b cos x) + bx, 


. 2 NETT: 
sin x 2 
CAES = 2 
Y = 
Cy 
tan =2 
s 


YA rr 
2tan5 —1 


y E 
sin 
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sin a 


du TE asa 1 
cos c cos (x + a) 


da 


dy = 12 sin? 4« cos? 3a cos 7a. 
dy = sec x. 
da 


d 


d 


dy _ y (log sin 2x + 2x cot 27). 


x 


d. 


Y — y (cos æ log tan # + sec a). 
HH 


= y (cot æ log cos æ — tan «log sin 2). 


dy —2sec?g. 
da 


dy _3sectx 
= ATI 

de 2 tanta 

dy | sing 


dd cosa—cos@ 


dy P 
do atana+tbd 


dy 4 


de 1+sindæ" 


Qu NS AR 
de 4—5sina’ 
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26 vec qna NEIN dy _ 2 ab vers o 
i a sin x — b versa’ dæ (asinx—b vers 0), 


In each of the following pairs of equations derive by differentia 
tion each of the two equations from the other: 


97. sin 2 x= 2 sin x cosa, 
cos 2 x = cos’a — sin?a. 


28. sin 2 v= 2 tang 
1+ tana 


1 — tan?z 


cos 2 q= ===. 
fe tana 


29. sin 3 v= 3 sinc — 4 sin?a, 


eos 3 x = 4 cos?y — 3 eos a. 


30. sin 4x —4 sin g cos? — 4 cos æ sin?z, 
cos 4 x = 1 — 8 sin?x cos? x. 


31. sin (m +n)æ = sin mæ cos ng + cos mæ sin næ, 


cos (m + n) x = cos ma cos nx — sin mo sin na. 


32. If 0 vary uniformly, so that one revolution is made in v sec: 
onds, show that the rates of increase of sind, when 9 — 0°, 30°, 
45°, 60°, 90°, are respectively 2, V3, V2, 1, 0, per second. 


33. If 0is increasing uniformly, show that the rates of increase 
of tan 0, when 0 — 0°, 30°, 45°, 60°, 90°, are in harmonical progres- 
sion. 


34. For what values of 0, less than 90?, is sin 0 + cos 0 an increas- 
ing or a decreasing function? Find its rate of change when 0 =15°, 
the rate of change of 0 being w. Angee 


35. The crank and connecting rod of a steam engine are 3 and 10 
feet respectively, and the crank revolves uniformly, making two 
revolutions per second. At what rate is the piston moving, when 
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the crank makes with the line of motion of the piston 0°, 45°, 90°, 
135°, 180°? 
If a,b, v, are the three sides of the triangle, and 6 the angle 
opposite 5, 
€ — a cos 6+ Vb? — a? sin? 6. 
Ans. 0, 32.44, 37.70, 20.87, 0, ft. per sec. 


36. A crank OP revolves about O with angular velocity c, and a 
connecting rod PQ is hinged to it at P, whilst Q is constrained to 
move in a fixed groove OX. Prove that the velocity of Q is w. OR, 
where A is the point in which the line QP (produced if necessary) 
meets a perpendicular to OX drawn through O. 


47. Inverse Trigonometric Functions. The inverse trigonometric 
functions are many-valued functions; that is, for any given value of 
x, there is an infinite number of values of sin”*x, tan ^! v, &c. 


at 


For example, sin =F + 2n7 or a + 2 nr, where n is any integer. 


But if the angle is e e to values not greater numerically 
than a right angle, sin7! x will have only one value for a given value 
E Wen sas s sin="(— 3) =—7. We thus regard sin‘ a, 

2 6 2 6 
cosec-! v, tan” z, and cot-! v, as taken between 75 and 2 that is, in 
the first or fourth quadrants. 

But cos-'z, sec-*#, and vers”*x, must be taken between 0 and m, 
that is, in the first and second quadrants, which include all values of 
the cosine, secant, and versine. 

These restrictions are assumed in the following formule of differ. 
entiation. 


48. Formule for Differentiation of Inverse Trigonometric Functions. 


du 
Wet ee 
de Vi — wi 

du 


d 
AO — QOS 9 
d 


5% DIFFERENTIAL CALCULUS 


du 
d DERIT. 
XXII. p n u = IF u? u? 
du 
XXIII E cot u = Lee 
" dæ FT eee 
du 
d da 
A SCC a d ape 
de r uVu— 1 
du 
XXV. X. eose u= mo . 
de Ur/y? —1 
du 
XXVI. X vers u COM NE 
de V2u —u? 
49. Proof of XX. Let y=sin” u; 
therefore Sin y =u. 
dy du 
By XIII. SME SEG 
y dá bc dz da 
du 
therefore dy. RE 
dæ cosy 
But cos y = + V1—sink'y = t-1-—uw. 


If the angle y is restricted to the first and fourth quadrants 
(Art. 47), cos y is positive. 


Hence cosy= 4/1— wu, 
du 
and dy e 


de i-i 
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50. Proof of XXI. Let y = cos^'u; 


therefore COS y = U. 
By XIV., —siny— We ae 
dx da’ 
du 
therefore dy A 
da sin y 
But sin y= + V1— cosy = + V1-—u, 


If the angle y is restricted to the first and second quadrants 
(Art. 47), sin y is positive. 


Hence sin y= V1— wv, 
du 
and ye nel: ok 
dz v1-—«aw 


51. Proof of XXII. 


therefore 


By XV. 


therefore 


But 


| therefore 


52. Proof of XXIII. 


cot u= tan” = 


Let y = tan u; 


tan y= u. 
see A du, 
dx dx’ 
du 
dy Cs de 
de  sechy 


sec?’ y = 1 + tan? y = 1 +; 


dua 
dy _ dæ 
de 1+u 


This may be derived like XXII., or from 
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53. Proof of XXIV. This may be obtained from XXI. Since 


1 
sec" u = cos”! =, 
u 


d eol 
== cogn! uc ON ALLEE 


dx dx u 1 1 E uum 
MEE SEG ate 
Y Y 
54. Proof of XXV. This may be obtained from XX. Since 


que 
cosec-! u = sin71-; 


u 
la _1du du 
d T deal de Nu w dx de 
— eosec-! u = — sin"! = = —— = — = — —_—.. 
da da u V1 1 Ni il uvw—1 
PIU PT 
u U 


55. Proof of XXVI. This may be obtained from XXI. Since 
verg^! u = cos! (1 v), 


d du 
leu) au 
vers iu = d cosa (1—w)2-— A ee 
dx de V1i—(1—u? V2u—u* 
EXAMPLES 
150 —1 . dy 2 
1. y= tan! ——— d es 
ism SE dx dx —2x—+1 
2. y= sec" —, E E 
de % /4x*—9 
3. y=sin” uc as 1 ; 
3 de /(@—5)2—2) 
(4. y= vers? (827 — 84%), LU ME Sd 
de Vi-w# 
5. y= tan? 2—% dy | 4 


m dr 2+ a? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


PESAS 


y a tan” TH tao» 
a b 


wes eot! TR ad 
bx — a 
. 115 Sin z — N COS & 
y = sin! === 
Vim? +n? 
y = sin”! ax +b 
= ba +a 


y = tan” (see x + tan 2), 


e+e” 


y = cot} (a? — x + 1) — cot (æ — 1), 


DIFFERENTIATION 
== tan (3 tan 6 AAA Ot 
g ( ) dd 5—4cos26 
. y=sec™ sec? O, E A ; 
dð Vse 0+1 
at Sune dy 2 
. y vers x DH MN P JURA. 
: PT de +41 
grec eot Misses T, dy = earl ae A 
e — ga dx e2az Late 
y = cosec^! ee WE Pe M ert s 
2-1 de $S/85--2xs —1 
1392 — 2 30-12 dy 
= tan” t1 O 
ee Lee eet ae 
E GR Ga one dy ea aT e 
y = COS vers a, dz = —3% + sec a. 


dy. a TO 
dx (a+ a?)(a + b?) 


dy__4 
de x£ +a 
pp 

da 


58 


U ELYN DE. 
dx be+aNi—g? 


dy_1 
Qhy 2 
qu 2 


dye 1 


dz w+1 
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4447 5tan v dy 3 

ae TRAE CY ed OA 

eta M de 5+ 4 sin 2z 
= ez p dy vV6z—a 

21. y — cos doe De 

22. y — at sec 7 —2 Va? — 4, P — 2080012. 


Differentiate both members of the identical equations, Exs. 23-28 


DEY COS it = cos) g. 


24. 3 vers”! x = vers” [x (2 æ — 3)?]. 
25. sina + sina = sin! (a v1 — x +v v1-— a’). 


a (m + n). 


: - mæ + tan na = ta 
26. tan”! mæ + tan” ne n rr 


27. vers” 2v2 2 tanai SE I . 
+3 2 


28. tan on e p^ p — tan” (Stan « = tant. 
ab (1 + tan v) b a 


dy —— 2p deg =D Oy 12/22 — 20 
E = — +t l Z — E 
go ROS ry era SE un da? de «+6224 25 
ana 4 (ua) doe E 
303 M 1—6 2 + 2’ de 14% 


31. What value must be assigned to a so that the curve 
y = log, (x — 7 a) + tan” az, 
may be parallel to the axis of X at the point x = 1? 
Ans. i or— 1, 
32. A man walks across the diameter, 200 feet, of a circular 


courtyard at a uniform rate of 5 feet per second. A lamp at one 
extremity of a diameter perpendicular to the first casts his shadow 
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upon the circular wall. Required the velocity of the shadow along 

the wall, when he is at the centre; when 20 feet from the centre; 
when 50 feet; when 75 feet; when at circumference. 

Ans. 10, 958, 8, 62, 5 ft. per sec. 

33. Suppose the lamp in Ex. 32 to be moved halfway towards the 

centre; find the position of the man, when the velocity of the shadow 


equals his own. 10015: 
6 


Ans. Distance from centre = 64.55 ft. 


56. Relations between Certain Derivatives. It is necessary to notice 
the relations between certain derivatives obtained by differentiating 
with respect to different quantities. 


To express E in terms of a If y is a given function of a, then x 
x 


may be regarded as à funetion of y. From the former relation, we 


have e and from the latter, =. These derivatives are connected 
x y 


by a simple relation. 


It is evident that ae dg 
Ax Ax 
Ay 


however small the values of Aw and Ay. As these quantities ap- 
proach zero, we have for the limits of the members of this equation, 


dy 1 1 
ac Vie oe (1) 
dy 


That is, the relation between a and s is the same as if they were 
s Y 


ordinary fractions. 
For example, suppose 


eE . e. e o e . . . (2) 


Differentiating with respect to y, we have 


IRALA 3. 
i): 
x d Ne. a 
Bod, ay Ut ==» by Q. 
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This is the same result as that obtained by solving (2) with refer- 
ence to y, giving 


and differentiating this mne Pr to a. 
To express % i in terms of dd and 7 une ; that is, to find the derivative 
a 


of a. function of a, function. "s y is a given function of z, and z a 
given function of 2, it follows that yis a function of x This relation 
may often be obtained by eliminating z between the two given 


equations, but Sl can be found without such elimination. 
a 


By differentiating the two given equations, we find 2 ” and z, and 


from these derivatives, Y may be obtained by the relation 


dy — dy dz . . e. . . . (3) 
dx dz de 
Ay _Ay Az 


For it is evident that C OI 
Az 


however small Aw, Ay, and Az. By taking the limits of the members 
of this equation we obtain (3). That is, the relation is the same as 
1f the derivatives were ordinary fractions. 

For example, suppose 


€ 
E MAU a Eri UNT 


Differentiating these equations, the first with respect to z, and 
the second with respect to x, we have 


Y a dom 
FE 22m 2x. 


By (8), n =52!(— 22) = —102(a?— 2), by (4). 


DIFFERENTIATION o9 
The same result might have been obtained by eliminating z between 
(4), giving 
y (à — 2, 


and differentiating this with respect to x. 
The relation (1) may be obtained as a special case of (3) by 
substituting y — a. This gives 


de de ds 
dz dx de ý 


Another form of (3) is 


which is of frequent use. 
EXAMPLES yl $ EL 


In Exs. 1-4, find 5 and thence a by (1). 


1 mayn dy _ (by -k> _ bh—ak | 
—by—k de  bh—ak  (bx—ay 
9. «= V1-rsin y, dy 2vi-crsiny ' 2 , 
de cos Y V2— x? 
Ss mri UM 
i 1+log y” de log y gy — a? 
a> eo pet 
4. «=alog ytat+vy, dy..2 vy ray e —e * 
va de a 2 


ay ma 2 dy 
In Exs. 5—8 find T and da) and thence E? by (3). 


32 2% AAA 
227—1' 3a— 2' dz (+2) 


5. y= 
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2 hil nay BE 
à =] z +1 = e* ey = . 
OU ua CE dz e+e” 


7. y ze -- e, z=log (x-2, 40641. 


. yal ete = sec v + tan c 

8. y zm c + tan g, 
dy _ a? — b? : 
dx 2ab+(a’?+ b°) cosa 


9. Differentiate (x? + 2)? with respect to a”. 


Let y = (x? + 2)?, andz=2*. It is required to find w, 
j ? à 
q = Lo 4-2), aot 
dy 4a(a®+2)_ 4 (#+2) 
By (5) dy teeta 4 (2142) 


må 3 
10. Find the derivative of “+ = with respect to 242. 
Canes a y 
Ans. ria) 


11. Find the derivative of sin 3x with respect to sin a. 
Ans. 3 (4 cos? v — 3). 


12. Find the derivative of tan-!./g with respect to log (1 + 2). 
1 
Ans. ge 


with respect to 


13. Find the derivative of log UE EL eee 
a sin «— b cos e 


y2 2 
m nee du (a? tan a — b? cot @) 


a? sin? g — b? cos? æ a? + b? 
14. Given x= 5 cos $ — cos dø, y — 5 sing — sin 5$; find dl, 
æ 


Ans: UE tan 3¢. 
dx 


CHAPTER IV 
SUCCESSIVE DIFFERENTIATION 


57. Definition. As we have seen, the derivative is the result of 
differentiating a given function of x. This derivative being generally 
also a function of v, may be again differentiated, and we thus obtain 
what is called the second derivative; the result of three successive 
differentiations is the third derivative; and so on. 


For example, if DI k 
dy — Ags 
da i 
09 19235, 
dx dæ 
d ddy _ 


Y, 
de dæ dx 


58. Notation. The second derivative of y with respect to v, is 
dy 
denoted by =2. 
enoted by = 


That is, dy d dy 
do? dada 
E dy ddd _ d dy, 
pax. del dadxda da dx 
dy dd ddy ay 


duro dd y, 
da^ dada 
61 
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Thus, if y aS 
dy = da, ; 
da 
da? 
dy 
—2 — 24g, 
dui Due. 


The successive derivatives are sometimes called the first, second, 
third, ... differential coefficients. 

If the original function of æ is denoted by f(x), its successive de- 
rivatives are often denoted by 


FP, FT), SO, SU), -- SU). 


59. The nth Derivative. It is possible to express the nth deriva- 
tive of some functions. 
For example, 


(a) From y =e, we have 


dy _ ax du _ 2yaz d^y 
ra ae rS 


1 
b) F —-————-— s 
(b) From y ED (ax + b)”!, we have 


Y — (—1)a(aa +b), T2 = (—1)( — 2)a*(a« + b), 


BY (ICI) += (NBA), 


pinar 


dry 
EOE = (el n n= 
d (— 1)'|n a^ (az + b) = aa 
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(c) From y= sin ax, we have 


dy T 
— =Q COS AX=4 Sl 
FF in (aot 3) 


du a? eos (ar + 5) = asin (aa +4 >) 


da? E 
ie a’ cos (ax + 7) — a?sin (ae H) 


T — a”sin G + Bh 


EXAMPLES 
3, 
1 y—20— 5254-2022 — b a? +2, TY —120(0? — 24-1. 


2. y — (a? — 4l, EY - 206 — 1) (— 4 
SL fae" +4, 
oY m(m — 1)(m — 2)a" — m(m + 1)(m + 2)a-™ 
dy p 0,02% [5o 
NE 12 5 ay _ : 
4. y — a -- a? -- a? 4 x5, TA CEE 16 +75 
dy 24 
5. y — «loge, eee 
e e 
6. y «a? log(x — 1), d'y 203043), 


da? (x — 1) 


2 
7. y — A(z— 2)e* + (x — 1)e*, Td A a(e* + e?) 


2 
8. «— (6— 3042 —8)e*, Tae. 
d 


fr 4 2 
9. r=log sec 0, = 6 sect 0 — 4 sec? Q. 
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: dy : 
10. y =e™(11 sin 2x +2cos2 x) - — = 125 e sin 2x. 
y e 
11-5 == tan; A 
dat (1 +0?) 
12. y — teh! ed ud duc ate prac 
2 da? Ce 
a T ¿2 dy _20—aJl+4a0 +0) 
13. y — log Va? + a? + tan a da? (a +a? 
aie d*y 
14. y= (e*? +67) sin ad, cis ea ote 
15. y= ce*(sinz — cosg) + de*cosa, ve = 4 we* cos a. 
pe 
oia ay qq 
A e; ga t Mane —1) ne 
] 2, 
17. ys ee eT COST du eo dH Py 0. 
x dc^ vdr 
: d? j 
18. y= "(sin log æ cos log 2), wt 30+ 5y=0, 
19 — qe d'y _ n n yd 
AR dU log aya 
we n—1 Qn 2% 
da" (3a + 2)” 
21. y= Vz 4 i, Py (So Dee hey 
da^ 2"(a@ 4- 1y-i 
22. y=sindasin2a, d'y 1 9" eos pz — T” cos TAE . 
de $2 2 2 
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/ 
The following fractions should be separated into partial fractions 
before differentiating. 


o ER Qu do dU NP LT 
y a? —. E —1yn eed 


3 X — 4 d" o On 
24. = Y = (— n = “ 
y 922 i D ee 9 da” ( 1) ln ae 2 Qu E A 


13 d” Ont 3^ +l 
ose yy = UE uq g i 
aCe EIL da” vae Bl DEM 


oe teti. 2a42 
of) ae ee 
4 mar = iil aaa, Pa? 
ge 1)"|n - 4 NS Qn+1 A 
da” EGEDE SQ 
2 dy (—-1y"4[n (x — n +1) 
. CRD dar (a+ 2)"*? 
onc mee ry d'y _4(—1)"a"|n (aw +n) 
5 ax —1/* da^ (ax — 1)” 


60. Leibnitz’s Theorem. This is a formula for the nth derivative 
of the product of two factors in terms of the successive derivatives 
of those factors. 

A special case of Leibnitz's Theorem, when » — 1, is Formula IV., 


d du dv 
ELE ES LU AL A a RS ihn 
da Co "e on em ( ) 


For convenience let us use the following abridged notation: 


pedet dv so 
1= — 2 == eee ==> . 
da’ da? ” dæ 
du du du 
Uy = => Un = S 


des de con aus 
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Then (1) becomes 


“ (wv) = uv + UW. . . e . i . . . . o e (2) 


Differentiating (2), 


2 
A (UV) = UW + UV, + UY + UV = UW + 2 wy + UV, 


£ (UV) = UV + ugv, + 2 490, + 24,0, + UW + ws 
= aU + 3 UW + SUyVe + Us. 


We shall find that this law of the terms applies, however far we 
continue the differentiation, the coefficients being those of the Bino- 
mial Theorem; so that 


n-101 + MAS th Hee NU Vnitr (3) 


This may be proved by induction, by showing that, if true for 


n 1 
E (ww), it is also true for 2 (uv). This exercise is left for the 
da^ da 
student. 

In the ordinary notation (3) becomes 

a: d^u Tu dv , n(n — 1) du doe 

— Y) = — 

da” $3 ergo - da |2 de da © 
doda- døv 


+n 


EXAMPLES 
1. Given y =% sin 2v; find by Leibnitz's Theorem T» 
a 
4 
From (3), = (uv) = UW + 4 uv, + 6 UVa + 4 u vg + Uy 


u=% y =3 2, u, 2 6c, u=—6, u=0. 
v=sin2x, v —2c0s822, v= —4sin2a, v= — 8 cos 2 x, 


v, = 16 sin 2a. 
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d'y 


dt 4 , , k 
a ga Sin 22) 0. sin 2 x + 4-6- 2 cos 2x + 6-6 x(— 4sin 2 x) 


+4- 32 (—8cos2g)+2 16 sin 2 x 
= 16 [ (2 — 92) sin 2 æ + (3 — 627) cos 2 9). 
2 Given y=xe*”; find uum 
da” 


Here urea U=de™, «+ uo =0 7% uv, c ot 


vez Oly $620," 1,=0, 
Substituting in (3), we have 


d^y =s L cera) — eta + nar” et =q”? e” (ax + n). 
X 


da” 
dy 3(5ba?—142z-r-13 
3. y=(@+ 1) Va —1, oe LR LE DD. 
8(x — 1)? 
E TE dichos Std 
4. y= e loge, da (7*7 aa ay 
= dy _48(x +1)(2 2 +2%+1), 
5. y= log (2x 4-1), zc Cari 
6. y= sin vlog cosa, cu = sin z[log cos x — 2 tan? #(3 tan? x + 5)] 
d” z n—2 2 
7. y 2 2a, gu (log a)"-?[(x log a +n)? — n]. 
8 e+ 1 d (a—n)P+n+1, 


EN Pay" 
al 5) 0: a Ca 


CHAPTER V 


DIFFERENTIALS. INFINITESIMALS 


61. The derivative i has been defined, not as a fraction having a 
de 


numerator and denominator, but as a single symbol representing the 


limiting value of ây ,as Ax approaches zero. In other words, the 
x 


derivative has not been defined as a ratio, but as the limit of a ratio. 
We have seen (Art. 56) that derivatives have certain properties 
of fractions, and there are some advantages in treating them as such, 


thus regarding E as the ratio between dy and da. 


Various definitions have been given for de and dy, but however 
defined, they are called differentials of æ and y respectively. The 
symbol d before any quantity is read “ differential of.” 


62. Definition of Differential. One definition is the following: 
The differential of any variable quantity is an infinitely small in- 
crement in that quantity. That is, de is an infinitely small Ax, and 
dy an infinitely small Ay. 

By the direct process (Art. 16) of finding the derivative of an 
algebraic function, Ay is generally expressed in a series of ascending 
powers of Aw, beginning with the first. 


For example, if y = 2%, y + Ay = (2 + An), 
and Ay = 92 Aw + 3a (Ax) + (AX). + e + (1) 
In finding the derivative we have 


Ay 

— = 830 + 8v A Ax)? 

n + 92 Az + (Av), 

in which, as Ax approaches zero, the second member approaches 32? 
as its limit, the second and third terms approaching the limit zero. 
68 
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If we let Av approach zero in equation (1), every term approaches 
zero, but there is nevertheless a marked distinction between them, in 
that the second and third terms, containing powers of Aw higher than 
the first, diminish more rapidly than that term. 

Thus we have Ay = 32! Ax approximately, 
and the closeness of the approximation increases as Aw approaches 
zero. 

From this point of view, regarding dw and dy as infinitely small 
increments, we may write 


dy = 3a? da, 


not in the sense that both sides ultimately vanish, but in the sense 
that the ratio of the two sides approaches unity. 


Thus dy = 32? dy, and = Soe, 
£ 


are two modes of expressing the same relation. 

According to the first, 

An infinitely small increment of y is Sa? times the corresponding infi- 
nitely small increment of x. 

According to the second, 

The limit of the ratio of the increment of y to that of x, as the latter 
increment approaches zero, is 3%. 

Just as we sometimes say 

* An infinitely small arc is equal to its chord,” instead of 

“The limit of the ratio between an are and its chord, as these 


quantities approach zero, is unity." 
So in general, if ges f(z), 


É A? 
Lim, A =S'@) 


E A > 
that ig, = f'(@) +, 


where e approaches zero as Ax approaches zero. 
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Hence Ay = f'(x) Ax + eAz, 


and as the term «Ax diminishes more rapidly than the term f'(x)Azx, 
we have 

Ay = f'(x) Ax Dooly, 
or dy= f'(x) da. 


Corresponding to every equation involving differentials, there is 
another equation involving derivatives expressing the same relation, 
and the former may be used as a convenient substitute for. the more 
rigorous statement of the latter. i 

Thus the use of differentials is not indispensable, but convenient. 
It should always be kept in mind that their ratio only is important, 
the derivative being the real subject of mathematical reasoning. 


63. Another Definition of Differentials. From y=f(x), we have the 
derivative -OE P NA E TT Te EN 


If we regard Y as a fraction, we must define dy and dæ so as 
a 


to satisfy (1); that is, they must be 
quantities whose ratio is equal to the 
derivative. 


We may assume de = Az, 
and consequently dy —/f'(x)A«. 
Graphically, dz — Az — PR, 

Ay — RQ, 
J'() — slope = tan RPT. 

dy = f'(a)Av = (tan RPT)PR= RT. 

By this definition of differentials, dr is 0 X 
PR, the increment of v, and dy is then RT, the corresponding incre- 
ment of the ordinate of the tangent line at P. 

That the two definitions are consistent will appear, if we suppose 
PR to be indefinitely diminished. 

The smaller we take PR, the more nearly is RT = RQ; that is, 
the more nearly is dy = Ay. By regarding PR infinitely small, this 
definition becomes that of the preceding article. 
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The second may be said to be the more rigorous of the two defini- 
tions, but the first has the advantage of being more symmetrical, and 
better adapted to the various applications of the calculus to mechanics 
and physics. 

64. Formule for Differentials. The formule for differentiation 
may be expressed in the form of differentials by omitting da in each 


member. 
To each of the formule for a derivative, corresponds a formula 


for a differential. 
Thus we have 


IL de=0. 
III. d(u+v)=du+ dv. 
IV. d(uv) = vdu + udv. 


VI aC) 5 vdu — udv. 


v v? 
VII. d(w") 2 nv"? du. 


ee lore EE 
U 


Ne CPS Ohi 
XIII. d sinu = cosu du. 
XIV. dcosu=—sinudu. 
XV. dtanw- sec? u du. 
XVI. d cotu- — cosec? y du. 
XVII. d secu — secu tan u du. 


XVIII. d cosecu= — coset u cot udu. 
Pi d 
XX. a sinnu = a . 
XXII. dtan“v= 1 uer 
1 d 
XXIV. dsec^"v Em s 
du 


XXVI. d vers ! v 2 ————-* 
v 2u — v? 
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Differentiation by the new formule is substantially the same as 


by the old, differing only in using the symbol d instead of “ : 


+3 
For example, as 3° 
fpe a(=*3) = _ (+3) d(a+3) — (@+3)d(@’+3) 
ve + 3 (a? + 3)? 
— (@° + 3) de — (@ +3) 2ade 
A 


(2 --3—22a? —6 2) dx _(B—6x—u de. 
P. (+3) (a? +3) 
If we wish to express the result as the derivative, we have only 
to divide by da, giving i 
dy 3—6z—2o 
da: (a? +37 " 


EXAMPLES 


Differentiate the following functions, using differentials in the 
process : 


1. y=@—-1)2-—82)2a+4+38), dy—(—182? +2 « -- 11) da. 


2. USE) d m 6(? —2) dt 
¢+1)¢+2)’ (¿+ 1)*(t 4- 2)” 
= 22? —4 
3. 9y—Vxl1-vs-—$À dy = do. 
ai ME dd valiosa 
seme — Q -r sin* 6) sin 0 yy, 
cos? 6’ cost 6 


5. y= (6 —6a 24s —40) dy= eS ejas 
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6. r =sin 6 log tan 6, dr = cos 0 log tan 6 dø + sec 6 dé. 
a 4x 4 dx 
ffc = t i == 
Y an 12 dy rou 


8. y — sin! 324 32V1-92% dy=6V1—92 dz. 


9. $ —tan^!tan? 6, d$ — SUAE 
tant 0 — tan? 04-1 


G5. Order of Infinitesimals. In Art. 62 we have spoken of infinitely 
«mall or infinitesimal increments. 

An infinitesimal may be defined as a variable whose limit is zero. 

If there are several infinitesimals that approach zero simulta- 
neously, one of them, «, may be taken as the standard of comparison 
and called the principal infinitesimal. 

Then «^, «, a, are said to be infinitesimals of the second, third, 
ath orders, with respect to «. l 

In general the order of an infinitesimal is defined as follows: An 
infinitesimal 8 is said to be of the nth order with respect to « when 


Tim, P =k, a finite quantity, not zero. . . . (1) 
& 


When n= 1, £ is of the first order with respect to a. 
When n= 2, B is of the second order with respect to «. 


From the definition it may be shown that the limit of the ratio of 
wn infinitesimal to one of the same order is finite, and to one of a 


lower order, zero. 
Equation (1), Art. 62, illustrates infinitesimals of different orders. 


If we write it 

dy = 3a? dac + 3x (dor)? + (dx), 
and regard dz as the principal infinitesimal, the terms of the second 
member are infinitesimals of the first, second, and third orders, with 


respect to da. 
Again, if we regard œ as the principal infinitesimal, of what orders 


re sin z and versa, with respect to v? 
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sin x 


By Art. 12, Lims=0 — 1, a finite quantity. 


Hence by (1) sin is an infinitesimal of the first order with respect 
to v. p^ 


Lim, 


versa _ y; 1—cosæ sin?z : 1 sinzw 1 
—— = Lim, ——.— = Lim, ————_ ( —— | =, 
sin?x a? 1 + cosa \ - x 2 
a finite quality. 
Hence by (1) verse is an infinitesimal of the second order with 
respect to x. 
Show that tan 0 — sin 0 is an infinitesimal of the third order with 
respect to Q. 


CHAPTER VI 
IMPLICIT FUNCTIONS 


(See also Art. 114.) 


66. In the preceding chapters differentiation has been applied to 
explicit functions of a variable. The same rules or formule of differ- 
entiation are sufficient for deriving dy ; ay ; d ; 

de da" dz 
implicit function of x; that is, when the relation between y and x is 
expressed by an equation containing these variables, but not solved 
with respect to y. 

For example, suppose the relation between y and « to be given by 
the equation 


…, When y is an 


ay? + ba? == ab, 
Differentiating with respect to 2, 


d 
a (ay? + ba”) — 0, 


2 ary YY +2 ba — 0, 
da 


Having thus obtained the first derivative, we may by another 
differentiation find the second derivative. 


dy dy 
25,72 25552 2 LL 
ayb’ — b’xa dz b (v 02) 


= — — —— ==  _—__— 
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Substituting now for a its value, 
" 


Ory AP DONG COIT o Lo 

da? aty? ay? 
By differentiating again, we may obtain 

Ty 3m 

da? aty? 


The first differentiation may be conveniently performed by differ 
entials instead of derivatives. Thus we should have from the 
equation 

wy? ae by =", 


2 a^y dy + 2 bx da =Q, 


giving we "m as before. 
dx ay 
dy du 


In deriving 
differentials. 


d» d 2 ., derivatives should be used rather tha» 


EXAMPLES 


Find the following derivatives. 


1. (e—ay + (yb = e, 


du d res d Fi E du __ 3e -— a) 
da TENA (y— b) da? (y ~b) « 
A 
2. w=y log (zy), "d 


e 


ori d$ log sin $ + $ tan Ó 
cos 0)? = (sin p)? RN 
( )? = (sin $)’, dð log cos0 —0cot $ 


A. ax? +2 hay 4- by? — 1, 


dy__ar+hy dy | M—ab de_ hab 
da ha + by’ da? (hx + by)” dy (ax + hy)? 


10. 


31. 


. ax? +2 hay + by? — 0, 


. Bx +y 4- 6) (3y — 3v + 2)— c, 


IMPLICIT FUNCTIONS ring 


d$ _ EID deo. — 2sin 2 $(cos2 $ + cos 20). 
SMS UE] do sin29' dø sin? 29 


E € dy 2y—- dy /— (r—yy 
esr P Iu E mor uer 


dy _ 3x — 2y 
de y+2 


. 7 sin? 6+ 2r+1=0, (5) troto” 


dy | y—loga d'y 2(y—loga) 
da: a—log b’ das? (x —logb) 


po td adh 


ae AY "dg cw Eu dy 22 --2y" 
Cau o E a de =—y de  (x—yy 


CHAPTER VII 
SERIES. POWER SERIES 


67. Convergent and Divergent Series. The series 
UY + U + Ug + oes. + Un + Unyi . . . . . . (1) 


composed of an indefinite number of terms following each other 
according to some law, is said to be convergent when the sum of the 
terms approaches a finite limit, as the number of terms is indefi- 
nitely increased. But when this sum does not approach a finite 
limit, the series is divergent. That is, if S, denote the sum of the . 
first n terms of (1), the series is convergent, when 
Lim,., ©, = some definite finite quantity. 
When this condition is not satisfied, the series is divergent. 
Thus the geometrical series, 


a+ artar + ar? + ... 


is convergent when r is numerically less than unity, and divergent 
when r is numerically greater than unity. 


For S, ab ar ar e far" s AD), 
—r 
When * 1 Dim Sw ein 
Ir] <1, m TC; 
When Ir} > 4 Lim, S, =o: 


When |r| — 1, the series is also divergent. 


68. Series of Positive and Negative Terms. Absolute and Conditional 
Convergence. In the ease of series composed of both positive and 
negative terms, a distinetion is made between absolute convergence 
and conditional convergence. 


* |r| denotes the numerical value of r, 
18 
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Before defining these terms, the following theorem should be 
noticed: 

A series whose terms have different signs is convergent if the series 
Jormed by taking the absolute values of the terms of the given series is 
convergent. 

Without giving a rigorous proof of the theorem, we may regard 
the given series as the difference between two series formed of the 
positive and negative terms respectively. 

The theorem is then equivalent to this: 

If the sum of two series is convergent, their difference is also 
convergent. 

A series is said to be absolutely convergent, when the series of the 
absolute values of its terms is convergent. 

A series whose terms have different signs may be convergent 
without being absolutely convergent. Such a series is said to be 
conditionally convergent. 


Led 
] H —- SL —- eee . e . . . e 1 
For example l A (1) 


converges to the limit log, 2, 
but it is not absolutely convergent, since 


130 71 
| gps yia 
is divergent (see Art. 70). 
Series (1) is accordingly conditionally convergent. 
prete 
Tta p 


is absolutely convergent (see Art. 70). 


But 1 +e 


69. Tests for Convergence. The following are some of the most 
useful tests. 


In every convergent series the nth term must approach zero as a 
limit, as n is indefinitely increased. 


That is, the series Uy + Us + Ug + ove + Un + oe 
is convergent, only when Lim, %, = 0. 
For S, = 8, + Un 
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If the sum of the series has a definite limit, 
dibs scm Sae 
Hence A Bit A e SEE O 
For a decreasing series whose terms are alternately positive and 
negative, this condition is sufficient.* 


For example, MESSE SS 


is convergent. But the decreasing series 


CU D 
AS 
is divergent, as it does not satisfy (1), since Lim, es v, = 1. 


The sum of this series oscillates between two limits, log,2 and 
1 + log, 2, according as the number of'terms is even or odd. Such a 
series is called an oscillating series. 

For a series whose terms have the same sign, the condition (1) is 
not sufficient. For example, the harmonie series 
lea 


+ 


1 
dom EC 
E3 KENN 


is divergent (see Art. 70). 


70. Comparison Test. We may often determine whether a given 
series of positive terms is convergent or divergent, by comparing its 
terms with those of another series known to be convergent or diver- 
gent. 

In this way the harmonic series 

Lui lo dito 


1 = zz _ _ — — — [IX * e . . 
E te get tae (1) 


may be shown to be divergent, by comparing it with 


17 leet ATTINET 
14 TE ee aa 
o hau D Sl (2) 


* The proof of this is omitted. 
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Each term of (1) is equal to, of greater than, the corresponding 
term of (2). Hence if (2) is divergent, (1) is also divergent. But 
(2) may be written 
1 


it; 


20458 
SE 


+36 
NA AMO 


= jl db Juge lee. 
Vado dro 


+ … 


The sum of this series is unlimited; hence (2) is divergent, and 
therefore (1). 
Consider now the more general series 


lp Xp IE 
dL --es o. 20e > 
p'mt»'pt (2 

If p=1, the series (3) becomes (1), which is divergent. 

If p<1, every term of (3) after the first is greater than the cor- 
responding term of (1). Hence (3) is divergent in this case also. 

If p — 1, compare 


1 i) 1 T il 1 1 1 it 

1» ^2» 37) 4» "ge" gs To "go | ig - : (4) 
; 1 1 1 1 1 1 1 d 1 
with T Uu ULT DUE ge) y SS . (5) 


Every term of (4) is equal to, or less than, the corresponding 
term of (5). But (5) may be written 


: : uz DAE : 
a geometrical series whose ratio, op 1 less than unity. 


Hence by Art. 67, (5) is convergent and consequently (4). 
Thus it has been shown that 

when p z 1, the series (3) is divergent; 

when p 71, the series (3) is convergent. 


The series (3) together with the geometrical series are standard 
series, with which others may often be compared. 
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71. Cauchy’s Ratio Test. This depends upon the ratio of any 
term to the preceding term. In the series 


Uy + Ug H us tt buat Ute 2 6 (A) 


Unt 3 
Un 


this ratio is 
Let us first consider, from this point of view, the geometrical 
parte a+ ar + ar +--+. far 4-arttit.. . 1°. 9 


ry LD 
Here the ratio = 


=r, and is the same for any two adjacent terms. 
We have seen (Art. 67 ) that this series is convergent or divergent, 
according as (ples ori 
That is, (2) is convergent or divergent according as 


Unt 


< 1; or, 22s] 


Unt 
n 


If now (1) is any series other than the geometrical series, the 


ratio m is not constant, but a function of n. The series is then 
n 


convergent or divergent, according as 


Un+1 Un+1 


Un 


n=0 


Lim 


ecl OF jdm. 


Sh ee uie ER 


n 


We will first suppose (1) to be a series of positive terms. 


Let bine. Yasi =p. 


u, 


Suppose p< 1. By taking n sufficiently large we .can make 
Mr ms en 1 1 
— approach its limit p as nearly as we please. 


"There must be some value m, of n, such that when n 5m, 


u À 
= < r, a proper fraction. 
n 


Hence Una < uy Un Un UA eto, 


Um F Umit Maa tt Ud Um? + Um? + A e Keke aw (4) 
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But since r <1, the second member of (4), which is the geometrical 
series, is convergent, and therefore the first member 
Um Uma + Um+2 +o 
is convergent. Consequently (1) is convergent. 
Suppose p >1. By similar reasoning, when n Sm, 


Unt : ó 
Ln > Tr, an Improper fraction, 
n 


Hence Um+1 > UT) Uma Uu > Un? + ete. 
Unt Uma E Mea TF *** > Um Um? + Umt? + ace 
Since r>1, the second member, and therefore the first member, 


must be divergent. 

Thus the theorem is proved for a series of positive terms. 

If the terms of (1) have different signs, it is evident from Art. 68 
that the series will be absolutely convergent if 


Unt 


Liner s 


"n 


It is also true that for different signs, (1) will be divergent if 


urt! 


Farnese SÅR 


n 


The proof of this latter statement is omitted. 
=i 


Un+1 


If 1 


the series may be either convergent or divergent. There are other 
tests for such cases, but they will not be considered here, 


EXAMPLES 
1. Is the following series convergent? 
T 1 1 1 
L2^'z 3.00 tg tm 


i LSND ADSL AE SP 
Applying (3), Art, 71, we have TaT] 


EU 

ae ly 2 
As this is less than unity, the given series is convergent. 
Its limit is log,2, as will appear later. 


Li 
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Determine which of the following series are convergent, and which 
divergent. 


9. Seen E By (3), Art. 71 
3. a ue By (3), Art. 71 
mm "NESS ESS By (1), Art. 70. 
5. led. eue 

6 1454545454 

7 et Tes 

8. SAP By (1), Art. 69. 
9. SH + taut Compare with (3), Art. 70. 
10. Mw e ds Compare with (3), Art. 70. 
11. log 2 — logŽ + log — log? +++. By (1), Art. 69 


12. sec Z — sec % + sec — 


Tv 
1 5 sec c T 2 


18. sin?” + sin?7 + sin? + gin? 7 4. ..., 
at n aan Gee BT 
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14. 14+1_2+1,38+1_ 441 


a sat a.) 
141 ,24+1,34+1, 441 
15. A 
A a ay e 
Roe RDUM. 


2—1 3—1 4—1 5-1 ý 


Answers 
Exs. 2, 5, 6, 9, 11, 13, 14, 16, convergent. 
Exs. 3, 4, 7, 8, 10, 12, 15, divergent. 
Exs. 8, 12, oscillating. 


72. Power Series. A series of terms containing the positive in. 
tegral powers of a variable x, arvanged in ascending order, as 


Ay + aye + age? + A H 
is called a power series in v». The quantities a, a, dy, ~- are 
supposed to be independent of a. 
For example, i-4-2z-L-3v-rFAx-J-.-. 
deeds 
are power series in x and y respectively. ` 


73. Convergence of Power Series. A power series is generally 
convergent for certain values of the variable and divergent for 


others. 
If we apply the ratio test, (3), Art. 71, to the power series 


ne Oe FO a rs» e vos VE) 
we have for the ratio between two terms 


— Un ^ 
Un 05-1 


Un+1 Qu 


Lim... = Lim, == [e Lim, 


Qn 
O1 


n n—1 
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` 


The series (1) is convergent or divergent according as 


leime « 1,- or AL e 1; 
m—1 > Q4 
that is, according as 
|a| < Lim, dai OL «| eee ain. Saat; 
The case |æ] = Lim, | == |, requites further examination. 


For example, consider the series 


1--22a--3a Aa o pna?! (n $1) open (2) 
Qi n sommo 4 
ta T eee ee 

Here a D ve 1 


Henee (2) is convergent or divergent, according as 
lx | «uos E 


We may say that (2) is convergent when —1-2z-1,and the in- 
terval from — 1 to +1 is called the interval of convergence. 


EXAMPLES 


Determine the values of the variable for which the following 
series are convergent: 


l. 14240404 +... 


JM cae a +t 


PONOS 
a? a 
3. cp Tee 
duo. du) f 
4. E E LT — emm — ** 6c 
ire E 
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TS A ER 

an er pi 
ag oat 

1 E UI CUL AA 
Sead wes 

x2 n a 

BB 16 

at abr ou 

MET Ww 


Answers 
Exs. 1-5, convergent when —1 < x « 1. 


Exs. 6-8, convergent for all values of a. 
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CHAPTER VIII 
EXPANSION OF FUNCTIONS 


74. When by any process a given function of a variable is 
expressed as a power series in that variable, the function is said to 
be expanded into such series. 

Thus by ordinary division 

1 


— =1— — a iow FCR 
ua deb (1) 


By the Binomial Theorem 
(x +a) =at +4 awt 6 ax? + 4 aa? + of, 
(A—aw)?=14+2e43e?4+40%4--- .... (2) 


The methods employed in these expansions are applicable only to 
functions of a certain kind. We are now about to consider a more 
general method of expansion, of which the foregoing are only special 
cases. 

It should be noticed that when a function is expanded into a 
power series of an unlimited number of terms, as (1) and (2), the 
expansion is valid only for values of x that make the series con- 
vergent. For such values, the limit of the sum of the series is the 
given function, to which we can approximate as closely as we please 
by taking a sufficient number of terms. 

The general method of expansion is known as Taylors Theorem 
and as Maclaurin’s Theorem. 

These two theorems are so connected that either may be regarded 
as involving the other. We shall first consider Maclaurin’s 
Theorem. 
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75. Maclaurin's Theorem. This is a theorem by which a function 
of x may be expanded into a power series in z. It may be 
expressed as follows: 


= 0 Ono mo su... 
POO OA Ox pes 
in which f(a) is the given function to be expanded, and f" (2), f" (a), 
f" (Œ), +++, its successive derivatives. 
S(O), f£ (0), 7" (0), +++, as the notation implies, denote the values of 
* f(@), f (a), f" (a), ---, when z — 0. 


76. Derivation of Maclaurin’s Theorem. If we assume the 
possibility of the expansion of f(x) into a power series in x, we may 
determine the series in the following manner: 

Assume 

fo) =A+ Be+ Cx? + DF Hatter, .... (1) 


where A, B, C, --- are supposed to be constant coefficients. 
Differentiating successively, and using the notation just defined, 


we have 
S'(@)=B+2 Ox +3 De? +4 He +. . . . . (2) 


UU 20 EOS DITS EE. V v V v oh) 
EN re HMM ffs 
Dx Ho SER FREE dT Jes Mb) 


Now since equation (1), and consequently (2), (3), «++ are supposed 


true for all values of æ, they will be true when z—0. Substituting 
zero for z in these equations, we have 


from (1), f (0) 2.4, A= f(0), 
from (2), HOVED) H7 (0), 
from (3), VSI C=O) 


Es 
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from (4), FO) =2 3D Ds S 
from (5), f"(0)=234E, E= ET 
Substituting these values of A, B, C, +++ in (1), we have 
A mo e T a m a? me 
IDO 71-5 P ees 0 


77. As an example in the application of Maclaurin’s Theorem, let 
it be required to expand log (1 + x) into a power series in a. 


f(a) — log(1 +0), J(0) — log 1 — 0. 
DÅ =i = =(1+2)7, FO) =1. 
yu (x) Se a JE aS us (0) ==. 
(pU TO a at DER yt (0) 20 
Joss adta, F7 (0) 3; 
f" (2) =|40 +), J (0) —|4. 


Substituting in (6), Art. 76, we have 
Qs NEA [4 07 


E 1. + s 
log (4 4-2) 20 4-1. 3 3 gm = b 
log(1+ a A 


78. If in the application of Maclaurin’s Theorem to a given 
function, any of the quantities, f(0), f'(0), JOE «+» are infinite, 
this funetion does not admit of expansion in the proposed power 
series in a. 

In this case f(x) or some of its derivatives are discontinuous for 
s= 0, and the conditions for Maclaurin’s Theorem are not satisfied 
(see Art. 94). 

The functions log x, cot a, qi, illustrate this case. 
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EXAMPLES 


Expand the following functions into power series by Maclaurin’s 
Theorem: 


ode C=1 +2 eee T — ope Convergent for all values of a. 
2. sinu=x— a z cer Convergent for all values of a. 
EUN 
qi ey 
AT be e Ae Convergent for all values of a. 


E a- |^ 
4. (a 4-2)" — a" + narx + aos gae 


nm i — 2) 33 +++. Convergent when |x| < a. 


qu cqui. t 
5. log, (12) =log,e (2 — pie te J 


Convergent when |a|< 1. 


6. log (1—2) 2 —a— 5 cw ue Convergent when SE 
US tan ema E ELT …, . Convergent when |x| <1. 
Here IOS PA 


—1 2a atat es 


TO= 


J" (à) 2 —22« + 4a°— bt +, 


+—. 


A 1 
-l y= Em 
8. sin"!z2z4- OR 


241-3 2 
2 3 5 


9.5 a 
4-657 


Convergent when |x| <1. 


1. 
06 
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Here f(e)=sin2, 
1 - 
(a) = SE DE 
UD m 


Expanding by the Binomial Theorem, 
f! (7) =1 + a+ bat+ ca®+ ..., 
where te sch jens) E ..., 
20 12545 2G 


SF" (7) — 2 ax + 4 ba?-- 6c .--, 


2 3 
E . IES 2 
9. sin (z4- a) — sin a +g cos zr d Sig ie 


Convergent for all values of a. 


T U EE T 
38 LUNO 
Convergent when |z | — 1. 


10. log (1+ x2?) =+ 


5 
ll. esinz=x+x?+ z — 56 —-+-, Convergent for all values of a. 
aye que 


12. ecosr=1+Y+x — ux pend Convergent for all values of a. 


du epe 


138 t = — —o eee, 
an x Pe 15 * 
a. Sat 
14. eps a SE 
sec v pop 


oat a 
15. 1 Ee E, Ae 
og sec c 9-19 *45* 


Defining the hyperbolie sine, eosine, and tangent (Art. 277), 
smh i => cosh hi ==, tanh qm CLE = 


€ 
get e 


show that 


3 
16. Binh ee te oe, 


ENS 
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Gee ea 
17. cosha=1+—4—4.. 

ES 

x2 24 


18. tanh x= 2—— 
anh Y zm 37 4B 


19. Show by means of the expansions of Exs. 1, 2, 3, that 
eVA=c080+ V—1 sing, 
e-* V3 — cos & — V—1 sin y, 
These are important relations. 
79. Huyghens's Approximate Length of a Circular Arc. 
If s denote the length of the arc ACB, a its chord, and 5 the 


chord of half the arc, it may be shown that 
8 b— 


a . A 
, approximately. 


C MEL 
Let ¢ be the half angle AOC. 7 
Then s=2 r$, and by Ex. 2, p. 91, 


Morum du des. 
a= 2r sin g=2r( EME ) O E 


cee A rae $ d$ $ 
ant s Ae si» -) 


Combining so as to eliminate ¢%, 

E 2947 ERE KAA 
8b a=2r(34 a5 j- 3s( 15 + ) 
8b—a p* 

AI ES ATINA 

3 « 480 ^ ) 


ae and the error < 


If s is an are of 30°, $ = ean 


If s is an are of 60°, $ = : and the error < TE 
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80. Computation by Series. 
Compute by Ex. 1, p. 91, Ve to 5 decimal places. 


Ans. 1.64872. 

Compute Ve to 10 decimal places. Ans. 1.1051709181. 
Compute by Ex. 2, p. 91, sin 1° to 8 decimal places. 

m = 3.14159265. Ans. 0.01745241, 

Compute to 4 decimal places the cosine of the angle whose arc ig 

equal to the radius. Ans. 0.5408. 


81. Calculation of Logarithms. By means of the expansion of 
log (1+), Art. 77, the Napierian logarithms of numbers may be 
computed. 

Let us find the logarithms in the following table. 


log 2) =='036931, 
log 3 = 1.0986, 
log 4 =1.3862, 
log 5 = 1.6094, 
los 6 =1.7917, 


log 7 =1.9459, 
log 8 = 2.0798, 
log 9 =2:1972, 


log 10 = 2.3025. 


It is only necessary to calculate directly the logarithms of the prime 
numbers 2, 3, 5, 7, as the others can be expressed in terms of these. 
We have from Art. 77, 


a ane: 
los %=1l08 CHNS ISE 
2: gl ) ZAR 


This series is convergent, but converges so slowly that 100 terms 
would give only two decimal places correctly. But we may obtain 
a series converging much more rapidly by taking 


= lo 1 + =), E 


1+ 
log 2 = log i 
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For log Lt? log (1 4- 2) — log (1 — x) 


auo uu qi A cu ra a 
EA uci ren) 
= (r4 EEG ep: Convergent when |«|«1. 


A 
Th log 2=2 
A fu RE BES ae ) 


Four terms of this series give log 2 — .6931. 


The computation may be arranged as follows: 


1 


5 = 333333 = .333333 
] 

1 _ 03703 = .012346 
ps .037037 Ce 

1 

1 _ 00411 — .000823 
T —.004115 Ls 


l 1 
Des. — = .000065 
= 000457 T 


1 _ 000051 
B? 


© 
O) 


34657 
2 


.69314 


The numbers in the first column may be obtained by dividing suc- 


cessively by 9. i 1 41 


T+ 
Any number may be put in the form 7) and log 3 — log 
qu 
2 


may be found like log 2. 


96 DIFFERENTIAL CALCULUS 


But having log 2, it is easier to compute 


hake 
3 5 
log == log 5 
2 le 1 
5 
and then log 3 = log? + log 2: 


Let the student make this computation. 


5 ee i 
Find log 5 from log= = log ik 
i 4 


In a similar way find log7 from log 5. 

Having obtained the logarithms of 2, 3, 5, 7, find the other loga- 
rithms in the table at the beginning of this article. 

To obtain the common logarithm, that is, logarithmy, it is only 
necessary to multiply the Napierian logarithm by .4343, the modulus 
of the common system. 

Find thus the common logarithms of the numbers in the foregoing 
tables, — first, of 2, 3, 5, 7, and from these the others. 


82. Computation of m. From Ex. 7, p. 91, by lettingx=1, we have 


a slowly converging series. 


To obtain a series converging more rapidly, we may use 


= il al 
tan-! 1 = tan tg t tan im 
from which zl 1 e Tu. 
2b X AA Bap MA 
Te El 1 iL 
+3 3 atg $ 7.3 77 
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By taking 9 terms of the first series and 5 of the second, the 
student will find 


q = 0.463647 -.. + 0.321751. 
and Ua ex 4150 .: 


Other forms of tan” 1 may be used, giving series converging even 
more rapidly, as 


ian-VL-—2 tan = l + tant. 
3 T 
tan 1 = 4 tan” L3 tan 1, 
5 239 


By these formule the computation has been carried to 200 deer- 
mal places. 


83. Taylor's Theorem. This is a theorem for expanding a function 
of the sum of two quantities into a power series in one of these 
quantities. 

As the Binomial Theorem expands (x--A)" into a power series 
in h, so Taylor's Theorem expands f(#-+h) into such a series. It 
may be expressed as follows: 


fM) FG) OMS" ors tl" Ora 


84. The proof of Taylor's Theorem depends upon the following 
principle: 

If we differentiate f(w+h) with respect to x, regarding h con- 
stant, the result is the same as if we differentiate it with respect 


to h, regarding x constant. 
That is O e En. 
f da dh 


For, let 23 0-»h MT ala, e ee a mop) cs qn CL) 
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then by (3), Art. 56, 
| a a dE 
Gat OE T O O 


d d d dz 
ie +h) = ae a On 


d d 
But from (1), = =: Laid a exis 
therefore £u S(@+h)= a IEF h): 
da dh 


85. Derivation of Taylor's Theorem. If we assume the possibility 
of the expansion of f(x +h) into a power series in h, we may deter 
mine the series by the aid of the preceding article. Assume 


S(@+h)=A+ Bh+ C+ DP +e 0. 0. Sere) 
where A, B, C, - are supposed to be functions of œ but not of h. 
Differentiating (1), first with respect to v, then with respect to h, 


dA | dB, , dC 


d dD 
DACH A A c SC po 1D pa y o. 
mon go LENT E 


Z fæti) =B+20h+3Dh+-... 


By Art. 84, the first members of these two equations are equal ta 
each other, therefore 


dA , dB 


dB der 
dx A 


T quote BS ZO ES DANS 


Equating the coefficients of like powers of h according to the 
principle of Undetermined Coefficients, we have 


h + 


dA _ —_ A 
dz : de” 
dB 1@A 
— = 20 tA 
de 3 2 da? 
aC _ 8D, 1dA 
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The coefficient A may be found from (1) by putting h = 0, as that 
equation is supposed true for all values of h. 


Then A = f(a). 

Hence == Fo). 
ML ee ee 
9 ae "24 (9 
1@A_ 1 


Substituting these expressions for A, B, C, --- in (1), we have 


f( 4-1) f) f (7) efr BJUQyER e. . (2) 


[3 


86. Maclaurin’s Theorem may be obtained from Taylor’s Theorem 
by substituting x 20. We then have 


n? h3 
FY) O IO) FAO) T T H Tes 
This is Maclaurin’s Theorem expressed in terms of h instead of x. 


87. As an example in the application of Taylor's Theorem, let it 
be required to expand sin (c + h) into a power series in A. 


J(+ b) — sin (£ + h); 


hence f (2) =sin 2, 
J'(@) = cos a, 

f(x) = — sin g, 

S'"(@) = — cos 2, 
Jf (2) = sin «. 


Substituting these expressions in (2), Art. 85, we find 


2 8 4 
gy Sine — ig eon abi sine 
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sin (z + h) = sin x +h cos z — 
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EXAMPLES 


Derive the following expansions by Taylor’s Theorem : 


h? h3 
l. cos (æ + h) = cos x — h sin æ — (5008€ + — sin z + + 


E B 


9. eme (140475 += ph) 
L B 


3. (@+hysa'+Toh+-- 
4. (x + hy ero na? h TE RE hi AL Som, 


h h? hs hi 


6. tan (x +h) = tan x + hsec? x + hsec’ vtan x 
3 
+26 secta — 2 secta) + + 
7. Compute from Ex. 1, cos 62° = 0.4695. 
8. Compute from Ex. 6, tan 44° = 0.9657, tan 46° = 1.0355. 


9. Te trem Supe a e CONSE 


10. TG FO a p) Tr EO Ore 5 f (2) ds ete 


As a special case of Ex. 10, derive 


jl eth Rh. nm n 
zl == 
LEE es Ducem 


1l. f(22)— f (e) d- af (2) 4 É f" (ay 4 É pm (2) t 


(2 [3 
es ; a? f'(x 
i2. (15) £6) re EE 
13. If y= f(x), show that Cray MEA 


dy dy (Ax)? , dy (Ax)? 
A — Ax La 
s da: oT aes 2 da? E bro 


MO. 
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88. In the preceding derivations of Taylor’s and Maclaurin’s 
Theorems, the possibility of the expansion in the proposed form has 
been assumed. In the remainder of this chapter we shall show how : 
Taylor's Theorem may be derived without such assumption. 


89. Rolles Theorem. If a given function $(x) is zero when 
«=a and when z— b, and is continuous between those values, as 
well as its derivative $'(x); then 
$'(x) must be zero for some value 
of x between a and b. 


Let the function be represented 
by the curve y=¢(a). Let 
OA=a, OB=b. Then accord- E 
ing to the hypothesis, y = 0 when 
x=a, and when x — b. 


Since the curve is continuous 

between A and B, there must be 

some point P between them, where the tangent is parallel to OX, 
and consequently $'(v) = 0. 


90. Mean Value Theorem. If f(w) is continuous from z-a to 
x= b, there must be some value 2, of x, between a and b, for which 


£o —Jf(a) = f'(a). 


This may be stated geometrically 
thus: 

The difference of the ordinates of 
two points of a continuous curve, 
divided by the corresponding differ- 
ence of abscissas of these points, equals 
the slope of the curve at some inter- 
mediate point. 


In the figure let the curve PRQ 
represent y= f(x). 
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Let OA=a, OB=b. Then y 
£0)— I0) SGT tan QPM. © 


b—a 


At some point of the curve, as R, between P and Q, a tangent can 
be drawn parallel to PQ. Call OK —«,. Then the slope of the 
tangent at K is f'(x), which equals tan QPM. 


Hence 10-A e y, where gm c D OC) 


If we let AB=b—a=h, b=ath, (1) may be written 
(a 4- kh) — f(a) +hf'(at ph), where 0<P<1 E 
91. Another Proof. The following method of deriving (2), Art. 90, 
is important, in that it may be extended to higher derivatives of 


f (x), as appears in Arts. 92, 93. 
Let R be defined by 


f(a 4- b) — f(a) — .R — 0. "uem EL) 


That is, let ZZ denote DLP), 
0 


Consider a function of « whose expression is the same as (1) with 
x substituted for A. Call this function $(x). 


That is, pla) =f(a+ 7) —f(a)— XR. . . . . (2) 

Differentiating, p'(7) =f"(a + à) — R. Eur ao) 
It is evident from (2) that p(x) = 0, when x = h, by (1); 

also (x) — 0, when z — 0. 


Hence by Rolle's Theorem, Art. 89, $'(v) = 0, for some value of x 
between 0 and A. i 


Calling this value of x, 6h, we have from (3) 
f'(a 4- 6h) — R — 0. 
Substituting this value of R in (1), 
f(@+h) — f (a) 4- hf a+ 0h). 
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92. Extension of Mean Value Theorem. We may extend the method 


of the preceding article so as to include the second derivative, and 


obtain f (a 4- À) —f (a) + hf" (a) m f" (a+ 6h). 
Define Rby f(a+h)—f(a)—hf"(a) -5R-0 SADO 


Let ¢$(@)=f(a+2)—f(a) af (a) ER. a AS) 
Hence ¢'(a)=/'(a+a)—f'(a)—aR, 
Peay (day. utar tS a AO) 
From (2) it is evident that $(x)-—0, when w=h, by (1); 
also $ (x) =0, when z — 0. 


Hence by Rolle's Theorem, Art. 89, $'(z) =0, for some value, 2, 
of x, between 0 and A. 
Also ¢'(#)=0, when z — 0. 


Hence $" (x) — 0, for some value, 2, between 0 and a, that is, be 
tween 0 and h. Writing x, = 0h, we have from (3), 


f" (a. 4- 04$) — E — 0. 
Substituting this value of R in (1), we have 
2 
f (a 1) =F(a) +I (2) +E P (a 4- 89. 


It is to be noticed that it is assumed that f (x), f'(x), and f"'(7) are 
continuous from «=a to x =a + h. 


93. Taylor’s Theorem. This may now be derived by extending the 
preceding method so as to include the nth derivative. 

It is assumed that f(x) and its first n derivatives are continuous 
from «=a to =a +h. 


Define R by 


fa +h) — f (a) Af! (a) — E Mo Ten f'a) — " R=0. (1) 
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Let 
Ec co (a) += DEP (a) — ES 


—1 


p'a) =P (a +2) — f (a) — af" (0) — = En n 


$" (a) =f"(a $ 2) = gas (a) Soe n fa (a) = R, : 


$^ (2) =f" (a 2) - fr" (a) - eR, 
A A ecc c) 
As in the preceding articles, it is evident that 
(x) — 0, when «=h, and also when x —0. 
Hence $'(x)—0, when x =x, where 0< 2,<h. 
But ¢'(«)=0, whenx=0; hence 
$"(z) — 0, when x= z, where 0 < a < ty 
Continuing this reasoning, we find 
$^(x) —0, when «=~@,, where 0 — 2; — 2, 
that is, where æ, is between 0 and A. 
Hence from (2) $" (0h) = f" (a + 6h) — R — 0. 
Substituting this value of R in (1), we have 


f (a) f£ (+f (0) 5 f 2) e - "c OHE O+ 


Since a is any quantity, we may write v in place of a, giving 


SEAN) — (2) +hf'@) "ue PU + - O 


h^ 
+= fr (ad FORSKER en 
pee ) (3) 
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94. Remainder. The last term of this equation 

ie f" (e + 0h) 

i 

is called the remainder after n terms in Taylor's Theorem. When the 

limit of this remainder is zero, as n is indefinitely increased, Taylor’s 

Theorem gives a convergent series. 

We have already seen (Art. 86) that Maclaurin’s Theorem is a 

special case of Taylor's Theorem, so that corresponding to (3) of the 
preceding artiele, we may write Maclaurin's Theorem 


AE ' e sy m ANB UP Q^ on 
FO) SO + OESO ++ IO) e po, 


f(x) and its first n derivatives being assumed continuous for values 
from 0 to a. 
Thus the remainder after n terms in Maclaurin’s Theorem is 


E f*(8s). 


m 


When Lim,-. i s) |=0, E ASE) 


Maclaurin’s Theorem gives a convergent series. 


Applying (1) to f (2) = e”, we have 


which is evidently satisfied for all values of a. 


The same is true for f(x)=sina, and jf(x)- cosa. 


If f(x) =log (1 +x), (1) becomes 
Dine A 1) =1 
P lin (1 + dx)" | 


elim. b= n dt 0. 


" 1 + Ox 


This is satisfied when |æ|< 1. 
It is to be noticed that the preceding test for convergence is of no 
practical use, unless the nth derivative of f(x) can be expressed. 


CHAPTER IX 
INDETERMINATE FORMS 


95. Value of Fraction as Limit. The value of the fraction 2. for 
any assigned value of v, as x =a, is TN E 

This is a definite quantity, unless $(a) or y(a) is zero or infinity. 
When this is the case, we may, by regarding the fraction as a 
continuous variable, define its value when æ equals a, as its limit 
when x approaches a. 


That is, the value of Fa , when c = a, is defined to be 
a 


Lim, KR , or what is the same thing, 
a 


Lim, (942); 
y (a+ h) 

There is no difficulty in determining this limit immediately, when 
the numerator only, or the denominator only, is zero or infinity ; or 
when one is zero and the other infinity. 

We will now consider the cases where, for some assigned value of 
x, the numerator and denominator are both zero or both infinity. 
The fraction is then said to be indeterminate. 


96. Evaluation of the Indeterminate Form. Frequently a trans- 


formation of the given fraction will determine its value. 


ee qq 
Th A == =1. 
us, Xen g When e il 
But if we reduce the fraction to its lowest terms, we have 
"cR n esM e 
v -—1 +1 2 
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æ—2 


Again, —— 
Vx—1—1 


av when z 22. 
0 


By rationalizing the denominator, 


Lim, .,— d =Lim., 42207141) 


Ma == del qe 
= Lim, 4 Va—1 + 1)=2. 


As another illustration, 


cos 20 0 


—  ——— e — — h oe 
cos 0 — sin 0 (ae 4 


cos 20 : cos? 0 — sin? 6 
—lLium,5:—— — — — 


But Lim, r 
Ey 4 cos 0 — sin 0 


4co$0—sinÓ — 
= Lim,.* (cos 0 + sin 0) = cost + sint— 2. 
4 
The Differential Caleulus furnishes the following general method: 


97. Form a new fraction, taking the derivative of the given numerator 
for a new numerator, and of the given denominator for a new denomi- 
nator. The value of this new fraction, for the assigned value of the 
variable, is the limiting value of the given fraction. 

We will now show how this rule is derived. 

Suppose the fraction a =) when «=a; that is, p(a) =0, and 

x 


y(a) = 0. 
By Art. 95 the required value of the fraction is the limit of 


i lus as h approaches zero. 
ath 


By the Mean Value Theorem, (2), Art. 90 
$ (a +h) 7 $ (a) +hd'(a+ 0h), 
pla +h) =y (a) + Tw/(a + Ah), 


where 6 and 0, are proper fractions. 
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But since ¢(a) =0 and y(a) =0, we have 
pla +h) hø'(a+ oh) _ $'(a + 0h) | 
wath) hy(a+0h) wa + Aah) 
o A 
“yla th) (a 
which is the theorem expressed by the rule. 


Hence 


If $'(a) =0 and y' (a) — 0, it follows likewise that 


Din Peer 9" (a). 
yiath) ya)” 


that is, the process expressed by the rule must be repeated, and as 
often as may be necessary to obtain a result which is not indeter- 
minate. 

For example, let us find the limiting value of the fraction in 


Art. 96. " feed 
s) x — 
Wa) a a om qu 


We etlo > when x=1. 


Thus the required limiting value is 2 
For another example, let us find the limiting value, when « — 0, 


of ge 


1—cos « 


$6) e e--2 0 a 
y(x 1—cosx 0’ ne 
$ (a) e-—e* 0 z 
Ko dn TURO: when z — 0. 
pale) En bs CR when z — 0. 
y"! (ab) COS a 


Thus the required limiting value is 2 
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Find the limiting values of the following fractions for the assigned 
values of the variable. 


E 


10. 


11. 


12. 


z(r—1)—2 


ala * 
log (3 2? +4 — 3) 
log a 

== 
DELETE 
x— tana 
2—sin— a’ 


log (a? — 4 z + 5) 
log cos (x — 2) ' 


xe — log (a+ 1) 
a? 


6 vers 0 
sin? 0 


, 


sin ma — sin na 
sin (m — n)« 


sin (9+7)-—1 


2 


log sin 2 6 
ar — b^ 
ae —p? 


log, a — log, b 


a— b : 


q5—22a$—42--9:5—4 
a—2e+2e—1 


when w= 2. 
when «= 1. 
when x =Q. 
when « — 0. 
when w= 2. 
when x — 0. 
when 60 — 0. 


when m =n. 


h a 
when 0 i 
when a — b. 
when a =b. 


, When zz 1. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


3 
+ 
bole 


COS mo. 
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13. tan ne — n tan v : whena=0. Ans. 2. 
n sin z — sin ng 


tan nz — n tan x wsectx—tan Y 


14. when n= 1. Ans. 


nsinz—sinnz! . sin g — æ cos % 
à å xad 
see = EDU —, whenz-0. Ans. a 
(x —1)e + (v 4- 1)e i 
z —2z ze 
a on TETTE. 


log sec? a — a? 


98. Evaluation of the Indeterminate Form 2. The method is the 
same as that given in Art. 97 for the form 2. 
It has been shown in that article that 
Lim,» $4 3-9) — (a) S re vem e eh mee il 
mati ya)’ E 
if ¢(a)=0, and y(a)-0. 
It may be shown that (1) is true also, if ¢(a) =% and y(a)=0w. 


For the proof of this the student is referred to more extensive 
treatises on the Differential Caleulus. 


For example, find the limiting value of loge ; when y =, 
$(x) _logw _ T as 
Gey cote = ¿> When B=); 
E 
[COM a a Bm gc 
y (a) = cosca mw Q0 nM 
"oe Z2sinzcosz 0 
We cess 0, when ø=0. 


Thus the required limiting value is 0. 


oo A . 
Nore. — The form o “An in most cases be avoided by transformation into " 
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99. Evaluation of the Indeterminate Forms 0-0, oo — œ. 
Transform the expression into a fraction, which will assume either 


the form o: 2. 
oo 
For example, find the value of 
(m — 22) tanx, when SE 


This takes the form 0. œ. 


But (7 — 2%) tang = 727.5, when 2—7. 
CA COE PE RS = 2, when =. 
y'(r) —cosec’s 2 


Thus the required limiting value is 2. 


For another example, find the limiting value of 


X c phen ols 


logx a—1 


This takes the form co — œ. 


NIU _£-T=logr 0 h zc] 
us Eel. Ge ly lok nO dec 

! 1—1 0 

$'(v) _ a —=-—, when g=1. 


Ae) 1— 2 +log x 
x 


Thus the required limiting value is > 
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100. Evaluation of the Exponential Indeterminate Forms, 0°, 1”, oo °. 
Take the logarithm of the given expression, which will have the 
form 5 or®. The limiting value of this logarithm will determine 


that of the given function. 
For example, find the limiting value of a”, when x =Q. 
This takes the form 0". 


Let y=x*; 
then log y = vlog x = 87-2, when x= 0. 
i 
' 
Mo mr ——$-0, when x — 0. 
E 


Thus the limiting value of log y is 0. 


Hence the limiting value of y is e” = 1. 


For another example find the limiting value of 


1 
(1 + axz)z, when x — 0. 
This takes the form of 1”. 


Let an: 


il 
log y = = Gt m = " when z — 0. 


a 
ae a, when z — 0. 


The limiting value of log y being a, the limiting value of y is e°, 


Y 
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Find the limiting values of the following expressions for the 
assigned values of the variable. 


1. 


TASI 

m 2,108 (1 +2), 
3 

Dr ins 


mT 
x tan x — —see a; 
2 " 


log tan ax 
log tan bw? 


ANS ER 
23? 2x tang’ 


sec 32 
j 
sec 5x 


le + 2n 
e 1 


2 
(cosec 6) ^" * 


"(tan Oye 


sco No 
a 


B 
z 


e +0* + | 
RS ES he 


ade 
. (log æ)r-e, 


1 LÀ 
(a? + 2)s, 


4 


ES ax + eos 2y 


2 


when g = 0. 


when «=0. 
h 2, 
when x 5 
when z — 1. 
h xum 
when 4 2 
when 0— 7, 
2 

h =, 
when 6 1 
when z —0. 
when «=e. 
when x= 0. 
when x =Q. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Dir 


en tt 


CHAPTER X 


MAXIMA AND MINIMA OF FUNCTIONS OF ONE 
INDEPENDENT VARIABLE 


101. Definition. A maximum value of a function is a value greater 
than those immediately preceding or immediately following. 

A minimum value of a function is a value less than those immedi- 
ately preceding or immediately following. 

If the function is represented by the curve y —/f(x), then PM 
represents a maximum value of y or of f(x), and QN represents a 
minimum value. 


102. Conditions for a Maximum or a Minimum. 
It is evident that at both P and Q the tangent is parallel to OX, 
and therefore we have for both maxima and minima, 


EN 
da Y 
Moreover, as we move along 
the curve from left to right, 
at P the slope changes from 
positive to negative; but at Q, 
from negative to positive. 
In other words, 
At P the slope decreases as 
@ increases. .. . . . (a) 
At Q the slope increases as ọ M 
nereasea 0 5. v sw (D) 
By Art. 21 we have the case (a), 


d 
when a; fore) «0. . ce EY 
114 
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f 


d d/d d? 
But = (slope yeah Ven 
S oe) dx e da? 
y E 
and (1) becomes SILO: 
LA de ^ 
Hence when 2 0, and TY <0 Ee pe AES 


there is a maximum value of y. 


By simiiar reasoning we have the case (6), 


d^y 
whe — 0. 
M da? = 
da d? 
Hence when = and E oO sek wake pets ve eC 


there is a minimum value of y. 


For example, let us find the maximum and minimum values of 


the function p 
^ —270 + 371, 


a? 


Put 1 2 Oat 
Then 24043, a E) 
d^y 
uc 4. . . . . (5) 
Putting (4) =0, v?—4e+3=0, 
whence x=1 or 3. 


Substituting those values of x in (5), we find 


aa 

when z — 1. 4-7 -2«0 
2 

when z — 3, gy Sos, O, 


da? 
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Hence by (2) and (3), 
when z—1, y has a maximum value; 


when «= 3, y has a minimum value, 


From the given function we find 
that the maximum value of y is y= 21, 


and the minimum value of y, y 21. 


103. In E cases it may happen that a value of v given by 


gre = 0,so that neither (2) nor (3), Art. 102, is satisfied 
a 


This would be the case for a 
point of inflection E (see Art. 
158) whose tangent is parallel 
to OX. Here the ordinate RL 
is neither a maximum nor a 
minimum. 
But there may be a maximum R 

or minimum value of y, even 


when ae 0. Thisis more fully 


considered in Art. 106. The 
following article is also appli- 


cable to such cases. O L X 


104. Second Method of determining Maxima and Minima. Maxima 
and minima may be determined from the first derivative dy alone, 
without using d : 

da? 
We have seen in Art. 102 that when y is a maximum, as at 


d 
P, the slope, that is, a changes from + to —; and when y isa mini- 


d 
mum, as at Q, E. changes from — to +. (It is understood that we 


pass along the curve from left to right.) 
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By examining the form of u, which should be expressed in factor 


form, we may determine whether it changes from + to —, or from 
— to +, for any assigned value of a. 
Let us apply this method to the example in Art. 102, 


pa Es == Di 
re 4 + 3 = (x — 1)(x — 3). 


Here a can change sign only when x —1 or v = 3. 
x 


By supposing « to change from a value slightly less, to one slightly 
greater than 1, we find that (« — 1) changes from — to + ; but since 


the factor (z — 3) is then negative, it follows that au changes from 
x 


+ to —, when x = 1, and denotes a maximum. In the same way, we 


find that ay changes from — to +, when x = 3, and denotes a mini- 
^ 
mum. 


Again, consider the function y = (a — 4)°(@ + 2% 
Differentiating and writing the result in factor form, 
dy — 3 (3% — 2)(z — 4) (e +2). 

da 
Z2 dy 

When x=“,  —-changes from — to +. 
3 dæ 


When z — —2, A changes from + to — + 
by 


When «= 4, ay does not change sign, 
a 


since (x — 4)* cannot be negative. 


Hence we conclude that y is a minimum when x= 5 a maximum 
when x =— 2; but neither a maximum nor minimum when x= 4. 
2 
As this method does not require Y, it is preferable to that 


of Art. 102, when the second differentiation of y involves much work. 
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EXAMPLES 


1. Find the maximum value of 32% — æt. Ans. 48. 
Find the maximum and minimum values of the following functions. 


2. 27 — 377 —12x7+12. Ans. x=—1, gives a maximum 19. 


x= 2, gives a minimum — 8. 


8, 22-—115-412z4-10. ms x= 4 gives a maximum 1343. 
x = 3, gives a minimum 1. 


4. o? +9 (a — oy. Ans. "xe T , gives a maximum 2e, 


SOE T 9 a? 
C= m gives a minimum — 


16° 
5. (x — 1)(« — 2)(s — 3). 


Ans. w= 2 — ——, gives a maximum MA 
v3 


3/3 


x=2+ 1 gives a minimum 2 
V3 3v3 
6. 2 (3x + 2)? — 3x. Ans. x= 2, gives a maximum 80. 


ye 3 ens 
7. Show that Foe has no maximum nor minimum. 


a? b? 


8. — , where a, b, c, are positive. 
LT e~r 
TE m Le a i 
Ans. x = ——, gives a minimum (ee 5 
a+b c 
ARA 


LC E E (a — by 
, gives a maximum >? 
Say fee! ee 


9. Show that the greatest value of log æ is T 
x” ne 


10. Show that the greatest value of cos 260+ sin is 2. 
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11. Show that the maximum and minimum values of 


sin? 9 + sin? G- ) are : and 5 


12. Find the maximum value of asinx+bcosz. Ans. Va F i 


13. Find the maximum value of tan” ex —tan”' P the angles being 


taken in the first quadrant. A s. 


14. Show that the least value of a?tan?0 + b? cot?6 is the same as 
that of ate” + b'e, and equal to 2 ab. 


15. y ca Ans. A minimum when z — 2. 
a—2x 4 

16. y —(x — 1)*(« +2). 
Ans. A maximum when g= — > a minimum when z—1; 


neither when « — — 2. 


17. y =(x— 2} (2x +17. 
Ans. A maximum when z = — 5 a minimum when «= H, 
neither when «= 2. 


105. Case where co . Itis to be noticed that o may change 
E 


sign by passing through infinity instead of zero. 
Hence if — =0, 


for a finite value of a, this value should be examined, as well as 
those given by 


120 DIFFERENTIAL CALCULUS 


For example, suppose : 
y=a—b(a—o)8. 


Then W=- T 
geo) 


hence we have 


UU when 2 — c. 


dx 
: : dy 
It is evident that when z— c, 3 
a 
changes from + to —, indicating a 


maximum value of y, which is a. 
The figure shows the maximum 

ordinate PM, corresponding to a . 

cusp at P. s 
On the other hand, suppose y — a — b(x — c). 


Then emo; 9300 when «=c. 


But as “ does not change sign when =c, there is no maxi- 
o 


mum nor minimum. The corresponding curve is shown in the figure. 
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EXAMPLES 
Find the maximum and minimum values of the two following 
functions: 
z 
= (z--1)?(x — 5), 
Ans. A minimum when z=; a maximum when x= 5 


a minimum when z — — 1. 


2. y (2z — a)! (z —a)* 


: 2a Aye 
Ans, A maximum»when x= 3 +2 minimum when 2 — a. 


lOG. Conditions for Maxima and Minima by Taylor's Theorem. 
Suppose the function f(z) to be a maximum when z—a. Then, by 
the definition in Art. 101, 


f (a) 7 f (a 4- hb), 
and also f (a) 7 f (a — h), 


where h is any small but finite quantity. Now, by the substitution 
of a for z in Taylor's Theorem, we have 


f(--M)-fG)- MOON" 
SONS (à) — M2) 7 f) f (a). CE) 
By the hypothesis J(a 4- kh) — f (a) « 0, 
and also Jf (a — h) — f (a) « 0. 


Hence the second members of both (1) and (2) must be negative. 


* The rigorous form of Art. 93 may be used here without any change in the 
context. l 
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By taking h sufficiently small, the first term can be made numeri- 
cally greater than the sum of all the others, involving A^, hê, etc. 
Thus the sign of the entire second member will be that of the first 
term. As these have different signs in (1) and (2), the second mem- 
bers cannot both be negative unless 

fia) = 0! 

Equations (1) and (2) then become 


SADO f" ()-E BINA +5 


LT Boa 
2^ ()— (3 (@) + .... 


The term containing h? now determines the sign of the second 
members. That these may be negative, we must have 


. CA 
If then F(a)=0 and f"(a)<0, 
f(a) is a maximum. 
Similarly, it may be shown that if 
F(a)=0 and f"(a)>0, 
J (a) will be a minimum. 
If J'(a) 0. and’ f"@)=0, 
similar reasoning will show that for a maximum we must also have 
J @y=0" and" (asc 
and for a minimum 
J '(Q=0" and 7" @)>0: 
The conditions may be generalized as follows: 
Suppose that 
F(a)=0, f'@=0, f"(3)—0, ++ fr(a)=0, 
and that f”**(a) is not zero. 
Then if n is even, f(a) is neither a maximum nor a minimum. 


Fa—h)-f(a)= 


If n is odd, f(a) will be a maximum or a minimum, according as 
TA) o SÀ, 
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PROBLEMS IN MAXIMA AND MINIMA 


1. Divide 10 into two such parts that the product of the square 
of one and the cube of the other may be the greatest possible. 

Let z and 10— æ be the parts. Then a? (10 — w) is to be a mazi- 
mum. Letting u=x*(10— z)*, we find 


QI s H 

<= 4 — x)\(10 — 277? =0 

from which we find that wis a maximum when x—4. Hence the 
required parts are 4 and 6. 


2. A square piece of pasteboard whose side is a has a small 
square eut out at each corner. Find the side of this square that the 
remainder may form a box of maximum contents. 

Let «=the side of the small square. Then the contents of the 
box will be (a —22)'v. Representing this by u, we find that u is a 


. a . . . 
maximum when z — e which is the required answer. 


3. Find the greatest right cylinder that can be inscribed in a 
given right cone. 

Let AD=a, DO zb. 

Let «= DQ, the radius of the base of the cylinder, and y = PQ, 
its altitude. 

From the similar triangles ADC, PQC, 
we find 

p.p ordeo 


The volume of the cylinder is 
may = d (b = &). 


This will be a maximum when u=bx*—a? 
is a maximum. 

This is found to be when z —2 b, the radius of the base of the 
required cylinder. 

From this, y= 3 the altitude of the cylinder. 
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4. Determine the right cylinder of the greatest convex surface 
that can be inscribed in a given sphere. 


Let r= OP, the radius of the sphere; «= OR, the radius of base 
of cylinder; and y= PR, one half its altitude. 


From the right triangle OPR we have 
a? y = wr. 
The convex surface of the cylinder is 
2 ng -2 y=4 ca Nr! i. 
We may put w equal to this expression, 
and determine the value of x that gives a 


maximum value of w. But the work may 
be shortened by the following considerations: 


dro wvT'—2? is a maximum, 


when evVr—a? isa maximum; 
and avr? —o” is a maximum, 
when its square Ta? — at is a maximum.* 


Hence we may put u= rx? — x, from which we find u is a 


maximum, when v = NE 
2 


From this dw giving for the altitude of the cylinder, 
2 y=r wis 


Another Method. The equations 
The convex surface =4 ray, w=ay, a E) 
A E SE 
may be used without substituting in (1) the value of y from (2). 


* Since we are only concerned with the positive root of Vr? — 72, 
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Differentiating (1), 1 — == y + v — y eye . . . . . (3) 


and differentiating (2), x+y ue 0, AR dE 
da: da: y 


Substituting in (3), S supe 


<Q 


Since z and y are positive quantities, it is evident that when 


TERN, = changes from + to —, giving a maximum value of u. 


Combining %=y, with (2), we have 


genn Y Az as before. 


v2 


In some problems this method has some advantages over the first. 


5. Divide 48 into two parts, such that the sum of the square of 
one and the cube of the other may be a minimum. Ans. 422, 51. 


6. Divide 20 into two parts, such that the sum of four times the 
reciprocal of one and nine times the reciprocal of the other may be 
a minimum. Ans. 8, 12. 


7. A rectangular sheet of tin 15 inches long and 8 inches wide 
has a square cut out at each corner. Find the side of this square 
so that the remainder may form a box of maximum contents. 

Ans. 12 in. 


8. How far from the wall of a house must a man, whose eye is 
5 feet from the ground, stand, so that a window 5 feet high, whose 


sill is 9 feet from the ground, may subtend the greatest angle ? 
Ans. 6 ft. 


9. A wall 27 feet high is 8 feet from the side of a house. What 
is the length of the shortest ladder from the ground over the wall 
to the house? Ans. 183V 13— 40.87 ft. 
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10. A person being in a boat 5 miles from the nearest point of the 
beach, wishes to reach in the shortest time a place 5 miles from that 
point along the shore; supposing he can run 6 miles an hour, but 
row only at the rate of 4 miles an hour, required the place he must 
land. Ans. 929.1 yards from the place to be reached. 


11. Find the maximum rectangle that can be inscribed in an 
ellipse whose semiaxes are o and b. z a 
Ans. The sides are av2 and bvV2; the area, 2 ab. 


12. A rectangular box, open at the top, with a square base, is to 
be constructed to contain 500 cubic inches. What must be its 
dimensions to require the least material ? 

Ans. Altitude, 5 in; side of base, 10 in. 


13. A cylindrical tin tomato can is to be made which shall have 
a given capacity. Find what should be the ratio of the height to 
the diameter of the base that the smallest amount of tin shall be 
required. Ans. Height = diameter. 


14. What are the most economical proportions for an open cylin- 
drical water tank, if the cost of the sides per square foot is two 
thirds the cost of the bottom per square foot ? 

Ans. Height = $ diameter. 


15. (a) Find the altitude of the rectangle of greatest area that 
can be inscribed in a circle whose radius is r. 

Ans. rV2; a square. 

(b) Find the altitude of the right cylinder of greatest volume that 

can be inscribed in a sphere whose radius is r. Ans. E . 

16. (a) Find the altitude of the isosceles triangle of greatest area 

inscribed in a circle of radius r. Ans. T equilateral triangle. 


(b) Find the altitude of the right cone of greatest volume inscribed 
in a sphere of radius r. Ans E 


3 
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17. (a) Find the altitude of the isosceles triangle of least area 
circumscribed about a circle of radius r. 

Ans. 9r; equilateral triangle. 

(b) Find the altitude of the right cone of least volume circum- 

scribed about a sphere of radius r. Ans. 4r. 


18. A right cone of maximum volume is inscribed in a given right 
cone, the vertex of one being at the center of the base of the other. 
Show that the altitude of the inscribed cone is one third the altitude 
of the other. 


19. Find the point of the line, 2x+y=16, such that the sum 
of the squares of its distances from (4, 5) and (6, —3) may be a 


minimum. Ans. (7, 2). 
20. Find the perpendicular distance from the origin to the line 
SL En 1, by finding the minimum distance. Ans. VEIT 


21. A vessel is sailing due north 10 miles per hour. Another 
vessel 190 miles north of the first is sailing 15 miles per hour on a 
course East 30? South. When will they be nearest together, and 
what is their least distance apart ? 

Ans. In 7 hrs. Distance 15157 = 118.25 mi. 


22. A vessel is anchored 3 miles off the shore. Opposite a point 
3 miles farther along the shore, another vessel is anchored 9 miles 
from the shore. A boat from the first vessel is to land a passenger 
on the shore and then proceed to the other vessel What is the 
shortest course of the boat ? Ans. 13 mi. 


23. The velocity of waves of length A in deep water is propor- 


tional to Y x + x where a is a certain linear magnitude. Show that 
a 


the velocity is a minimum when A — a. 


24. Assuming that the current in a voltaic cell is C ==. E 


being the electromotive force, r the internal, and R the external, 
resistance; and that the power given out is P= ROC’; show that P 
is a maximum when R =r. 
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25. From a given circular sheet of metal, to cut out a sector, so 
that the remainder may form a conical vessel of maximum capacity. 


Ans. Angle of sector = (1 n - 2m = 66° 4'. 


26. Find the height of a light on a wall so as best to illuminate 
a point on the floor a feet from the wall; assuming that the illumi- 
nation is inversely as the square of the distance from the light, and 
directly as the sine of the inclination of the rays to the floor. 


Ans 2 
V2 


27. At what point on the line joining the centres of two spheres 
must a light be placed, to illuminate the largest amount of spherical 
surface ? i 

Ans. The centres being A, B; the radii, a, b; and P the required 
point; AP’: PB = a’: b. 


28. (a) The strength of a rectangular beam varies as the breadth 
and the square of the depth. Find the dimensions of the strongest 
beam that can be cut from a cylindrieallog whose diameter is 2a. 


Ans. Breadth = as - Depth=2 a2 : 
v3 8 


(b) The stiffness of a rectangular beam varies as the breadth and 
the cube of the depth. Find the dimensions of the stiffest beam 
that can be cut from the log. Ans. Breadth— a. Depth=av3. 


29. The work of propelling a steamer through the water varies 
as the cube of her speed. Find the most economical speed against 
a current running 4 miles per hour. -Ans. 6 mi. per hr. 


30. The cost of fuel consumed in propelling a steamer through 
the water varies as the cube of her speed, and is $25 per hour when 
the speed is 10 miles per hour. 'The other expenses are $100 per 
hour. Find the most economical speed. 


Ans. 2000 =12.6 mi. per hr. 


31. A weight of 1000 lbs. hanging 2 feet from one end of a lever 
is to be raised by an upward force at the other end. Supposing the 
lever to weigh 10 lbs. per foot, find its length that the force may be 
a minimum. Ans. 20 ft. 
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32. (a) The lower corner of a leaf, whose width is a, is folded 
over so as just to reach the inner edge of the page. Find the width 
of the part folded over, when the length of the crease is a minimum. 
Ans. $a. 


(b) In the preceding example, find when the area of the triangle 
folded over is a minimum. Ans. When the width folded is 2 a. 


33. A steel girder 25 feet long is moved on rollers along a pas- 
sageway 12.8 feet wide, and into a corridor at right angles to the 
passageway. Neglecting the horizontal width of the girder, how 
wide must the corridor be, in order that the girder may go around 
the corner? Ans. 5.4 ft. 


34. Find the altitude of the least isosceles triangle that can be 
circumscribed about an ellipse whose semiaxes are a and 5, the base 
of the triangle being parallel to the major axis. Ans. 3b. 


35. A tangent is drawn to the ellipse whose semiaxes are a and 
b, such that the part intercepted by the axes is a minimum. Show 
that its length is a+0. 


CHAPTER XI 
PARTIAL DIFFERENTIATION 


107. Functions of Two or More Independent Variables. In the pre- 
ceding chapters differentiation has been applied only to functions of 
one independent variable. We shall now consider functions of more 
than one variable. 


Let u =f (2, y) 
be a function of the two independent variables x and y. 


Since x and y are independent of each other, we may suppose x to 
vary while y remains constant, or y to vary while æ remains con- 
stant; or we may suppose z and y to vary simultaneously. We 
must distinguish between the changes in u resulting from these dif 
ferent suppositions. 


Let A,u denote the increment in w resulting from a change in æ 
only, and A,u the increment in u from a change in y only. 


Let Au, called the total 
increment of u, be the in- 
crement when w and y both 
change. 


Suppose u the area of a 
rectangle whose sides are x 
and y. 

Then u= zy: 


If « changes from OA to © A A 
OA', while y remains con- 
stant, u is increased by the rectangle AM. 


That is, à,u = area AM, 
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If y changes from OB to OB', while c remains constant, u is 
increased by the rectangle BN. 


That is, Ayu = area BN. 
If z and y both change together, we have for the total increment 
of u, Au=area AM-+ area BN + area MN. 


108. Partial Differentiation. This supposes only one of the inde- 
pendent variables to vary at the same time, so that the differentia- 
tion is performed by the same rules that have been applied to 
functions of a single variable. i 

If we differentiate u= f (æ, y), supposing æ% to vary, y remaining 


constant, we obtain =. 
dx 
If we differentiate, supposing y to vary, x remaining constant, we 


obtain de 
dy 


The derivatives, m, x, thus derived, are called partial deriva- 
o y 
; : . : du du . 
tives, and a special notation, —, =, is used for them. 
dx" dy 
For example, if wo 42 wy — yl, 
z —3a?--4ay, the a-derivative of u. 
æ 
> 2? —3y?, the y-derivative of u. 
y 


In general, whatever the number of independent variables, the 
partial derivatives are obtained by supposing only one to vary at a 
time. 

EXAMPLES 

Derive by partial differentiation the following results: 

xy du du 


1. kw Sarr gay an 


D) ð 
2. z = (aa? + 2 bay + ey?y", (bx + cy) zo = (ax + by) 5 


132 


10. 


11; 


12. 


13. 
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= (Y — = = —+— + —=0. 
w= — 26 — 2G — 9) gu 4 Be y oe 

— or Or 
r = Ve + y, L 

3 2 2 ðu ðu 

u = log (a? + axy + bay? + cy?), Four lo RS 
uci et s, 2 RET tag, =0 

e Qu , du 
= —+ = —1)v. 
i e+e aay Gre 

2 
= log? =Y 4 2 tan? AEE EE TE 
x coo i y Yan ay aiu 
ð 
z = (x yy? — y, JŽ LL 
il =) Cal ES 1 

A tix) mL 

(24 ye + at Ene Fry 
Sl l il 02 dz 
u=e* sin y + e? sin a, 


2 2 
(52) + B» = e” + e” 4 2 et sin (z 4- y). 


u = log (tan z + tan y + tan 2), 


: du : du 2 du 
sin 24 — Ty) ae 
in 2x as + sin 2y By + sin 2z a 


Em 
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109. Geometrical Illustration of Partial Derivatives. Let z — f(x, y) 
be the equation of the surface 
APCH. 

The ordinate PN is thus 
given for every point N in the 
plane X Y. 

Let APB and CPD be sec- 
tions of the surface by planes 
through P, parallel to XZ and 
YZ, respectively. 

If z and y both vary, P 
moves to some other position 
on the surface. 

If x varies, y remaining con- 
Stant, P moves on the curve of intersection APB. 


Hence E is the slope of the curve APB at P. 
a 
If y varies, z remaining constant, P moves on the curve CPD. 


Hence = is the slope of the curve CPD at P. 
y 


110. Equation of Tangent Plane. Angles with Coórdinate Planes. 
In the figure of the preceding article, let P be the point (c, y', 2^); 
PT, the tangent to APB in the plane APNM; and PT", the tangent 
to CPD in the plane CPNL. 

It is evident from the preceding article that the equations of PT 
are 


' 
z= e (ea), VEU M CA e MER 

and of PT" ^ 
ges gie Dd (y—y) -*-z2. ..... (2) 


* br 3 e denote the values of ES s respectively, for (a, y!, z!). 
m w 
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The plane tangent to the surface at P contains the tangent lines 
PT and PT". Its equation is 


! dz! 
0 = ea) + 0-9") A (E 


For (3) is of the first degree with respect to the current variables 
c, y, 2, and is satisfied by (1), and also by (2). 


The equations of the normal through P are those of a line through 
(w', y”, 2") perpendicular to (3). Its equations are 


Qu yy 
ra oe ER): a L4 AA MUS (4) 


The angles made by the tangent plane with the coórdinate planes are 
equal to the inclinations of the normal to the coórdinate axes. 


By analytie geometry of three dimensions, the direction cosines of 
the line perpendieular to (3) are proportional to 
Oz! dz! 
EL dy” prs 
Hence, if œ, 8, y, are the inclinations of the normal to OX, OY, 
OZ, respectively, 


E — EN -— FE . . . . . . (5 
da dy! 
Also eos'«-4-cos!8-peos'yzm1. . 2. . 2 (6) 


From (5) and (6) we find, dropping the accents, 


C yee 
ni x E Ey 
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dl 
cos? På SS ae LJ . . t (7) 
Oz Ve dz? 
qe es. 
2 (ze) i (=) 
For the inclination of the tangent plane to X Y, we have from (7), 


sec? y = 1+(5 zu OLE ES ordo er 1G). 


ð ð 
and tan? y = ( A LE e DE 


The term s/ope used in geometry of two dimensions may thus be 
extended to three dimensions, as the tangent of the angle made by 
the tangent plane with the plane XY. In this sense, 


asc (ES. 


EXAMPLES 
1. Find the equations of the tangent plane and normal, to the 
sphere 24y42=07, at (x, y, 2)). 


Hence === d 
Oa! z" dy! f 


Substituting in (3), 2—2'— —— = (e— we) — e A y”), 
æn! + yy! +22! =a? + y? 4-2? — a*. Ans. 
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From (4) we find for the normal 
M det s ' 
CR eat koe he ae a 


= "y 2 x 


4a 


2. Find the equations of tangent plane and normal to the cone, 


8a? —4?-- 22? —0, at (e, y, z^). 


Ane Sule 2 0 NOE EE EE 
ns vex — YY + 422 5 3 xm 27 


3. Find the equation of the tangent plane to the elliptic parabo 
loid, 2=3x?+2y?, at the point (1, 2, 11). 
Ans. 6%+8y—z=11 | 
4. Find the equations of tangent plane and normal to the ellipsoid, 
0424432 = 20, 
at no point z—3, y=2, z being positive. 
Ans. 3%a+4y+82=20; x=2+2, 3y=42+2 
Find the slope of this tangent plane. Ans. 3 


5. Find the equation of the tangent plane to the sphere, 
ve+yte—2et+2y=1, at (x, y, z^). 
Ans. ev + yy +22 —ao— + y4y =L 


111. Partial Derivatives of Higher Orders. By successive differ- 
entiation, the independent variables varying only one at a time, we 
may obtain 

da? Oy? ga? oy! ` 
If we differentiate u with respect to v, then this result with respect 
. - 0 /0u BET n : du 
to y, we obtain —[— |, which is written —— + 
dy\ Ox Oy ðw 
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Pu 
dy 02? 
swo with respect to x, and one with respect to y. It will now be shown 
that this result is independent of the order of these differentiations. 


Similarly, is the result of three successive differentiations, 


In other words, the operations 2 and z are commutative, 
v y 


Thetis Pu _ du QUE L WERE 7, 
> Qyóx dxdy dydx? daxdydx  ðxðy` 
112. Given VI GS) yok ve x X D C 
d/du\ | 9 /du 
to prove that xv E = ME 


Supposing x to change in (1), y being constant, 


Au f(stAmy)-—f(my . . .  . (g 
Aa i 


AX 


Now supposing y to change in (2), being constant, 


n mu a —f (0, y + Ay) — F(x + Ao, y) +S (ey) 


Ay Az j AyAz 


Reversing the above order, we find 


Ay 
A/AM_ [z+ Arx, y +Ay)—f(0+Ax, y) — f( y t Av) + f y) 
AmiAy AzAy 
a > ore qoc EU 
e Sm) a @) 


The mean value theorem, (2), Art. 90, may be expressed in the 


form = Sf'(@+6-Ax), whereu=f(%). 0<0<1. 
x 
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In the present case, where u =f (7, y), 
Att — f, (x + yA, y). * 
Ax 


am ome (a + 6,-Aa, y) = fis (8 + 6A, y + 0,-Ay). 
An Az Ay 


Similarly, m = f, y + 0; Ay) 


and la)” f (2 +0,:A2, y + 63: Ay). 
By (3) fu (4-0, Ax, y + 0j Ay) =f (0 + 0, Ax, y + 03:Ay). 


Taking the limits as Aw, Ay, approach zero, and assuming the 
functions involved to be continuous, 


Ju & y) = ey (2, y). 


That is, mox) Tala) or ou nd . 
y TA OY 


This principle, that the order of differentiation is immaterial, may 
be extended to any number of differentiations. 


Thus Qu CDN CP Cu NN 
2 dydæ? dydx\dx) dxdy\du) dudyda 

- 0 (0% Oy Rig RW Gig) 

da dy dx ~ Oa ae ee 


It is evident that the same is true of functions of three or more 
variables. 


+ fa, y) = 2 1, A y) = AG Y), 


fal) = I 100), foley) = A 10] 
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EXAMPLES 
Oru Oru 
Verif Exs. 1 
FUE oy oz in Exs. 1-3. 
_ ax + by 2 = ] z. at x 
BD UE Y og. 3. u=(2+ ye" 


Derive the following results : 
du du du 
4. u= axt + 6 day E KAE ARR p ee 
eae n Mr ra LIN ond 
du , Ou 
5. u = log (a? +y’), Ja? ay? = 
D NUES E c9 


6 z=Grty)'+sin@e—y), find ¿y E 


a? a ,0^u du 
AS find yea 
7 2 MUT n TE y? 

pny A AE Pn 
8. z =x tan A y? tan ui mor a 


æg, 1 %9,1%_0 


9. q=(*+r")00810, e or ee 


du 
= Zz gy e OTe ew 
10. u= log (e+ e" 4- e”), andy dz ii 
= az ôu a ou LER 
11. u=ztan A opi og 
Ou , Ou ou 2 
-— 2 = E 
12. u = log (2? + y + 2), Bet Bip 02? w+ y+ 27 
13 ee DER: Pate! + a? D LUE A Inge 
. weyze + ye, 2209107? 


14. u= sin (y + z) sin (z + x) sin (x + y), 
ou 
dx dy 0% 


= 2 cos (22 + 2y + 22). 


140 DIFFERENTIAL CALCULUS 


113. Total Derivative. Total Differential. In Art. 107 we have 
referred to the change in u when x and y vary simultaneously. 
This change is called the total increment of u. Thus the total incre- 


ment of u = f(x, y) 
is Au = f(x + Aa, y + Ay) — f(x, y). 
The terms total derivative and total differential are also used, For 
example, 
ict WS OY dam ee c ence MD 


and suppose x and y to be functions of a variable t. 


S with rd to t, 


T = =< y) — (Bay?) 


=o Ley E — ary Y — Ga E 


= (3aty — Gay?) Z TREG 62y) 7 w, nos ee) 


But from (1) we find 


ð 
3; = Baty — bay’, i a: 


So that (2) may be written 


du _ du de | du dy (3) 
dias Ondo, Oy di 9 QR MN 


If we had used differentials in differentiating (1) we should have 
obtained 


du du 
du= =d Y E EA ee 
u Ja e+ By dy (4) 


T d in (2) and (3) is called the total derivative, and du in (4) the total 


differential, of u. 


We proceed to show that (3) and (4) are true for any function of 
v and y. 
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Noticing that Au is the total increment of u, 
and A,u, Ayu, the partial increments, when z and y vary separately, 
let 
u= fu, y), 
u' =f(e + Az, y), 
u!" = f(x + Az, y + Ay). 


x and y being functions of t. 


Then A,u=u' —u, 
Aye = a, 
Au= u" — u. 
Hence Au = Au + Au, 
and Au _A,u Ax, Ayu Ay 
At Ax At Ay At 


Taking the limits of each member, as Af, and consequently Az, Ay, 
approach zero, du duda , ðu dy 


2 = RETE a E T 
dt dxdt dy dt” ©) 
since the limit of w' is u. 


This may be written in the differential form 
du du 

d — d. T UE d . LI . . . . 6 

á Ox sta dy d (6) 

In the same way, if u = f(x, y, 2), where c, y, z, are functions of t, 


== ds eae ee cnt Vi 
dt  órvdt dydt oz dt’ (7) 


du du du 
= — == == d me . . 8 
and du T. Er dy + = Zz (8) 
We may write in (8) 
ô ô ðu 
dx = d,u, e dy = d,u, oz dz = du, 


giving du = d,u + du + du, 


that is, the total differential of u is the sum of its partial differentials. 
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This principle, as expressed by du = d,u + du, may be illustrated 
by the figure of Art. 107, from which we have 


Au = A,u + A,u + area MN, 

that is, Au = A,u + Aju + Aw Ay. 

As A% and Ay approach zero, the last term diminishes more rap- 
idly than the others, and we may write 

Au = A,u+ A,u, approximately, 

the closeness of the approximation increasing as Aw and Ay 
approach zero. 

If in (5) we suppose t = c, 
then u= f (2, y), y being a function of 2; 


and (5) becomes Le tax TUA EE oit) 


da dx dy dx 
Similarly, if in (7), t — c, 
u =f (x, y, 2), y and z being functions of a; 


du _ du du dy du de 


whence RE. sits eee 
de - Om. -0y de GA de 


(10) 


EXAMPLES 
Find the total derivative of u by (5) or (7) in the three following : 
1. VEF (<, y, z) where «=, y=8, =>. 
du du du 10% 
—=2t 2434 == 
dt Ox F dy dz 
2. u=log(@’—y’), where «=acost, y=asint. 
du 
— = —2 
3 tan 2 t. 
3. u— tan? 7, where 2=2t, y=1-#@ Uu ee 
y d 1+? 
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Apply (10) to the two following: 
4. u—f(z, y, 2), where y=a?—a, z=% — g. 


du du du du 
e a (Oe OV 
dx eo ina) dy m) Oz 
5. u —tan-1?2, where y=3—2, 2=1-3%, a 
2 dæ i te a 
Find the total differential by (6) or (8) in the following: 
6. v =ar + 2 bay + cy? du = 2 (ax + by) de + 2 (ba + cy) dy. 
U oa Sa d= (EY dn + EE ay), 
v y 
8. y=lg $E 9) du — i y de — sin a dy, 
sin 4 (zx — y) cos y — COS y 


9. u= ax? + by? + cz? + 2 fyz + 2 gzx + 2 hay, 
du =2 (ax + hy + gz) dx + 2 (ho + by + fz) dy +2(9x + fy + cz)dz. 


LOD ee du = a" (yz de + zx log « dy + xy log x dz). 
11. w= tan z tan ytan z, du = 4u uy dy te : 
sin2æ sin2y sin 2z 


If the variable ¢ in (5) and (7) denotes the time, we have the re- 
lation between the rates of increase of the variables. 


For illustration consider the following example: 


12. One side of a plane triangle is 8 feet long, and increasing 4 
inches per second; another side is 5 feet, and decreasing 2 inches 
per second. The included angle is 60°, and increasing 2° per second. 
At what rate is the area of the triangle increasing ? 
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The area A= bo sin A, from which 
GY Oc ah) D dc n dA 
GA € O eat Se adiu Seek 
; y sin. ps 7 Tego d 
— sin A Le D sin A«— +2 cos AT 


= .4984 sq. ft. — 71.05 sq. in. per sec. 


13. One side of a rectangle is 10 inches long, and increasing uni- 
formly 2 inches per second. The other side is 15 inches long, and 
decreasing uniformly 1 inch per second. At what rate is the area 
increasing ? Ans. 20 sq. in. per sec. 

At what rate after the lapse of 2 seconds ? y 

Ans. 12 sq. in. per sec. 


14. The altitude of à cireular cone is 100 inches, and decreasing 
10 inches per second, and the radius of the base is 50 inches and 
increasing 5 inches per second. At what rate is the volume in- - 
creasing ? Ans. 15.15 cu. ft. per sec. 


15. In Ex. 12, at what rate is the side opposite the given angle 
increasing ? Ans. 4.93 in. per sec. 


114. Differentiation of an Implicit Function. (See Art. 66.) The 
derivative of an implicit function may be expressed in terms of 
partial derivatives. 


The equation connecting y and x, by transposing all the terms to 
one member, may be represented by 


OM ECA) aD Gears Rie AS on (1) 
Let u = h(x, y). 


From (9), Art. 113, we have for the total derivative of u, 
du du, du dy. 


dx dx dy dz 
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But by (1) x and y must have such values that v may be zero, that 


is, a constant ; and therefore its total derivative must be zero. 
x 


Hence Que Quy ; 
dx dy dx 
du 
dy dx 
d ——— —. . . . . . EI . . e D 
an Ta ou (2) 
dy 
For example, find wy from TY + a) = a. 
æ 
Let u = yY? + ay? — as, 


OU 3 pm, 28 p 309 
dx dy 


By (2 dy _ _ 8 ay? + 2x _ _ day t2y 
TM de 229y + 374? 22? + 3 ay 


In the same way find the first derivatives in the examples of Art. 66. 


115. Extension of Taylor’s Theorem to Functions of Two Inde- 
pendent Variables. If we apply Taylor’s Theorem 


to f(x 4- À, y +k), 


regarding x as the only variable, we have 


fot hy y -- E) o FG, y +0) +h fla, y th 


gal ert) Q 
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Now expanding f(x, y +%), regarding y as the only variable, 


Fla, y 4- k) 2 f (o, VE fo y) +a fla SU) es 


Substituting this in (1), 
ð 0 
SO y E) =S Y) Eh FG) RS £9 


24m 2, 2h 25 pue %, 2 
Eu: Z sentam FeV) PTS a) |t (2) 


This may be expressed in the symbolic form thus: 


fxh, y+k)= =se 9) + (Mi, ths, y) 10D 


il oe 10) QN 

"senes bs) Ie Da rU y) 

where (as. + ks) is to be expanded by the Binomial Theorem, as 
v U 


if Ac and k^ were the two terms of the binomial, and the result- 
v y 


ing terms applied separately to f(x, y). 


116. Taylors Theorem applied to Functions of Any Number of In- 
dependent Variables. By a method similar to that of the preceding 
article we shall find 


JG aem f 2) (1 ð 


à ð 
RETREAT 


il ð 0 
*s(^s; TA DS al f(z, y, 2) oe 


This expansion may be extended to any number of variables. 
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EXAMPLES 
1. Expand log (« + h) log (y + k). 


Let u= f (v, y) 2 log log y, USE log due loga 


dx x dy y 


By (2), Art. 115, log (a+h) log (y+k) = log# log y 


2 2 
HA log y + hk E, x certe. 


h k k 
dE SES | zx] = 
E uo IT 


2. (x +r (y + ky = ay? + 3 hay? + 2 key 
+ 3 Ran? + 6 hka’y + kPa? + --- 
3. sin[(@+h)(y+k)] = sin (ay) + hy cos (ay) + ka cos (xy) 


2, 
HT sin (xy) + hk [eos (ay) — xy sin (ay) ] — FS sin (ay) + ++ 


he*--ke' , ee (h —ky |... 
eret 2(& + ev)? F 


4. log (e7** + evt*) = log (e* + e") + 


100! 


-51P 


CHAPTER XII 


CHANGE OF THE VARIABLES IN DERIVATIVES 


117. To express 


dy d^y dy 
da’ da? da? 


de de de. 


+ in terms of — 
1 rms a dy? UO 


This is changing the independent variable from x to y. 


By (1), Art. 56, 


By (3), Art. 56, 


From (1), 


Similarly, 


From (2), 


dy 1 
de de 

dy 
dy _ d dy _ 
da? dude | 


une e le ee ACD) 


a dy dy. 
dy de de 


ca ” 


dy ddy | 
da? dx do? 


d dy dy 
dy da? de 

Pay dx dx 
d dy x dy? dy ays 
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It is sometimes necessary in the derivatives, 


dy du dy 


de dy? da? ^^ 
to introduce a new variable z in place of œ or y, z being a given 


function of the variable removed. 
There are two cases, according as z replaces y or a. 


: dy dy d? de d’z d* 
118. First. To express A a ae , in terms of == n aw qm 
where y is a given function of z. 
dy dy dz 
By (3), Art. 56 red ee oot Mb 
yy Ar 4 de dz de 


dy _ d/dy dz , dy dz _ d'y/dz y Y dz 
da? dæ\dz]dx | dz dæ dede) dz de" 


Similarly, we find 
d'y dy | g y dz dz , dy dz 


da? délde dz dede? ` de da? 


Similar] Cp ag may be expressed in terms of z and x 
mmuariy, AA put E y p . 
Tt is to be noticed that in this case there is no change of the in 


dependent variable, which remains g. 
For example, suppose y= 2. 


dy 5,507 

Then mur dz 
æ dz dee 
Sese Ju 


dy (de ,de d'a , 4 sn 
da? - (e 182 TA de 
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119. Second. To express 


in terms of 
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dy dy dy 


SE 
dz’ dz?’ de 


dy ay 


"de? de? "UU 
, Where x is a given function of z. 


dy 


This is changing the independent variable from x to z. 


By (8), Art. 56, 


Similarly, higher derivatives may be expressed. 
is generally easier to work out each case by itself. 


dy 
dy dyde dz. 
dx dzda de 
dz 
a 
dy a (aN d 
do? dz\dæjdæ 
de Ly dyd» 
dz de dz de 


MCA 


dz) 


For example, suppose x= 2, 


But 


Hence 


From (1), a 


Hence 


dy _ dy dz 
dx dz dx 
de _ gp dz 77 
de * d 3' 
dy _1,-. dy 
de 3 dz 2.7 vi 


du d/dyW _ 
da? dx\da 


dy\ =1 (UY — 
da NES dz? 


dau 


2 
du. 1g 
dz? 


y 


dy\ dz 
-5 da) da’ 
22e). 

dz 


24-509. 
dz, 


In practice it 


«ae eC 
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re d? 2 
Similarly, d E E E) £ : 


From (2), a a2) al ¿y — 62- + a 


da) 9 dz 
d? al d? cap d 
Hence Ear ra cut MINI 2 E = -sdyN 
de 27 (= de nao 
EXAMPLES 


Change the independent variable from x to y in the two following 
equations: 


dy? dydy AI TIN de, de 
1-3 —-#—+— -#(-4) = 0, 7 
A dæ dx? ze e dy? UU dy? 
dy PN (adu y dy Py 
9. [3a=242 || — | =(a—4+ 1 | —. 
( Fru Ia) (out E da? 
2 2 3, 
Ans, (2% =( 2 +a Tx 
dy dy dir 
Change the variable from y to z in the two following equations: 


dy _4,20+y)/dy\ sas 
3 om =1 + or i ; y — tan z. 


2, 
& Ces 29 e (Mie20endib 9042 


dz d?z 
1 <= 4254-2 
Ans. (2+ Z= 25 qu bah (A 
Change the independent variable from x to z in the following 
equations : 


d'y 1dy d'y 0. 
5. Hs 0, *=4z Ans. ¿4 W + y= 
6. PA 2c dy y —0, æ=tanz. Ans dy 


0 
r 1+ «dx ds ; aa t Y= 
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7. (2s — 1y89 (251) —2y, 2e=1 +e". 
3 da? da 


By 490y , gly 
p dpa NA — rc) 
ans dz? dz? Y dz y 


4, 3, 2, 
8. ot TL Te + ga? +32% 4 y — loge, a zm e*, 


d*y dy 
Vp REL dL QE L2 
d^ dz 3 dz? TUES 


120. Transformation of Partial Derivatives from Rectangular to Polar 
Coórdinates. 


Given w= (0 Y), 


to express a and E in terms of a and s where c, y, are rec- 
tangular, and r, 0, polar coórdinates. 


We have from (5), Art. 113, regarding v as a function of r and 6, 


du dudr , Ou 00 


a cL a E 

Qu. du ðr du 00 

SR mi MEE v 0s 
dr dr 06 90 


The values of , are now to be found from the rela- 


Ox’ dy ax ay 
tions between z, y, and r, 0. 


E 


These are €&-—Tc080, y=rsind. 


But in the partial derivatives 9m år » and og del r and 6 are re- 
dx dy dx dy 
garded as functions of x and y. 
These are, from (3), 


Sag +y, 0-tand 2 


CHANGE OF THE VARIABLES IN DERIVATIVES 153 


Differentiating, we find 


rq C ges ner 

SAR = cos 6, 3 = =sin0, 

opc ee ce ano. 00? mc 0088 
dx a+ y r^ Oy Xy y 


Substituting in (1) and (2), we have 


du 5 du sind du AY ie EARI 


— = CO0 sore 


dx or r 99 
du - du , cos 0 du 
—= sin 6 —+———. rro o oo». 
dy : ape T1300 6) 
s u du 
121. Transformation of se op from Rectangular to Polar Co- 
y 


ordinates. By substituting in (4), Art. 120, o for u, we have 
X 
um oou ð /ðu\ sing ð /ðu 
— =—/|— E T 6 —( — )— aol eet lo ips See, le ere Ae 
da? pd iie s] 7 ais) (1) 


Differentiating (4), Art. 120, with respect to r, 


ð /du u sind du , sind du 
LEEN = = LAS. 2 
( ) pee ðr? r ðrðð T 00 2) 


Differentiating (4), Art. 120, with respect to 6, 


ô (du TN pm _ gin 9 OU — Sind du — cos 0 du (3) 
00 ES a 9r00 T Og O e 
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Substituting (2) and (3) in (1), we have 


Ou cS go . 2sin6cos0 du , sin*80*u , sin? ð ðu 
Ox? ðr? r ôrðð POO i Or 
2 sin 0 cos 0 du 
SS el LJ LJ . . . 4 
y y? 00 (4) 


Similarly by using (5), Art. 120, instead of (4), we find 


du  .2¿,0%u,2sin0cosó O?u , cos?8 0?u , cos? O du 
== Ingo AAA REESE I — 
qoc A DEUM cc qnis derer 


2 sin 6 cos 0 du 
2 Spo EN (5) 
Adding (4) and (5), we obtain 


Pu, du Fu 100, 18u 
de ðy 0 rdr" na 


CHAPTER XIII 


MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE 
INDEPENDENT VARIABLES 


122. Definition. A function of two independent variables, f(a, y), 
is said to have a maximum value when x =a, y=b; when, for all 


sufficiently small numerical values of h and k, 


MU eID tok) aer lila ena) 


and a minimum value, when 


Fla, bhcf(ath, btk) . . 325 mex (D) 


123. Conditions for Maxima or Minima. 


If v — f (v, y), 
we find that a necessary condition for both (a) and (6) is that 


de Ay and RENS when =a, y=b. 
dx oy 


This may be shown as follows: 
Conditions (a) and (b) must hold when k= 0, and we have for a 


f (a, 5) > f(a +h, b), 


maximum 


and for a minimum 


f(a, b) € f(a +h, 0), 


for sufficiently small values of h. 
165 
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We thus have for consideration a function of only one variable. 
By Art. 106, we must have for both maximum and minimum, 


Jf, b) = 0, when x — à, 
that is 2- fs y) —0, when «=a, y —b. 


Similarly, by letting h = 0 in (a) and (b), we may derive 
S y) 2 0, when z2 a, y — b. 


These conditions for a maximum or minimum are necessary but 
not sufficient. As in the case of maxima and minima of functions 
of one variable, there are additional conditions involving derivatives 
of higher orders. These we shall give without proof, as their 
rigorous derivation is beyond the scope of this book. 

The conditions for a maximum or minimum value of u= f(x, y) 
are as follows: 

For either a maximum or minimum, 


du ð 
3,70, and el as ER 

Ou N — du du 

1 10) rr — ee LI . . . . . . - 
ae < 2 DURER (2) 
For a maximum Fu <0, and du 0 
> da? y) dy? . LI . B . . . (3) 
SM ou u 

For a minimum, ap 0, and aye OM Stay Ce 


124 Functions of Three Independent Variables. The conditions 
for a maximum or minimum value of u= f (v, y, 2) are as follows: 
For either à maximum or minimum, 


Qn ay be 
and uN 2 du Ou, 
dx dy 02? dy? 
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For a maximum = <0, and A<0; 
Ox? 
des ĝu 

for a minimum, de >0, and A>0; 


du du u 
dx” da dy dx dz 
du Ou Ou 
da dy Oy" dy dz| 
du u Pu 
Ox dz dy dz dz 


where A= 


EXAMPLES 


1. Find the maximum value of 
u = 3 avy — a? — y’. 


à à 
Here 3,73ay—3v, 3; 9-95. 
uy Ou ðu 

Fal hei UE me rp 


Applying (1), Art. 123, we have 
aj —2?—0, and aw—y’=0; 


whence $0,920; or 220, y =4. 


The values x= 0, y — 0, give 
du du du 
— = =|) — = 
ak pa cM M m 


which do not satisfy (2), Art. 123. . 
Hence they do not give a maximum or minimum, 
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The values r=a, y=a, give 


8u 8u óu 
— == — A PRA 3 
Qd cum bec aoc 


which satisfy both (2) and (3), Art. 123. 
Hence they give a maximum value of u, which is af, 


2. Find the maximum value of «yz, subject to the condition 


atu eee 
quM uc . . . . . (1) 
2 2 2 

From (1) ambe 


and as yz is numerically a maximum when a’y’z? is a maximum 


we put 
«(1-5 E) 
éd E 


From ==0 and st =0, we find, as the only values satisfying 


X 
(2), Art. 123, 


which give 


guo 8b gu SONNO 
Oa? 9° dy 97 dy 


e: dab 
9 
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As these values satisfy (2) and (8), Art. 123, it follows that xyz is 
e maximum when 
b c 


EUM A ei m 


a 
We ys v3 


; RODE 
The maximum value of xyz is 


33 


(+ r3 


3. Find the values of a, y, z that render 
&? HY q-2--rz—2z-wy 


2 minimum. 2 1 
minimum Ans. ico y gel. 


4. Find the maximum value of 


(a — x)(a — ye +y — a). Ans. —. 


5. Find the minimum value of 


2? + zy +y’ — ax— by. Ans. a (ab — a? — 0%) 


6. Find the values of x and y that render 
sin x + sin y + cos (x + y) 


ximum or minimum. ST 
4 ma Vg 


A minimum, when UCET 


; 5 
a maximum, when x =y = E (or os 


7. Find the maximum value of 


(ax + by + cy Anea OS 


AL 
8. Find the maximum value of 2*y%, subject to the condition 
9 
24+38y+4z=a Ans. (5): 


9. Find the minimum value of ads 4t > subject to the condition 


xyz = abc. Ans. 3. 
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10. Divide a into three parts such that their continued product 
may be the greatest possible. 


Let the parts be x, y, and a —2— y. 
Then u = ay (a — vc — y), to be a maximum. 


du du > 
—= L —y=0 —=aqr—v—2a =0. 
m ay LY —Y ’ ay | Y 


These equations give % = y = 3 


Hence a is divided into equal parts. 


Nore.— When, from the nature of the problem, it is evident that there is 
a maximum or minimum, it is often unnecessary to consider the second 
derivatives. 


11. Divide a into three parts, v, y, z, such that w™y"z? may be a 
maximum. 


19. Divide 30 into four parts such that the continued product of 
the first, the square of the second, the cube of the third, and the 
fourth power of the fourth, may be a maximum. 

Ans. 3, 6, 9, 12: 

13. Given the volume a? of a rectangular parallelopiped; find 
when the surface is a minimum. 

Ans. When the parallelopiped is a cube. 


14. An open vessel is to be constructed in the form of a rec- 
tangular parallelopiped, capable of containing 108 cubic inches of 
water. What must be its dimensions to require the least material in 
construction ? 

Ans. Length and width, 6 in.; height, 3 in. 


15. Find the coórdinates of a point, the sum of the squares of 
whose distances from three given points, 


(25, V) (2, Ya), (Lg, Ya), 
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is a minimum. 1 il 
Ans. 3 (2, + 72 + 23), 3 (Y +Y2 + Ys), 
the centre of gravity of the triangle joining the given points. 


16. If z, y, z are the perpendiculars from any point P on the sides 
a, b, c of a triangle of area A, find the minimum value of a? + y? + 27 
4 A? 


Ans 2 
GLb +e 


17. Find the volume of the greatest rectangular parallelopiped 
that can be inscribed in the ellipsoid, 


8 abc 
3v3 


2 2 
vim e 1. Ans. 


18. The electric time constant of a cylindrical coil of wire is 


mayz 
u = — E» 
ax + by + cz 


where x is the mean radius, y is the difference between the internal 
and external radii, z is the axial length, and m, a, b, c are known con- 
stants. The volume of the coil is nzyz =g. Find the values of a, y, z 
which make u a minimum if the volume of the coil is fixed; also the 


minimum value of v. 


Aes 
Ans. ax=by=cz= sjabeg, ., ms g^. 
Rete V abo? 


CHAPTER XIV 
CURVES FOR REFERENCE 


WE give in this chapter representations and descriptions of som! 
of the curves used as examples in the following chapters. 


RECTANGULAR COORDINATES 


125. The Cissoid, 
4 a? 


gor e 


This eurve may be constructed from 
the circle ORA (radius a) by drawing 
any oblique line OM, and making 


PM=OR: 


The equation above may be easily 
obtained from this construction. The 
line AM parallel to OY is an asymp- 
tote. 

The polar equation of the cissoid is 


r —2a sin 0 tan 6. 


102 
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8a? i 
ap db4 qp 


126. The Witch of Agnesi, gem 


This curve may be constructed from the circle ORA (radius, a) by 
drawing any abscissa MR, and extending it to P determined by ORN, 
by the construction shown in the figure. 

The equation above may be derived from this construction. The 
axis of X is an asymptote. 


127. TheFolium of Descartes, 
a? + y? — 8 axy — 0. 


The point A, the vertex of 
the loop, is 


8a Sa 
dcc 
The equation of the asymp- 
tote MN is 
+y+a=0. 


The polar equation of the 
folium is 


. Satan sec 6 
1+ tar? 
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128. TheCatenary, y= 3 (e+e ?). 


X 


This is the curve of a cord or chain suspended freely between two 
points. 


129. The Parabola, referred to Tangents at the Extremities of the 


TANI D 
Latus Rectum, c? + y2 = a?. 


OL= OL! =a. 
Y 
M 
E 
a 


O ESSENT X 


The line LL'is the latus rectum; its middle point F, the focus; 
OFM, the axis of the parabola; A the middle point of OF, the vertex. 


CURVES FOR REFERENCE 165 


130. The curve a" y — a", where one coórdinate is proportional 
to the nth power of the other, is sometimes called the parabola of 
the nth degree. 

If n=3, we have the Cubical Parabola, a*y = 3. 


Y 


lí n= 2 , we have the Semicubical Parabola, 


3 
a?yc x5. ay ca. 
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131. The Two-arched Epicycloid. 


= Picos $ 50053 $, 


y= P sin p—Ssin3 d. 


See (3), Art. 293. 


132. The Hypocycloid of Four Cusps sometimes called the Astroid, 
ai ys = at Art. 297) Y 


This is the curve de- 
scribed by a point P 
in the circumference of 
the circle PR, as it rolls 
within the circumfer- 
ence of the fixed circle 
ABA', whose radius a 
is four times that of 
the former. 

The equation above 
may be given in the 
form 


x=acos’d, y=asin'ø. 
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133. The Curve, aus D = 
a 


The equation is 
the same as that 
of the ellipse with 
the exponent of 
the second term 
changed from 2 
to 2. 


134. The Curve, aty? = a?x* — a. 


POLAR COÓRDINATES 


If b —0, r=a sin 6, the circle referred 
to OX. (2d fig.) 
Ifa-0,r-0 cos 6, the circle referred 
to O'X', o 


135. The Circle, r = a sin 0 + b cos 6. : 
» j 
By laying off OB =b, and BA =a, we Ly 
determine OA the diameter = Va? + b°. oO. X 
: XS 
O 
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136. The Spiral of Archimedes, 7 = ad. 


In this 
curve r is 
proportional 
to 6. Lay- 
ing off 


res OA, 


OP,=10A, OP,—10A, OP;=80A, OP,—50A, --. 
OB= 270400504: 
The dotted portion corresponds to negative values of 6. 


137. The Hyperbolic or Reciprocal Spiral, r0 = a. 

In this curve r 
varies inversely as 
0. The line MN 
is an asymptote, 
which the curve 
approaches, as 6 
approaches zero. 

Since r=0 only 
when 0—oo , it fol- 
lows that an in- 
finite number of 
revolutions are 
necessary to reach the origin. 
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138. The Logarithmic Spiral, 7 =e”. 


Starting from A, 
where 0—0 and r—1, 
r increases with 6; 
but if we suppose 0 
negative, r decreases 
as 0 numerically in- 
creases. Since r=0 
only when 6=—o, 
it follows that an 
infinite number of 
retrograde ^ revolu- 
tions from A is re- 
quired to reach the 
origin O. 


P, 


A property of this spiral is that the radii vectores OP, OP,, OP, = 
make a constant angle with the curve. 


139. The Parabola, Origin at Focus, r(1 — cos 0) = 2a. 


That is, r=a cosee"s É 


The initial line OX is the axis of 
the parabola; the origin O is the 
focus; LL, the latus rectum. 

If the parabola is revolved 180? 
about O, its equation is then 


0 
r-—asec?-. 
2 


140. The Parabola, Origin at Vertex (see preceding figure), 


rsin 0 tan 0 = 4 a. 


The initial line is the axis AX; the origin is the vertex A. 
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141. The Cardioid, r=a(1—cos6). (Art. 295) 


This is the curve described 
by a point P in the circum- 
ference of a circle PA (di- 
ameter, a) as it rolls upon 


Q 
an equal fixed circle O A. 
Or it may be constructed AUS ON 
by drawing through 0, any p X 
line OR in the circle OA, N 
and producing OR to Q and Co 7 Ot 
Q', making RQ=RQ'=04. 

The given equation fol- 
lows directly from this con- 
struction. 


If the cardioid is revolved 90° to the right about O, its equation is 
r — a(1 + sin 6). 


142. The Equilateral Hyperbola, 7'cos 2 0 = af. 


The origin 
O is the 
centre of the 
hyperbola, 
and the in- 
itial line OX E P 


is the trans- AU CP S NU 


verse axis. EA SNE 

ibe QUI og N 
taken as the Q 
initial line, 
the equation 


of the hy per- 
bola is 
1? sin 2 6—a*. 
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143. The Lemniscate referred to OA (see preceding figure), 
7? — a? cos 2 0. 


This is a curve of two loops like the figure eight. 

It may be defined in connection with the equilateral hyperbola, as 
the locus of P, the foot of a perpendicular from O on PQ, any 
tangent to the hyperbola. 

The loops are limited by the asymptotes of the hyperbola, making 


TOX SEROX esas. Que. 


The lemniscate has the following property: 
If two points, F and F”, called the foci, be taken on the axis, such 


that ORE Oka 
vV 


then the product of the distances P'F, P'F', of any point of the 
curve from these fixed points, is constant, and equal to the square 


of OF. 
If OT'is taken as the initial line, the equation of the lemniscate is 


1? = a? sin 2 6. 


144. The Four-leaved Rose, r= a sin 2 0. 
X 
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145. The Curve, r= asin? a 


CHAPTER XV 
DIRECTION OF CURVES. TANGENTS AND NORMALS 


WE have seen in Art. 17 that the derivative at any point of a 
plane curve is the slope of the curve at that point. We will now con- 
sider some further applications of differentiation to curves. 


146. Subtangent, Subnormal, Intercepts of Tangent. — Let PT be 
the tangent, and PN the normal, to a curve at the point P, whose 
ordinate is y= PM. 
Then MT is called the 
subtangent, and MN 
the subnormal, corre- 
sponding to the point 
P: 

To find expressions 
for these quantities : 

Let q donote the 
angle PTX, the in- 
clination of the tan- 


gent to OX. 
By Art. 17, i tan PTX =tan ¢= st. 
Y dæ 
Subtangent = TM = PM cot PTM =y cot $ — 77 y P 
| dor 
Subnormal = MN = PM tan MPN = y tan $—y w, 


d 
Intercept of tangent on OX = OT = OM — TM =% — P 


Intercept of tangent on O Y= OT' = PS — PM = æ tan $ — y. 
But as OT' is negative, we have d 
Intercept of tangent on OY = y — % tan $ = y — SER 


da 
173 
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147. Angle of Infersection of Two Curves. Suppose the two curves 
intersect at P. 

Let PT and PT'.be the y 
tangents at P. 


PTX=4, PP'X=¢', 


and let 7 be the angle 
T PT' between the tangents. 
Then T= 4$'— $4 and 


tan I= tan g'—tan ¢ | (1) 
1+tan $' tan $ 


From the equations of 
the given curves find the 
coórdinates of the point of OT Te X 
intersection P; then using 


these equations separately, find by tan p=% the values of tá4 4 
d 


and tan $' for the point P. Substituting in (1) gives tan I. 
For example find the angle at which the circle 


DEL oq ETE (2 EY 
intersects the parabola 
DOr ee ecc (3) e 


The intersection P of (2) and (3) is 
found to be (2, 3). 


Differentiating (2), 


dy x 2 2 

— = — — — f P P. E = — —. 

de 7 3 or P, tan $ 3 ó Y 
From (3), 7271 for P/ ^1an 9' -i 


Substituting in (1), tan = a T= 107831 
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EXAMPLES 
1. Find the direction at the origin of the curve, 
(40%) y =x (u—a)'—btx. Ans. 45° with OX. 

What must be the relation between a and b, so that it may be 
parallel to OX at the point x = 2a? Ans. OG = 07 

2. Find the points of contact of the two tangents to the curve, 

6 y — 22? 4-92? — 12x 4-2, 

parallel to the tangent at the origin to 
the curve, y? + a — 2 ar. Ans. e 5) (—4, 11) 


3. Find the subtangents and subnormals in the parabolas, 
y=4ax, and a*—4 ay. 


Ans. Subtangents, 2 x, > subnormals, 2 a, 
a 


4, Find the subtangent and subnormal in the cissoid (Art. 125), 
; e 
a 

Qual mm 


at the point (a, a). Ans. 2 2a. 


5. Show that the sum of the intercepts of the tangent to the 
parabola (Art. 129), aij y= az, is equal to a. 


6. Show that the area of the triangle intercepted from the co- 
ordinate axes by the tangent to the hyperbola, 


2 xy =a’, is equal to a’. 


7. Show that the part of the tangent to the hypocycloid (Art. 132), 


a) a y= ai, intercepted between the codrdinate axes, is equal to a. 


8. At what angle do the parabolas, y? = ax and a? = 8 ay intersect? 
Ans. At (0, 0), 90°; at another point, tan” > 
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9. At what angle does the circle, 2? + y? = 5 v, intersect the curve, 
8y — 4? —1, at their common point (1, 2) ? Ans. 45°. 


10. Show that the ellipse and hyperbola, 


vive apa Be) 
Polen Se LUE 


intersect at right angles. 


11. Find the angle of intersection of the circles, 
Ans. tan” =. 


dole 


e+ty—ae“+3y+2=0, s-ry-—2y-9. 


12. Show that the parabola and ellipse, 
fam 2atyad, 


intersect at right angles. 


13. Show that the parabolas, 
y! —2 az 4- o?, and a?—2 by +0, 


intersect at an angle of 45°. 


14. Find the angle of intersection of the parabola, 
: 8 a? 

a* =4 ay, and the witch (Art. 126), y = — ——. 

Y, (Ar »y-—- Pera 


Ans. tan-18 = 71° 345 


15. Find the angle of intersection between the parabola, 
y! = 4 av, and its evolute, 27 ay? =4 (w—2a)*%. (See Fig., Art. 167.). 
Ans. tani 1, 
v2 


148. Equations of the Tangent and Normal. Having given the 
equation of a curve y= f(a), let it be required to find the equation 
of a straight line tangent to it at a given point. 
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Let (z', y”) be the given point of contact. Then the equation of a 
straight line through this point is 


y—y =m (x — a, A ee Beep a (1) 


in which x and y are the variable coórdinates of any point in the 
straight line; and m, the tangent of its inclination to the axis of X. 
But since the line is to be tangent to the given curve, we must have, 
by Art. 17, 


m — tan $ — 7l, 
x 


dy being derived from the equation of the given curve y =f (w), 
5 
and applied to the point of ds (el, y”. 


If we denote this by 2 


"mU 
we have, substituting m= dy in 
equation (1), e 


dg da” 
ly! 
Ms y' =o ee a), . . . . . . LI (2) 


for the equation of the required tangent. 
Since the normal is a line through (z', y') perpendicular to the 
tangent, we have for its equation 


al / 
ies ME IS Dale e o e) 


da! 


For example, find the equations of the tangent and normal to the 
circle w+ y =a, at the point (a’, y”). 
Here, by differentiating «+ 3? — a’, we find 


I ! 
Li Me un from which Ede 
da y da! y' 


Substituting in (2), we have 
' 
BE b 


as the equation of the required tangent. 
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It may be simplified as follows: 
yy! — y ? 2 — xa! + a'?, 
ax! + yy x3 + y!? = ae 
The equation of the normal to the circle is found from (3) to be 
A 
V Vice a 


which reduces to LY =YL: 


EXAMPLES 


Find the equations of the tangent and normal to each of the three 
following curves at the point (z', y”): 


1. The parabola, 4° = 4 av. 
Ans. yy =20040), 2a(y — y^) +y'(@— a) =0. 


2 
2. The ellipse, BENE AN 
a 


' ' 
Ans. 21 + Er — 1, bxy — y) = ay (a — a). 
3. The equilateral hyperbola, 2 ay =a’. 
Ans. xy'+ ye! = a, y'(y— y") = a! (e — «e. 
4. Find the equation of the tangent at the point (x y”) to the 
ellipse, 32?—4ay 4-23? - 2» — 2. 
Ans. 32v! + 2 yy! — 2 (aly -- y'a?) 4- e+e! — 2. 


5. Find the equations of tangent and normal at the point (a', y” 
to the curve, a? = a*y?. 


Ans. be 2 xa! +5 yy! — 2x" + 5 y!?, 
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a 
b 
a—e 
tangent and normal at the points whose abscissa is a. 
Ans. At (a, a), y=2x—a, 2y+x%=30. 
At (a,—a), yt+2ex=a, 2y=x-—3a. 


find the equations of the 


6. In the cissoid (Art. 125), y? = 3 


: 8 a? E 
7. In the witch (Art. 126), UU P NET. find the equations of 


the tangent and normal at the point whose abscissa is 2 a. 
Ans. 2--2y—4a, y=2x—3a. 


8. Find the equation of the tangent at the point (z', y") to the 
curve, Xy+ zy? —a*. 
Ans.  wy'(2a'-4- y) 4- yr (2 y! + x^) = 3 aè. 


Find the equations of tangent and normal to the three following 


curves: 
E 3a 3a 

9. +7 —3 azy (Art. 127), at ge Ans. +y=3a, wy. 

10: ey = Ze" at (L1) Ans. 8y 24-2, 3x+y=4. 


11. => at (a,b). Ans. 2422, ar—by=0*—b?, 
a b (NO 


12. Find the equations of the two tangents to the circle, 
e+ y?—3y=14, parallel to the line, 7y=4x+1. 
Ans. Ty 5424-43, Ty —4x— 22. 


13. Find the equations of the two normals to the hyperbola, 
4a? — 94? + 36 =0, parallel to the line, 2y 4- 5x — 0. 
Ans. 89 4- 20x — + 65. 


149. Asymptotes.* When the tangent to a curve approaches a 
limiting position, as the distance of the point of contact from the 
origin is indefinitely increased, this limiting position is called an 


* The limits of this work allow only a brief notice of this subject. 
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asymptote. In other words, an asymptote is a tangent which passes 
within a finite distance of the origin, although its point of contact is 
at an infinite distance. í 

We have found in Art. 146, for the intercepts of the tangent on the 
coördinate axes, 


Intercept on OX =x—y GE; Intercept on OY=y— ug 
dy da 


If either of these intercepts is finite for x= oo, or y = oo, the cor- 
responding tangent will be an asymptote. 
The equation of this asymptote may be obtained from its twa 


intercepts, or from one intercept and the limiting value of w, 
a 
Let us investigate the conic sections with reference to asymptotes. 


(1) The parabola, y? = 4 aa, c = ae 
a 


y 
2 
Intercept on OX = x y pe J lg, 
dy 2a 
I dy — 2av y 
ntercept on OY = y— x= = y ——— =5, 
dx Op 


When z — oo, y= co, and both intercepts are also infinite. 
Hence the parabola has no asymptote. 


qv dy bx 
2) The h bola === EL A. 
( ) e yper O. a, a2 p? H de ay 
2 
Intercept on OX = =i Intercept on OY =— b : 
y 


These intercepts are both zero when x=00, and there is an 
asymptote passing through the origin. To find its equation, it is 


necessary to find the limiting value of aL, when a = oo. 
a 


du Ur ADA 
dx a’y GA a3 — a a qu 
Ve 
Hence ee when g =00. 
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There are then two asymptotes, whose equations are 
y See ox 
a 


(3) The ellipse, having no infinite branches, can have no 
asymptote. 


150. Asymptotes Parallel to the Coordinate Axes. When, in the 
equation of the curve, x = oo gives a finite value of y, as y=a, then 
y — aisthe equation of an asymptote parallel to O X. 

And when y = co gives = a, then x= a is an asymptote parallel 
to OY. 


151. Asymptotes by Expansion. Frequently an asymptote may 
be determined by solving the equation of the curve for x or y, and 
expanding the second member. 

For example, to find the asymptotes of the hyperbola 


TE 

a to” 
Ab ent. e Na bef EN, 
AS 2 eG 5) se, 20 


As cx increases indefinitely, the curve approaches the lines 


g=t ez , the asymptotes. 
a 


EXAMPLES 


Investigate the following curves with reference to asymptotes : 


q Ca Asymptote, y= 2. 

1. SE cam, y p ; Y 

9. y=62—a?. - Asymptote, + y — 2. 
a? 


Asymptote, z — 2 a. 


te A 
3. The cissoid (Art. 125) y? = esr 
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4. P+y= o. Asymptote, z +y — 0. 
5. (r—2a)y =a — a’. Asymptotes, v = 2a, z-a- y. 
6. 7 +y = 3 axy (Art. 127). Asymptote, z4- y 4- a — 0. 


(Substitute y = vx in the given equation and in the expressions 
for the intercepts.) 


152. Direction of Curve. Polar Coordinates. 


In this case the angle 
OPT between the tangent 
and the radius vector may 
be most readily obtained. 
Denote this angle by y. 
Let r, 0, be the coórdi- 
nates of P; r-- Ar, 0-- A0, 
the coórdinates of Q. 
Draw PR perpendicular 
to OQ. 


DIO O ee 
Q r+Ar—rcos A0 Ar + 2 rsin? Af 
y Sin AQ 
de A0 
Ar NEL 
OR ts AP : 
2 


Now let A0 approach zero; the point Q approaches P, and the 
angle PQR approaches its limit y. 


Hence tan y = Lim 4, ,tan PQR = T s TEC 
7 
ae 
The inclination ¢ of the tangent to OX may be found by 
PYR Os) IIA : (2) 
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153. Polar Subtangent and Subnormal. 


If through O, NT be drawn per- 
pendieular to OP, OT' is called the 
polar subtangent, and ON the polar 
subnormal, corresponding to the 
point P. 


O'TPzOPtanOPT:; that.is 


Polar subtangent — r tan y — T 
dé 
ON= OP cot PNO; that is, 
Polar subnormal = r cot y = 


154. Angle of Intersection. Suppose the two curves intersect at P, 
and have the tangents PT and PT". 


OPT—y, OPT'=y". 
Then the angle of intersection, 
I= y'— y, 


and tan I— Sun UE (1) 
1+ tan y tan y 


By this formula the angle of inter- 
section may be found in polar coördi- 
nates, in the same way as by (1), Art. 147, in rectangular coórdinates. 

For example, find the angle of intersection between the curves 


r=asin20,+- « + «© «+ +. + « (2) 


and r—acos20.- + + o e o e e (3) 


From (2) and (3) we have for the intersection 


tan 26=1. 
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From (2), tan y' = > tan 20= > for the intersection. 
T PST ; 
From (3), tan y = — 2 cot2 9 = — 2: for the intersection. 
A 4 
Substituting in (1), tan f= 2 


The curves are that in Art. 144, and the same curve revolved 45° 
about the origin. 


EXAMPLES 


1. In the circle (Art. 135), r = a sin 0, find y and q. 
Ans. y=0,aud $ — 26. 


2. In the logarithmic spiral (Art. 138), r=e"% show that y is 
constant. 


3. In the spiral of Archimedes (Art. 136), r— a6, show that 
tan — 0; thence find the values of y, when 0 — 2« and 4 z. 


Ans. 80? 57' and 85? 27", 
Also show that the polar subnormal is constant. 


4. The equation of the lemniscate (Art. 143) referred to a tangent 
at its center is 7? — à?sin 20. Find y, ¢, and the polar subtangent. 


Ans. y=20; $—30; subtangent = a tan 2 0 Vsin 2 6. 


9. In the cardioid (Art. 141), r 2 a(1 — cos 0), find e, y, and the 
polar subtangent. 


Anas b= 2 y em 2; subtangent — 2 a tan i sin? a 


6. Find the area of the circumscribed square of the preceding 
cardioid, formed by tangents inclined 45° to the axis. 


27 = 
Ans. TAS + V3)a?, 
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f 


7. In the folium of Descartes (Art. 127), r= 32 tandsecd 
1+ tant ” 


tan* 0 — 2 tan 0 


show that tan $ = oT EN 
ani — 


8. Find the area of the square circumscribed about the loop of 
the folium of the preceding example. 
Ans. 2 V2 æ. 


9. Show that the spiral of Archimedes (Art. 136), r — a6, and the 


reciprocal spiral (Art. 137), rü =a, intersect at right angles. 


10. Show that the cardioids (Art. 141), 
r=a(1—cos 0), r=b(1+sin 6), 


intersect at an angle of 45°. 


11. Show that the parabolas (Art. 139), 
r= Tn sec? ?, r = n cosec? A 


intersect at right angles. 


12. Find the angle of the intersection between the circle (Art. 135), 
r= a sin 60, and the curve (Art. 144), r = a sin 20. 


Ans. At origin 0°; at two other points, tan”! 3V3 — 79? 6'. 


13. Find the angle of intersection between the circle (Art. 135), 
r= 2acos6, and the cissoid (Art. 125), r = 2a sin 0 tan 6. 
Ans. tan” 2, 


14. At what angle does the straight line, rcos 0 = 2a, intersect the 


circle (Art. 135), r=5a sin 0 ? A tane? > 


15. Show that the equilateral hyperbolas (Art. 142), 7?sin 2 0 =a’, 
1? cos 2 0 = 6’, intersect at right angles. 
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16. Find the angle of intersection between the circles (Art. 135) 
r=asin6+bcosé, v-acosÓ-rbsin 0. 
; ai— 


Ans. tan” ; 
AS n 2 ab 


17. Findtheangle of intersection between the lemniscate (Art.145), 
r? = o? sin 2 0, and the equilateral hyperbola (Art. 142), ?*sin20 = b°. 


Ane. “Seine 
a 


155. Derivative of an Arc. Rectangular Coordinates. Let s denote 
the length of the arc of the curve measured from any fixed point of it. 


Then Sex aro A P, As e aro PQ. 
We have sec QPR = EUM 
PR 


Now suppose Aw to approach zero, and consequently the point Q 
to approach P. 
Then 


Lim sec QP E —sec TPR=sec q. 


PQ | PQ .are PQ 
PR arcPQ PR 


Since 
Lim PQ =1, 
are PQ 
Lim P4. Lim åre PQ 
E PR 
La ds 
Ax x 
Hence sec p= A ; 
de 


gies Ay Se LEN dy? 
therefore q VIFTE =V1+(2). "Maret AL 
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It is evident also that 


: dy de 
1 = = —, 
sin $ ds cos $ ds 


(2) 

It may be noticed that these 
relations (1) and (2) are cor- 
rectly represented by a right 
triangle, whose hypothenuse is 
ds, sides dx and dy, and angle 
at the base 4. 


Here ds = V (da)? + (dy), 
ds y dy\? 
—=r/1 >=). 
E dx is i) 


156. Derivative of an Arc. Polar Coordinates. From the figure of 
Art. 152, we have, as A0 approaches zero, 


PD = Lim 9? LUE =Tim 22 


sec y = Lim sec PQR = Lim —£ 


RQ RQ RQ 
As 
As _ As A0 i 
EN 
RQ art rs ad AA Ad 
Ap Age sin > 
2 
ds 
As _ dé ds A. 1 
sec y= Po any ar ; : : (1) 
de 
d AA ,/ d0N? 
Hence 2o vr Er, MU PU Ca) 


ds dsår dr V? 
r? — . LI L] . LJ . e ° 3 
dé drdo -N dios ©) 
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It may be noticed that these relations (1), (2), and (3), are cor- 
rectly represented by a right triangle, whose hypothenuse is ds, sides 
dr and rd0, and angle between dr and ds, y. 


Here ds = V (dry + (r dg), 


ds »/dd\? ds |, (ary 
and the culi T 
noe T N +7 ed 5. (Qi 20 = NIG ate (a) 


CHAPTER XVI 
DIRECTION OF CURVATURE. POINTS OF INFLEXION 


157. Concave Upwards or Downwards. A curve is said to be con- 
. cave upwards at a point P, when in the immediate neighborhood of 
P it lies wholly above the tangent at P, as in the first figure below. 
Similarly, it is said to be concave downwards, when in the immediate 
neighborhood of P it lies wholly below the tangent at P, as in the 
second figure below. 

It will now be shown that when the equation of the curve is in 
rectangular coórdinates, the curve is concave upwards or downwards, 


2 
according as E is positive or negative 
c 


(0) X 


d 
of the slope is positive. 

Then by Art. 21 the slope increases as o increases. 

This ease is illustrated in the first figure above, where the slope 
evidently increases as we pass from P, to P, The curve is then con- 
cave upwards. 

But if oy < 0, it follows that the slope decreases as x increases. 


189 


dy o (dy aes "m 
Suppose p > 0, that is, ee > 0; in otaer words, the derivative 
a da 
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We then have the case of the second figure, where the slope de- 
creases as we pass from P, to P, The curve is then concave down- 


wards. 


: 2, 
158. A Point of Inflexion is a point P where E changes sign, 
: du 


the curve being concave upwards on one side of this point, and con 
cave downwards on the other. 


This ean occur, provided dy and 
da Y 


d? : 
oe are continuous, only when 


dy 
clit SE SE MU 1 p 
da? D 


dy 


But if and YY are infinite, we 
da: da? 


may have a point of inflexion 
when — =O. 
da? 
It is evident that the tangent at a point of inflexion crosses the 
curve at that point. 


For example, find the point of inflexion of the curve 


H 2 
ere S= = 3 ( &). 


Putting this equal to zero, we have for the required point of in- 
; d: 2 
flexion, «= 2. Ifo <2, [4 > 0; and if 22,79. 0. 


Hence the curve is concave upwards on the left, and concave down- 
wards on the right, of the point of inflexion. 
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EXAMPLES 


Find the points of inflexion and the direction of curvature co the 
five following curves: 


A 
Ans. x= us concave downwards between these points, con- 
3 


cave upwards elsewhere. 


2. y=x'—16 224 42 07— 282. 


Ans. x=] and «=7; concave downwards between these points, 
concave upwards elsewhere. 

3. dy=x(2—a) + at. 

Ans. t= 25; concave downwards on the left of this point, con- 


eave upwards on the right. 


8a? 


4. The witch (Art. 126), y — ici 


Ans. (ee. == 


concave upwards outside of them. 


a? 
5. Thecurve, y= "a 
Ans. E 3a, E (0, 0), (3 a, sa concave upwards on the 


left of first point, downwards between first and second, 
upwards between second and third, and downwards on the 
right of third point. 
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Find the points of inflexion of the following curves: 


4 x 
6. VER Ans. c=0 and + 2 v3. 
ara 
7. E Ans. w=—2a. 
8. y (à H- 2)e7*. Ans. x= and x9 
9. y—e-** — e, fct y — 2 (log a — log b). 
a—b 
a\? , (yi a 
10. B =} D == 1 Art 155). ns. = += 
a b m 


ll. ay = a’a*—x* (Art. 134). Ans. w#=+ a V2T —8 V33 


CHAPTER XVII 


CURVATURE. RADIUS OF CURVATURE. EVOLUTE AND 
INVOLUTE 


159. Curvature. If a point moves in a straight line, the direc- 
tion of its motion is the same at every point of its course, but if its 
path is a curved line, there is a continual change of direction as it 
moves along the curve. This change of direction is called curvature. 

We have seen in the preceding chapter that the sign of the second 
derivative shows which way the curve bends. We shall now find 
that the first and second derivatives give an exact measure of the 
curvature. 

The direction at any point being the same as that of the tangent 
at that point, the curvature may be measured by comparing the 
linear motion of the point with the simultaneous angular motion of 
the tangent. 


160. Uniform Curvature. The curvature is uniform when, as the 
point moves over equal arcs, the tangent turns through equal angles. 
The only curve of uniform curvature is the circle. Here the meas- 
ure of curvature is the ratio between the angle described by the tan- 
gent and the arc described by the point of contact. In other words, 
it is the angle described by the tangent while the point describes a unit 
of are. 

Suppose the point P to move in the circle AQ. 

Let s denote its distance AP from some initial position A, and 
$ the angle PTX made by the tangent PT with OX. 

Then as the point moves from P to Q, sis increased by PQ= As, 
and $ by the angle QRK = Ag. 

As the point describes the arc As, the tangent turns through the 


angle Ag. 
193 
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The curvature, being uni- 


Se, 


form, is then equal to 


If we draw the 2 CP, 
CQ, and let r denote the 
radius, then 


angle POQ = QRK = Ag. 


But 
arc PQ = CP (angle PCQ); 


that is, 


As=rAp, e 


Xn 


Hence the curvature of a circle is the reciprocal of its radius. 
For example, suppose the radius of a circle to be 50 feet. 

Then its curvature is Apa E 
As 50 


where Ag is in circular measure, and As in feet. 
In other words, for every foot of arc, the change of directica is 


si in circular measure = 1? 8! 45", 


161. Variable Curvature. For all curves except the circle the 
curvature varies as we move along the curve. In moving over the 


are As, re is the mean curvature throughout the arc. The curva- 
s 


ture at the beginning of this arc is more nearly equal to Ae. the 
shorter we take A s. m 


Hence the curvature at any point of a curve is equal to 


Lima.o Ad _ de. 
AS ds 
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162. Circle of Curvature. A circle tangent to a curve at any point, 
having its concavity turned in the same direction, and having the 
same curvature as that of the curve at that point, is called the circle 
of curvature; its radius, the radius of curvature; and its centre, the 
centre of curvature. 

The figure shows the circle of curvature MPN for the point P of the 
ellipse. C is the centre of curvature, and CP the radius of curvature. 

It is to be noticed 
that the circle of curv- 
ature crosses the curve 
ab. “This can. be 
easily proved. 

At P the circle and 
ellipse have the same 
curvature, but as we 
go towards P, the 
curvature of the ellipse 
increases, while that of 
the circle continues the same. 

Hence on the right of P the circle is outside of the ellipse. 

Moving from P to P,, the curvature of the ellipse decreases, and 
therefore on the left of P the circle is inside of the ellipse. 

So in general the circle of curvature crosses the curve at the point of 
contact. 
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The only exceptions to this rule are at points of maximum and 
minimum curvature, as the vertices A and B of the ellipse. 

As we move from A along the curve in either direction, the curva- 
ture of the ellipse decreases; hence the circle of curvature at A lies 
entirely within the ellipse. 

Similarly it appears that the circle of curvature at B lies entirely 
without the ellipse. 


163. Radius of Curvature. The curvature of the circle of curva- 


ture being that of the given curve, is equal to E (Art. 161). If we 
8 


denote the radius of curvature by p, then by Art. 160, 


ds 
p he eris ooi RN UN 
ds 
To obtain p in terms of æ and ite (1 ds de. 
p y, we may write (1), p 32d 
i da 
ds 2 
From (1) Art. 155 == dy. 
(1) Ar , dm j| a E 
É E 
Als t ELY = =l ay 
Oy an $ APE $ = tan (n. 
dy 
Differentiating, dore AE IS UI ES qr 
E LE 
de) 


Hence p= nage OO ° . . . e. (3) 
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It is to be noticed that p is always to be considered positive; that 


1s, the sign of L a t 


2:39. E d? 
is taken the same as that of LY. 
da ! da? 
By interchanging x and y, we have 


which is sometimes the more convenient expression. 
As an example, find the radius of curvature of the semicubical 
parabola ay”=x* (Art. 130). 


3 72 
Differentiating, _3 dy 3 
7 


4 (ax) P 


2 ad da 
Substituting in (3), we find 


T 3 
_ ada +92)? 
Pas 6a i 


164. Radius of Curvature in Polar Coordinates. Resuming (i^ 
Art. 163, o — He let us express p in terms of r and 6. 


ds 
> aa 
We may write p CIR T 2 
dø 


From (3), Art. 156, S= 


From (2), Art. 152, 


a E 


198 DIFFERENTIAL CALCULUS 


From (1), Art. 152, 


, 
tan y=, y = tan 7 E . 
dó (do 
Ga SER 
2 
Differentiating, e END i ae : 
Lia (em 
d 
ay dr 
CIEGO AZAR is yy ea 
Et Jy e) "qe 
Substituting, 2005 INT 
pi 
dg 
Goh 
dé 
Hence p IT 
y+ 2( —)\) —r— 
dé de? 
EXAMPLES 


cm 


Find the radius of curvature of the following curves: 


1. y 2(z—1)(x—2), at (1, 0) and (2, 0). 


y =1l0g x, when c =, 


4. The parabola, y? = 4az. 


Find the point of the parabola where p — 54 a. 


5 The equilateral hyperbola, 2ay =a? 


The cubical parabola (Art. 130), à?y — aà?. Ans. p= 


Ans. p >: and m 


Ans. p= 223. 


(at dE 9 M 


Gatx 


i 
Ans. p= 2 EM 
a 
Ans. x = 8a. 


3 
Ans. p= (EM 
a 
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: / j 3 
6. The ellipse, 54. =1. Ang pes LEES 

qub a*b* 
What are the values of p at the extremities of the axes ? 

2 2 
Ans. = and E 

a b 

7. Show that the radius of curvature of the curve, 


2? -- 3*-- 10 x — 4 y + 20 =0 is constant, and equal to 3. 


Find the radius of curvature of the following curves: 


1-22? 
. y4- log(1— 2°) — 0, Wie) pa inen 
8. y+log(1 ) =O ns. p 20-2) 
9. siny— e. Ans p= Ae 
x x 2 

10. The catenary (Art, 128), y — AG +e 2), Ans. p= A 


11. The hypocycloid (Art. 132), ai + yi — af. ANS. p= 3 (axy): 


19. The curve aty? = a?a* — xê (Art. 133), at the points (0, 0) and 
a 
(a, 0). Ans. p= a and p — a. 


13. The cycloid, x = a($ — sin $), y=a(1 — cos $) (Art. 284). 


Ans. p= 4a sin 9 


14. Show that the radius of curvature of the logarithmic spiral 


(Art. 138), r = e”, is proportional to r. pori + o. 
15. Show that the radius of curvature of the curve E 135), 
r — à sin 6+ b cos 0, is constant. Ded Va? + b. 
16. The spiral of Archimedes (Art. 156), r= a6. 4 
Ans. p= [ias t un) 
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17. The cardioid (Art. 141), r =a (1 — cos 6). Ans, p = Sar. 


18. The curve, r=a sin ( Art. 145). _» Ans. p =30 sin? s, 

19. The parabola (Art. 139), r = a sec? o Ans. p —2a sec? > 
2 

20. The lemniscate (Art. 143), 1?=a* cos 26. Ans. p= m 


165. Coordinates of the Centre of Curvature. Let xv, y be the co 
ordinates of P, any point of the curve AB, and C the corresponding 
centre of curvature. CP is Y C 
then the radius of curvature, 
and is normal to the curve. 

Draw also the tangent PT. 


Miar CP. 
angle OR ss PTX — 
Let «, 8, be the coórdinates 
of C  OL— OM — RP, 
TOS MP -- RC; 
that is, œ =x— p sin ¢, 
B=y+pcos¢. (1) © d L M X 
To express « and £ in terms of # and y, we have, by (2), Art. 155 
and (1), (2), Art. 163, 


d dy? 

MEE] 
ds dy dy dyde dx de 

MI E ea 


p sin $ = 


døds d$ dede dy 
dx” 
2 
me 
Dore Uo eee eas 
dpds do dy 
da 
Hence dy T dy? $ dy 
dx dx de 
a = 2 — MH 


dy AA . . . . e (2) 
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166. Evolute and Involute. Every point of a curve AB has a 
corresponding centre of curvature. Thus, P, P, Ps, etc., have for 
their respective centres of 
curvature Ci, C» C, etc. The 
curve HK, which is the locus 
of the centres of curvature, is 
called the evolute of AB. ' To 
express the inverse relation, 
AB is called the involute 
of HK. 


167. To find the Equation 
of the Evolute of a Given Curve. 
By (2), Art. 165, « and B, the 
eoórdinates of any point of the required evolute, may be expressed 
in terms of x and y, the coórdinates of any point of the given curve. 
These two equations, together with that of the given curve, furnish 
three equations between «, B, v, 
and y, from which, if x and y are 
eliminated, we obtain a relation 
between « and 8, which is the 
equation of the required evolute. 

For example, find the equation 
of the evolute of the parabola 


yY = 4 ax 
Here a = ata? 
q 
d^y - -$ 
da? D 


Substituting in (2), Art. 165, we 
have i 
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Eliminating x, we have for the equation of the evolute, 
ap? = S(a-2 a). 


This curve is the semicubical parabola (Art. 150). The figure 
shows its form and position. F is the focus of the given parabola. 


0C=20=2 OF. 
As another example, let us find the equation of the evolute of the 


ellipse 2 
> a is po 
a ue 
dy D» dy bt 
== — 1L = — — e A Ds 66 
da ay” da? ay ce ) 


Substituting in (2), Art. 165, 
(a? — ba? a? — bd 
eae) O a 
To eliminate x and y be- 


tween these equations and 
that of the ellipse, we find 


El 


a7 A bB 


d Ww ab” 


2 
2,9 (aa) (0B) 4 
a? b2 (a? A pai , 
giving, for the equation of 
the evolute, 


* (ac)? + ORÉ = (a — bå, 


Theevoluteis ZF'E'FE. 
E is centre of curvature 
for A; CQ for P; FAIOROBS 
E' for A'; FP" for B'. 

In the figure F and F' 
are outside the ellipse, 
but if the eccentricity 
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is decreased, so that a<bvV2, these points fall within the 
ellipse. 


168. Properties of the Involute and Evolute. Let us return to the 
equations, (1), Art. 165, 
œ=% — p Sin d, 
B — y + p cos ¢. 
Differentiating with respect to s, 


da idm dp a neon git 
a aad sin $ p C08 p=- : E GD 


BE dp Ea de 
Fia NER cos $ pono n m) 


Substituting in (1), p= = and cos $ = T (Art. 155), two terms 


eancel each other, giving 


da dp: 
mc eH. me Su ED (3) 


Similarly in (2), pos zs and sin $ — E (Art. 155), giving 


ag _ de 
ds 25 COB d. once . … (4) 
Dividing (4) by (3), deem LI PE D M 


But ae is the slope of the tangent to the evolute at any point Cj 
a 
(see fig., Art. 166), and tan ¢ the slope of the tangent to the involute 


at the corresponding point P,. Since by (5) one is minus the recip- 
rocal of the other, these tangents are perpendicular to each other. 
In other words, a tangent to the evolute at any point C, is C P,, the 
normal to the involute at P, 
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169. Again, from (3) and (4), Art. 168, 


2 2 2 IN2 
dev | (48 (I0 op (ds (doy 
ds ds ds d Ads 
where s' denotes the length of the arc of the evolute measured from 
a fixed point. Hence, 


ds. |dp ify 20 
decas 5 (3! en)- ‘ 


Hence, s'+p=a constant, « + + . + . + (1) 


since, if a derivative is always zero, the function can neither increase 
nor decrease, but is constant. 
It follows from (1) that 


Asi p) = 0; "Aste Ap. 


That is, the difference between any two radii of curvature P,C, 
P;C;, is equal to the corresponding included are of the evolute C, Cx 


170. From the two properties of Arts. 168 and 169, it follows that 
the involute AB may be described by the end of a string unwound 
from the evolute HK. From this property the word evolute is 
derived. 

It will be noticed that a curve has only one evolute, but an infinite 


number of involutes, as may be seen by varying the length of the 
string which is unwound. 


EXAMPLES 


1. Find the coórdinates of the centre of curvature of the cubical 

n DO: 

parabola (Art. 130), a?y = xè. PLE XII ES. 
i Dat" v ^c oT oM 


2. Find the coórdinates of centre of curvature of the semicubical 
parabola (Art. 130), ay? = xè. 


9 7? a 
Ans. a2 —gy— lS =4 (4% EE 
3 uv p (2 d m 


0 
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3. Find the coórdinates of the centre of curvature of the catenary 


(ast, 129), y 3 e 5), a 
Ans. A sg us 2-7, 


4. Show that in the parabola (Art. 129), c LEE yi = at, we have the 
relation «+ 8 — 3 (« +y). 


5. Find the coórdinates of the centre of curvature, and the equa- 
tion of the evolute, of the hypocycloid (Art. 132), a3 + ys = al. 


Ans. =% +32? y3, B=y +32 5, 
(« -- B5 +(a — B) 2a. 
6. Given the equation of the See hyperbola 2 xy = a?, 


show that a+B= SIM =U 


Thence derive the equation of the evolute, 
(a -- B — («— p= 2 al, 
7. Find the sap of the evolute of the cissoid (Art. 125), 


y- 


Ans. 4096 afa + 1152 a?(2? + 27 g* — 0. 
as a—z 


CHAPTER XVIII 
ORDER OF CONTACT. OSCULATING CIRCLE 


171. Order of Contact. Let us consider two curves whose equa 
tions are 


y-—4(v) and y=y(a). 


If for a definite value a, of v, the value of y is the same for both 
curves, that is, if 


$ (a) =y (a), 


the curves have a common 
point P. 
If, moreover, for «=a, the 


value of E also is the same for 


^ 


both curves, that is, if 
p(a) =y(a) and p'(a) =y (a), 


the curves have a common tangent at P. 
The curves are then said to have a contact of the first order. 


2 
If besides, for «=a, the values of dy are the same for both 
curves, that is, if da? 


$(a) —y(a), p'a) =y), and $"(«) — y" (a), 


the curves have contact of the second order. 
In general, the conditions for a contact of the nth order at the 
point x = a, are 


$(a)— (d) p'a) =y (a), p'a) =y" (a), =, ¿(a = y" (a), 


and EE (a) =e ye (a). 
206 
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In other words, for x = a, 


E ie 
da das ? dæ 


must all have the same values, respectively, taken from the equations 


n+1 
of both curves; and “ E must have different values. 
a 


172. When the Order of Contactis Even, the Curves cross at the Point 
of Contact; but when the Order is Odd, they do not cross. Let us dis- 
tinguish the ordinates of the two curves by 


Y—4(£, and y=4y(0). 


In the figures Y refers to the full curve, and y to the dotted curve. 

If Y—y has the same sign on both sides of P, as in the first 
figure, the curves do not cross at P; but if Y—y is positive on one 
side of P and negative on the other, the curves do cross at P. 


Let OMIT MM zh. 
Then P,Q = Y —y=9(a+h)— y(a +h). 


O Ms M M, X 


Expanding by Taylor's Theorem, 
E 
`. PQ = (a) + hd (a) + z (a) + 


E pa) E 


E 
Ea) hy' (DE Bia) == OS 500. d (1) 
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Suppose the contact of the first order; then 
$(a)=y(a), ¢$'(a)=y'(a), and (1) becomes 


PQ= AÑO y | | $"(a) — ea) |+ A o 


For sufficiently small values of h the sign of the lowest power de- 
termines that of the second member, and hence the sign of P,Q, will 
remain unchanged when — h is substituted for h, giving P,Q, as in 
the first figure. 

Thus when the contact is of the first order, the curves do not cross 
at the point of contact. 

Again, suppose the contact of the second order; then 


p"(a) =y"(a), and (2) becomes 
ne "m wm ht iv LAS ee 
ra= o6 — AG | e| seo — vc) | 


Now P,Q, will change sign with h, so that P,Q, and P,Q, will have 
different signs, as in the second figure. 

Thus when the contact is of the second order, the curves cross at 
the point of contact. 

By similar reasoning the general proposition is established. 

It may be of service to the student, in connection with this prin- 
ciple, to think of two curves as having two consecutive common 
points, when they have contact of the first order; as having three 
consecutive common points, when they have contact of the second 
order; as having n +1 consecutive common points, when they have 
contact of the nth order. 

An odd number of common points implies the crossing of the 
curves, but where there is an even number of common points, the 
curves do not cross. 


173. Osculating Curves. Contact of the nth order requires that y 
and its first n derivatives should, for some definite value of x, have 
the same values for both curves. 

This implies n +1 conditions. 


ORDER OF CONTACT. OSCULATING CIRCLE 209 


The equation of the straight line y=ax+, having only two 
arbitrary constants, can satisfy only two of these conditions. Hence 
a straight line can have contaot of the first order with a given curve, 
and cannot, in general, have contact of a higher order. 

The equation of the circle a?J4- y? -- a» 4- by + c — 0, having three 
arbitrary constants, can satisfy three of the conditions. Hence the 
circle may have contact of the second order with a given curve. 
Such a circle is called the osculating circle. 

Similarly, the parabola, whose equation contains four constants, 
may have contact of the third order; and the general conic, whose 
equation contains five constants, may have contact of the fourth 
order with a given curve. These are called the osculating parabola 
and the osculating conic. 


174. Order of Contact at Exceptional Points. Although the tangent 
has generally contact of the first order, it may at exceptional points 
of a curve have a contact of a higher order. 

For example, since the tangent at a point of inflexion crosses the 
curve, it follows from Art 172, that the order of contact must be 
even. Hence at a point of inflexion the tangent has contact of at 
least the second order. 

The osculating circle, which has generally contact of the second 
order, has a higher order of contact at points of maximum or mini- 
mum curvature, as, for example, the vertices of an ellipse. It is 
evident from the symmetry of the ellipse with reference to its ver- 
tices, that no circle tangent at these points would cross the curve at 
the point of contact. Hence, by Art. 172, the order of contact is 
odd, — at least the third. 


175. To Find the Coordinates of the Centre, and Radius, of the Oscu- 
lating Circle at Any Point of a Given Curve. 
Let the equation of the given curve be 


y — f (2). 
The general equation of a circle with centre (a, b) and radius r, is 


(r—ay--(y—bymr. ...-.-... (0) 


210 


Differentiating twice successively, we have 


d 
e—a + (y - 0) 53 —0, 


à E H ed 
dæ dæ 
From (2), ae ee. 


Substituting (4) and (5) in (1), 


OT 
E 


w 
Hence ign pee = NUE 


«(8T 
and r= E 
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rer (0) 


mer 


(6) 
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2, 
In these expressions, 2, wat, Y, refer to (1), the equation of the 
Olas 


circle; but since the osculating circle by definition has contact of the 
second order with the given curve, these quantities will have the 
same values if derived from the equation of this curve y = f (æ), and 
applied to the point of contact. 

By comparing (7) and (8) with the expressions for «, B, and p, in 
Arts. 163, 165, it is evident that the osculating circle is the same as 
the circle of curvature. 


176. Ata Point of Maximum or Minimum Curvature, the Osculating 
Circle has Contact of the Third Order. 

If we regard equation (8) in the preceding article as referring to 
' the given curve y =f (x), we have as a condition for a maximum or 
minimum value of r, 


We thus obtain from (8), 


dy 74) — 1 2 tao 
aa De qat 


su sey 
du dac da? 


Pa dy. 
1-197 
* (2) 


from which 


Again, if we regard (8) as referring to the osculating circle 


(sy — ay (y — by r, 


we shall also have 


SIE 
I 
SD 


since r is constant for all points on the circle 
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Thus we obtain, both for the curve and the circle, the same ex- 


3 2 
pression (1) for zd and since L and T in the second member of 
AY 


(1) have, at the point of contact, the same values for both curves, it 


follows that B has likewise the same value. Hence the contact is 
of the third order. 
EXAMPLES 
1. Find the order of contact of the two curves, 
VER and y=30—30+L 


By combining the two equations, the point x = 1, y=1, is found 
50 be common to both curves. 
Differentiating the two given equations, 


y —2, y=3er—38e+1, 
d d 
du c8 af, 3. 702—8, 
cy. dy 
dé T de > 
dy dy 
—— = 6 A T) 0. 
dex da? 
dy : 
When $—1, ——03, in both curves; 
de : 
h upon 
when pep) qi 6, in both curves; 


3, 
but I has different values in the two curves. 


Hence the contact is of the second order. 


2. Find the order of contact of the parabola, 4y—2?, and the 
straight line, y — z — 1. Ans. First order. 
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3. Find the order of contact of ) 
9y =x? —32!--27, and 9y+3a=28. 
Ans. Second order 
4. Find the order of contact of the curves 
y —log(r—1), and 2 —6x%+2y+8=0, 


at the common point (2, 0). Ans. Second order. 
5. Find the order of contact of the parabola, 4y = a? —4, and the 
circle, z? + y?—2y=3. Ans. Third order. 
6. What must be the value of a, in order that the parabola, 
y=w+1+ a(a—1)’, 


may have contact of the second order with the hyperbola, 
ay=3x2xX—1? Ans. a= —1. 


7. Find the order of contact of the parabola, 
(x—2a)’+(y—2 ay = 2 ay, 
and the hyperbola, zy — a*. Ans. Third order. 


CHAPTER XIX 
ENVELOPES 


177. Series of Curves. When, in the equation of a curve, different 
values are assigned to one of its constants, the resulting equations 
represent a series of curves, differing in position, but all of the same 
kind or family. 

For example, if we give different values to a in the equation of 
the parabola y?=4ax, we obtain a series of parabolas, all having a 
common vertex and axis, but different focal distances. 

Again, take the equation of the circle (@—a)’?+(y—b)?=c. By 
giving different values to a, we have a series of equal circles whose 
centres are on the line y= b. 

The quantity a which remains constant for any one curve of the 
series, but varies as we pass from one curve to another, is called the 
parameter of the series. 

Sometimes two parameters are supposed to vary simultaneously, 
so as to satisfy a given relation between them. 

Thus, in the equation of the circle (x — a} + (y— b)? = c, we may 
suppose a and b to vary, subject to the condition, i 


a? +b? = K, 


We then have a series of equal circles, whose centres are on 
another circle described about the origin with radius k. 


178. Definition of Envelope. The intersection of any two curves 
of a series will approach a certain limit, as the two curves approach 
coincidence. Now, if we suppose the parameter to vary by infinitesi- 
mal increments, the locus of the ultimate intersections of consecutive 
eurves is called the envelope of the series. 

214 
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179. The Envelope of a Series of Curves is Tangent to Every Curve of 
the Series. 
P Q 


Suppose L, M, N to be any three curves of the series. P is the 
intersection of M with the preceding curve L, and Q its intersection 
with the following curve N. 

As the curves approach coincidence, P and Q will ultimately be 
two consecutive points of the envelope and of the curve M. Hence 
the envelope touches M. 

Similarly, it may be shown that the envelope touches any other 
eurve of the series. 


180. To find the Equation of the Envelope of a Given Series of Curves. 

Before considering the general problem let us take the following 
Special example. 

Required the envelope of the series 
of straight lines represented by 


qn 
=00 42 
y = 


a being the variable parameter. 


Let the equations of any two of 
these lines be O X 


mM 
= LEE O Pd 
yesum ro (1) 


mu 

and y=(a+ jer (2) 

From (1) and (2) as simultaneous 

equations, we can find the intersec- 
tion of the two lines. Subtracting (1) from (2), 
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Oe he 
ala +h) 
AA A RO Eds e UB 
E H ala + h) G 


From (3) and (1), we have 


ore dt m (2a + Fm 
ala + hy a(a+h) ' 


which are the coórdinates of the intersection. 


Now if we suppose h to approach zero in (4), we have for the ulti- 
mate intersection of consecutive lines 
m 2m 
aim == y = —., 


2 
a? a 


By eliminating a between these equations we have 
y? —4 ma, 


which, being independent of a, is the equation of the locus of the in- 
tersection of any two consecutive lines, that is, the equation of the 
required envelope. 

The figure shows the straight lines, and the envelope, which is a 
parabola. 


181. We will now give the general solution. 
Let the given equation be 


Fe, y, a) = 0, 


which, by varying the parameter a, represents the series of curves. 
To find the intersection of any two curves of the series, we com- 
bine 


J(8,9,d)-50, TA eee te NN 
and Ho Y ed JE "P T 
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From (1) and (2), we have 
fu, y, E VPE) ES MEISTEN SS 


and it is evident that the intersection may be found by combining 
(1) and (3), instead of (1) and (2). 

When the two curves approach coincidence, À approaches zero, 
and we have, by Art. 15, for the limit of equation (3), 


2f, y, a) =0. ML rd cn e 


Thus equations (1) and (4) determine the intersection of two con- 
secutive curves. By eliminating a between (1) and (4) we shall 
obtain the equation of the locus of these ultimate intersections, 
which is the equation of the envelope. 


182. Applying this method to the preceding example, 


we differentiate with respect to a, and obtain for (4) Art. 181, 


m 
0 =g — t 
Eliminating a between these equations gives the equation of the 


envelope, x 
y4=4mx, as found in Art. 180. 


183. The Evolute of a Given Curve is the Envelope of its Normals. 

This is indicated by the figure of Art. 166, and the proposition 
may be proved by the method of Art 181, as follows: 

The general equation of the normal at the point (z', y is by 


I 
(3), Art. 148, a+ (y—y')=0, . EITE f ng tern 
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in which the variable parameter is 2', the gu D a, being 


functions of z'. Differentiating (1) with respect to z', we have 


=il= ? Ol t SLUT EM 
1 ies EGE yo = (2) 
From (1) and (2) we find for the intersection of consecutive 


normals, SENE 
de Se 

dt) 

LUPUS 
da’? 


dy' dyN? 
i A aa 
S 5 
da” 


y=y'+ 


As these expressions are identical with the coórdinates of the 
centre of curvature in Art. 165, it follows that the envelope of the 
normals coincides with the evolute. 


EXAMPLES 


1. Find the envelope of the series of straight lines represented by 
y —2mz-- m, m being the variable parameter. 
Differentiating the given equation with reference to m, 


0=2a+ 4m’. 
Eliminating m between the two equations, we have for the envelope, | 
16 y? + 27 z* — 0. 
9. Find the envelope of the series of parabolas 
y? —a(x — a), a being the variable parameter. Ans. 4y=2. 


3. Find the envelope of a series of circles whose centres are on 
the axis of X, and radii proportional to (m times) their distance 
from the origin. Ans. y =m’ (a + y?). 
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4. Find the evolute of the parabola y?=4aa according to Art. 
183, taking the equation of the normal in the form 


y=m(x—2a) — am. Ans. 27ay? =4(x — 2 a`. 


5. Find the evolute of the ellipse im ET taking the equation 
of the normal in the form Li i 


by = ax tan $ — (a? — b?) sin 9, 


where ¢ is the eccentric angle. 
Ans. (ax) + (by)! = (a? — pt. 


6. Find the envelope of the straight lines represented by 
€ cos 3 0 + y sin 3 0 = a(cos 20%, 


0 being the variable parameter. 
Ans. (+y) =a’ (a? — y), the lemniscate. 


7. Find the envelope of the series of ellipses, whose axes coincide 
and whose area is constant, 
The equation of the ellipses is 


x2 2 
eL "ES fe CD) 


a and b being variable parameters, subject to the condition 
QUES ccs eee eee) 
calling the constant area rk’. 
Substituting in (1) the value of b from (2), 


qu aur 
T + E = b . . . . . . (3) 
in which a is the only variable parameter. Differentiating (3) with 


respect to a, we have 
22 2a 0 
Penn UT 


uu Te 


Eliminating a between (3) and (4), we have 
4 ay? = Kt. 
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Second Solution. Differentiate (1), regarding both a and b as 
variable. 


os La Ses NOS 


Differentiating (2) also, we have 


bda+adb=0. I as (05 


From (5) and (6), we have 


a? 2 
a? == L. . . . . (7) 
From (7) and (1), 
quor 8 
a ==> p? > 2 . o . e LJ . ( ) 
Substituting (8) in (2), 
Lay = Ke, 


8. Find the envelope of the circles whose diameters are the double 
ordinates of the parabola y =4 ax. Ans. y! =4a(a +2). 


9. Find the envelope of the straight lines Y += i 
a 


when a” + b^ = kr. A » A 
Ans. at} + yeti = knti, 
10. Find the envelope of the elli A CREE 
um e envelope of the ellipses ate” 
when a+b=k. Ans. a? + yi = x3. 


11. Find the envelope of the circles passing through the origin, 
whose centres are on the parabola — y? — 4 ar. 


Ans. (x --2a)y* + a? — 0. 
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12. Find the envelope of circles described on the central radii of 
an ellipse as diameters, the equation of the ellipse being 


RES 22 21,2 27,2 
blc Ans. (Pty = a + By’, 


13. Find the envelope of the ellipses whose axes coincide, and 
such that the distance between the extremities of the major and 
minor axes is constant and equal to k. 


Ans. A square whose sides are (x + y)? = k’. 


INTEGRAL CALCULUS 


——o oo 


CHAPTER XX 
INTEGRATION. STANDARD FORMS 


184. Definition of Integration. The operation inverse to differ- 
entiation is called integration. By differentiation we find the dif- 
ferential of a given function, and by integration we find the function 
corresponding to a given differential. This function is called the 
integral of the differential. 

For instance, 
since 2xda is the differential of 2, 


therefore a? is the integral of 2xda. 


The symbol f is used to denote the integral of the expression 


following it. 
Thus the foregoing relations would be written, 


d(x’) = 2xdz, f ZU eu. 
It is evidently the same thing, whether we consider this integral 
as the function whose differential is 2~dx, or the function whose 


derivative is 2x. 
As regards notation, however, it is customary to write 


f 
IE = 1%, and not f? E 
223 
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In other words, 


f is the inverse of d, and not of E. 


Thus the general definition of fi $(x)dx is that function whose 


differential is ¢(#)dw; the symbol if denoting “the function whose 


differential is," in the same way that the inverse symbol, tan”, 
denotes “the angle whose tangent is.” 

Integration is not like differentiation a direct operation, but con- 
sists in recognizing the given expression as the differential of a 
known function, or in reducing it to a form where such recognition 
is possible. 


185. Elementary Principles. 


(a) It is evident that we may write 
224 9 +2, or {2ade=a'— 6, 
as well as f? ade ex es 
since the differential of 2?+2, as well as of a?—5 is 2adz. 
In general f 2 x do = s? +0, 


where C denotes an arbitrary constant called the constant of integra- 
tion. 


Every integral in its most general form includes this term, 
+ C. 
(b) Since d(u dv xw) = du + du + du, 


it follows that 


J (ut dot du) = f dut fave Faw. 
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That is, we integrate a polynomial by integrating the separate 
terms, and retaining the signs. 


(c) Since d(au) — adu, 
it follows that fa du=a f: du. 


That is, a constant factor may be transferred from one side of the 


symbol f to the other, without affecting the integral. 


186. Fundamental Integrals. Since integration is the inverse of 
differentiation, to integrate any given function we must reduce it to 
one or more of the differentials of the elementary functions, ex- 
pressed by the fundamental formulæ of the Differential Calculus. 
Corresponding to these formulæ we may write a list of integrals, 
which may be regarded as fundamental, and to which all integrals 
should, if possible, be ultimately reduced. We shall then consider 
in this chapter such examples as are integrable by these formule, 
either directly, or after some simple transformation. 


n+1 
JE u^ du = N 
n+1 
II dui log v 
u 


Ey; fe» ze 


ve IE u du = sin u. 


VI. f u du = — COS Y 
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VII. fse u du = tan u. 
VIII. f cosec* udu = — cot v. 
IX. fse u tan u du = Sec u. 
X. f eoe u cot udu = — Cosec Y. 
XI: f u du = log sec u. 
SLE foot udu= ih sin Y. 
u 


SAL fse u du = log (sec u + tan u) = log tan E e 3i 


XIV. f cose u du = log (cosee u — cot u) = log tan ~ 


XV. i E or===cót12. 
uas a a a a 
du 1 =O jl a—u * 
XVI. f = 6 ERE ; 
P ING ULL 2a Pic mur 
xev A e 
wa? — a? a a 
SCVEIT o (oe log Gee ee 
: AEST 8 Vu + a. 


du 1. u i 
XIX. f == sec! 2 or = ——cosec"? V, 
uvu? — a2 a a a u 


du 
XX pe ee Versa 
V2 au — u? a 


* For XVI. and XVIII. expressed as inverse hyperbolic functions, see Art. 281. 
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INTEGRALS BY I. AND II. 


187. Proof of I. and II. 


To derive I., 
3ince d(u"*?) — (n + 1)u^ du, 


therefore 
wo 4h (n+1)u"du=(n +1) (urdu, by (c), Art. 185. 


n+1 
Hence fur au = LR 
n+1 


Formula II. follows directly from 
d log u = de : 
w 


It is to be noticed that I. applies to all values of n except n= —1 
For this value it gives 


0 
f^ du==00. 


Formula IT. provides for this failing case of I. 


EXAMPLES 


Integrate the following expressions: 
1. | taz. 


If we apply I., calling u = x, and n —4; then du=dx. Then 
we have 


f ada = zt C, adding the constant of integration C, according to 


(a), Art. 185. 
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2. fe + te da. 
If we apply I., calling u = a? + 1, and n =} ; then du=2adz. 


We must then introduce a factor 2 before the ædæ, and conse- 


quently its reciprocal > on the left of if 


TR (+ De de = 5 f (29032225, by (6), Art. 185. 


AGES ee ne 


bol 09 


3 SE i fOr tdr 
i e—3axe 3 a? — 3 ara 
= slog (a? — 3 ax) = log (à? — 3 alo)? 4 C. 


By introducing the factor 3, we make the numerator the differ 
ential of the denominator, and then apply II. 


& ((22—335412:9—3)4z a — 22 SA 
. Qu a + Sde c 7 hag 32+ C. 


3 1 
5. Se + ieg — 30 — qu fees. 0 
x 
6. fe- 20 de = 97 2b 2a 0. 


7. f @ 2) dx =F I 4 C. 
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E 9 ated Qals? a 
8. f(a mcs ax — SA aL 5 XE 


a-b 


2a 
a a+b 1 
9. ftaa- g^ o AE Ln C. 


2 3 bt 7 i 
10. QE-4£) ECT PETERET a 
SV 13at Tal Boe 


T1. Gara n uc 


2 
uM dy 2 7-33 4 3y— log y C. 


6 
14. f (esas tt +0. 


15. f (aa? + b) 8% de. 16. jt (ax + b)" da. 

17 for + b)"a? da. 18. f (aa? + bya"? de. 
1 æde 20. 4 da A 

19. (1 + mer: fee varo ae 


dt 
21. f (y. | 92. ((a--1og07 
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23. f£ 24. f (a — logy 2) E . 


25. f ane + = 2 dg dx. 26. sin? cos 0 dé. 
27. f (e? + sin 20) (e + cos 26)d6. 

28. fran’ 2 sec? q dar. | 99. | sec’x tan x da. 
30. finns + cos"0) sin 0 cos 6 dé. 

31. fee 0 + tan 6)sec 6 dé. 


32. f sin $ + eos $)"(sin? p — cos’ $)do. 33. fe + dy a* de. 


34. sin” v de ly dz 


V dx 
Eu m fas a”) tana" 


A rational fraction, whose denominator is of the first degree, may 
be integrated directly or after being reduced to a mixed quantity. 


bdo 5b E 
36. fz 5 = ples (4a—8)+ 0. 


st Nl aes l dy =12 ga +8)+ C 


= EEE 10g(27— 1)+ C. 


38. f^ Qo Co Be om 
Du - 3m7 2 
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ax +b y 8p. b 
39. no s ES is z log (bz + a) +0. 


40. fas =F IT fae 2a! log (e—a) + C. 
41. fS? =F us + 2 az — ba + (a — b)? log (a + 5b) 4- C. 
42. fea = Z 42a Tato 8° log (oa) + C. 


INTEGRALS BY III. AND IV. 


188. Proof of III. and IV. These are evidently obtained directly 
from the corresponding formule of differentiation. 


— EXAMPLES 
de ba 3h % 
. (eae 307) de = + —— C. 
i Se pr is 4 * Bloga 21080 * 


2. fenem e y Set —8e-9 —É (OL 
LIO 3 


2 3 1 2a 9a 18 a® 
a? — a? y da = = Je =a FCO 


4 C et i +e. 
e 
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5. f (erte — e+?) dæ. 6. f (ef * cos y — ar? sin 2 2) da. 


E 
7. fe + 2 de. 8. f (e'*^ ? sec O — e***? tan 0) sec 0 dé. 


e^? snyde fa zh =f 2 z dæ = C. 
9. furs 10. bdo (ab?y* da = log (ad?) TA 


arz trnhrz+a 


log (ab?) sl 


EE de 1 b 
dee ik has mec 1 us 


H f anetnppet9 day — 


2),2x +1 2,,2x 
A hee 2)2 da = ab = 2 (ab) b'a 
i fe Eu: 2logb  log(ab) 2loga BC 


INTEGRALS BY V.—XIV. 


189. Proof of V.— XIV. It is evident that V.— X. are obtained 
directly from the corresponding formule of differentiation. 
To derive XI. and XII, 


ftanuda Nr (8 0 2/0 SER log cos u = log sec u. 
cosu 

foot u du = = (ue COR d log sin u. 
sin v 


To derive XIII. and XIV., 


2 
fisco udu EE _ feontanu du + seed 


sec u + tan u secu + tan u 


= log (sec u + tan v). 


f esee udu = fuese u(— cot u + cosec u) du 


cosec u — cot u 


= lag (cosec u — cot u). 
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By Trigonometry, 
2sin?* 


1—cosu Y 
cosec u — cot u = ——— —— = ——————__ = tan =. 


BHL 2 sinzcos; 
If we substitute in this, at u for u, 
we have sec u + tan u = tan 4t 3 
Thus we obtain the second forms of XIII. and XIV. 


L J (sins w + cos 5a— sin 5) a =— oe ee mdr 


+200s5+0. 


Sin ES + eos 40) d= — m cos +2 Wn sinde eo 
m m 


1 + sin mz. 
cos? mx 


e 


= == (tan mæ + sec ma) + C. 


4. f (see 5a —tan 52) sec5 x de. 5. f(see20+ tan 26) dø. 


sind , cos? f } : 
Tu. 7. 6 — vers 0)? dø. 
: ME sin a 0 (sin vers 0) 
T dre " da: = cos a: — 2 log (1 + cos 2) + C. 
sinz 
vers? y verdi T 
2 S cos? a na 10. f Sz 


. se $d$ó hos (at b) +C. 
4 dee aie FAM Er rs 
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12. f (tan 2 — cota + 1) dz = tan x — cot æ —3z— 2 log sin2z + C 
13. $ 6022 tan 22— cot 2 x)? dx —tanZ« +se027—3 cot 2 a 
—log tanw—42+C. 
14. MC $ + cosec $ — 1)? d$ = $ + tang — cot p 


1+cos¢ 
PAR o Sages pda aie i 
AF o 


The following may be integrated after trigonometric transforma 
tion. 


15. sin? pde =2 S022 5 C. 


4 
16 cosa dz = S422 Lg 
17. f vers'z da. 18. (| sin?x cos? æde = 3 e us PC 


19. f sin mø sin ng d6 = ENCES le SONS LS (p 
2 (m — n) 2 (m 4- n) 


d . sin (m — n)0 , sin (m + n)0 i 
20 feos mø cos n6 6 5 ER. + E LG 


21. J sin 8 008 nd ag — SE ne may EC 
YY 


22. cos Š reos 2w dg — “28%, sinTo 


C. 
ON UIT, 
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sin (3 « + 2) cos (4a +3) da = 8 ED eos Tet) 4 q, 


94. { sinwsin2asin3e2d¢e= ——— HB 


cosbx cos4a cos2za 
24 16 eni 


25. JE sin 30 79, 26. if sin 46 79 9 sing 4. 28330 | q, 
sin 6 sin 6 3 


dà 
27. fou tt 0-800 + 6. 28. HED, 


29. T — sin La 
vers o 


x= — cosec v — cot x — log vers æ + C. 


d rei ps 2 
30. f visis + sin x Eder —23/1-—smmq- 6 


-— dé i 0 r 
i s [D eL—— ==> (0%: == C 
31. f vers dz 32 birgt V og tan burn 


INTEGRALS BY XV.—XX. 
190. Proof of XV.— XX. 
To derive XV., 
du a(z) 
ZH CHIN AC TAE 
ua a 144 a TO a a 


To derive XVII., 


== 
Mid T V we a 


236 INTEGRAL CALCULUS 


To derive XIX., 


SS se = 


DS 


u, 
= seen! 


To derive XX., " 
u 


[= == -— Eia = vers" * 
v2au—wu NS KE a 
qd dE 


5 YA SA 
Since tan =, — cots? 
a? 


it is evident that . dtan*%= a(- cot”! 3 
a a 


Hence either expression may be used as the integral in XV. 

In the same way we obtain the second forms of XVII. and XIX. 

The formule XVI. and XVIII. are inserted in the list of integrals, 
because their forms are similar to XV. and XVII., respectively, with 
different signs. 


To derive XVI., 


cele (lie ley: 
wa 2a\u—a uta’ 


hence 


du _.1 du ^ du 
w—a 2aJNu—a u+a 


= 7 glloe(u—a) —log (u + )] = z} log 1-8. 
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Or we may integrate thus: 
qum. zm —du du 
w-—aq 2a a—u atu 


1 1 
=— [l — — = — 
5 SE og (a — u) — log (a + u)] SE log 


a—u 


atu. 


To derive XVIII, 
assume vh? xa!—z, anew variable. 
Then a+ a s, 
2udu = 2zdz; 


therefore du dz du--dz 
2 Y U+Z 


du du + dz 
Js = = 1 z 
Hence > DE ds (u 4-2); 


: du ced m ih 
that is, Swe = log (u + Vu? + a). 


EXAMPLES 


de d 2x—3 


de 1 12% 1 
E: 


== tan EOL 


dz C 
13211976 3 isos 12 ts 


M b z-- 28a — 4) + C. 
ci en: 4 5 gl ) 


da 1 TS 
5. | —“— =— log (zv 5 + V 5s? -- 1) 4 C. 
ven v5 Ls 2 
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posu 
6: Ja 1222 i D me 


MEO LN 8 dw — 9 f. dx. 
124 +3 MIRES Pore 
10. (> 11. {= 12. fåes 
Voe? V2—3 2 V3 a? +2 
da i 3c 
13. [Z= = sec 1 — FO. 
vVJæ—4 2 2 


14. ff = vers”! 22 SEKO 
Vma — q? m 


da f ax 
15, f. =} seo @ +4, 
tax? — 16 4 4 


da m 8a 
16. SE. = — vers”! — + (eL 
VTæ—4gæ 2 7 


da : 
17. | —— —— —— - sin? log Va + C. 
Js — (log a)? 


Sr, m9 D ac 
18. 39 dz = = log @ + 9) es + C. 


AUC NE! P UTE M 
19. (FÉ da == log (42° earn ae eed 


20, (32-2 
V9 — a? 


de=—3V9— a —2sin? 24 C. 
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a. ft de = Ve +4 +3 log (& + VZ Fi) + C. 


va? +4 
5g- 5 (so 1 5 
22. da —-—V38a! —9—-— log (e V3 + V3e—9 : 
Nr 8 DAE ss "e 
dà il atan 0 
Ra eu ian tone 
doy pes? ab e b ae 


24. = tan ene 
lea Stan v2 da 


25. sin 0 dð eae = J C. 
la rur 2 Så 


26. ij sin 2v dx 1 log (3 cos 20+ VO eos" a= 4) C 


5 cos? 2 x— Zune 


27. SE ES z = log (+a) tan Z EC 
a 


. The same formule may be applied to integrals involving 
a+ar+b or —%4+ax-+b, by completing the Square with the 
terms containing x. Thus, 


1 4194-3 
Mm [red C 
i daa ener: JT gel y 
da: bee, as 
29. s e clamo de 
T V9— (22-12 2 3 
30, [E —=_L dg(80-24+V0é=12376)4 C. 


V3e—4e42 v8 


240 


31. 


32. 


33. 


34. 


35. 


36. 


37 
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2 


253—3ai5 VEL 


n3 449 
= To 
VOTO 


Si» when a=4; when a=6; when a=8. 
— ax 


if da xd 
(r--ay--(z4-b) a 
rr 


ile 


+a(a+b) a—b 


1 tan”? 2e+a+b + C. 


da 


Sy 


il 


= sin” 


(r—ayb—s) | 


Su 
uL 


z 1° 


—b a—b 


JE 


de 


Ga A) 


2 tan= Cetati o, 
Q — 


| les teeny paga 


log (z-Ea-- Vs 4-5) 4- C. 


CHAPTER XXI 


SIMPLE APPLICATIONS OF INTEGRATION. CONSTANT OF IN. 
TEGRATION 


BEFORE continuing the integration of functions, we will consider 
the relation of integration to the determination of the area bounded 
by a given curve, and show how the constant of integration may be 
determined. 


191. Derivative of an Area. Let y=f(x) be the equation of a given 
curve OP,. Suppose a point to move along the curve starting from 
P,, and let x, y, be the coördi- 
nates of any position P. 

At the same time the ordi- 
nate of the moving point 
‘starts from the position 
P,M,, and sweeps over or 
generates a certain area. 
When the point has moved 
to P, this area is P,M MP. 
Denote this area by A. 

A isa function of z, and it 
will now be proved that its derivative with respect to x is equal to y. 


Give to z the increment Az = MN. 


Then AA = PMNQ. 
AA Az, and AA < (y+ Ay) Aa, 
AA AA 
E MS Ay. 
A EI pq < yT y 
dA : AA 
Hence aps Lin qus y. 


In ease the curve descends from P to Q, the above inequalities 
will be reversed, but the result will be the same. 
241 


242 INTEGRAL CALCULUS 


192. Area under Curve. Let it be required to find the area P,M,M, P, 
between the curve, the axis of X, and the two ordinates PM, and 
PM, 

Let OM, = a,and OM, =b. 


From the preceding article a zd 


Hence A= fydu= f feas. 
Let JE f(a)de = F (2) + 0; 
then AFTOSA 


To determine C, we have the condition that A begins when z— a; 
that is, A=0 when v — a. 


Hence 0—F(a)4-C, C=—F(a). 


Substituting in (D, A = F (x) —F(a)=P,MMP. . . . . (2) 


It is to be noticed that C is determined by the initial value a of x, 
corresponding to the initial ordinate P,M,. 
If now we let x — b in (2), we have 


A=F(b) — F(a) = P,M,MP,. 


For example, let the given curve be the parabola y? = a. 


3 
Then A= fyde= vids 22^. C. "ES (e 


To determine C, A=0 when x —a. 


2 c- 2d, 


eim 3 
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Substituting in (3), 


204 24i 
4= -PBAMMP. Les tee Ed) 


To find P,M,M,P,, let x= b in (4). 


4-28 2d, 
3 3 
EXAMPLES 
1. In the curve of Ex. 1, p. 24, show that POMP, =. 
Also POP, = 


2. Find the area included between the equilateral hyperbola 


22y =a’, the axis of X, and two ordinates v= a, z —2 a. 
Ans. a? log V2. 


3. Find the area included between the witch of Agnesi (Art. 126), 
the axes of X and Y, and the ordinate v = 2 a. Ans. 7a’. 


4. Find the area included between the catenary (Art. 128), 
the axis of X, and the ordinates x = q, x= 2a. 
2 
Ans. a (e?—e+e1—e”), 


5. Find the area of one arch of y = sin zx. Ans. 2. 


6. Find the area included between the parabola qi + yal 
2 
(Art. 129), and the axes of X and Y. Ans. = 


- 7. Find the area included between the semicubical parabola 
ay’ = a? (Art. 130), the axis of Y, and two abscissas, y = 8 a, y = 27 a. 


Ans. ES a’, 
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Conversely, instead of determining the area from the integral, we 
may find the integral from the area, when it. can be obtained geo- 
metrically from the figure. For example: 


8. Find if Va? — a? de, by means of the curve y = Va? — 2”, circle 
about O, radius a. 
A= BOMP=OMP+ BOP 


il 2 
= =- En 
—U 5 ce seve ae 52 


ino”. 


If the initial ordinate, instead of OB, 
had been some other ordinate, we should 
have had 


A= ¿Ye =n T sinn? + C, where C is independent of a. 
a 
€——— P PEN 2 
Hence A= fyas= {Va 2d= ¿Va + a sin! + C: 
9. Find fe x + 2)dx, by means of the line y = 3 x + 2. 


10. Find f? ax — a” dx, by means of the curve y = V2 ax — x. 


fa? z ocen mA 
a 


193. Other Illustrations. In order to further illustrate the deter- 
mination of the constant of integration, we will work three examples, 
involving geometrical or physical properties. 


Ex. 1. Determine the equation of a curve through the point (4, 3), 
at every point of which the slope of the tangent is equal to the recip- 
rocal of twice the ordinate of the point of contact. 


/ 


SIMPLE APPLICATIONS OF INTEGRATION 245 


By the hypothesis ws En 
de 2y 
from which 2ydy = da. 
Integrating, Pees uu v AO 
Bon ubt SR er cen 


y?=0+* 


This equation represents a series of parabolas whose axes coincide 
with the axis of z. 


If now we impose the additional condition that the curve must 
pass through the point (4, 3), its coórdinates must satisfy equation 


(giving E ERAT 


The equation of the particular curve is therefore 
l y =g% +5. 
Ex. 2. A body starting with a given initial velocity «, moves 


with a constant acceleration g. Find the space passed over in any 
time. 


In Art. 19, acceleration =? : 

d 
Here A = 9, dv =g dt. 
Integrating, v — gt 4- C. 


From the conditions of the example, v = v when t=0; therefore 


M=0+C, C=% 
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Hence v = gt + vs. i 
Since v= E (Art. 18), ds = gt dt + vy dt. 
Integrating, Sz i g + vt + C. 


From the conditions of the example, s— 0 when t=0; therefore 


C=0, and sz 5 gt? + vf. is the complete solution. 


Ex. 3. A body is projected at an angle « with the horizon, and 
with a velocity %. Find the equation of its path. 

Represent the horizontal and vertical components of the velocity 
by v, and v, respectively. Then, since gravity is the only force act- 
ing on the body, we have, g denoting the acceleration of gravity, 


te, and a; 
dt dt 
Integrating, v,— C, v, — — gt + 0. 
Whent=0, v,=,C0S eoa, Vy = VW Sin q, 
Hence V, = Vp COS a, v, — — gt + v, sin ex; 
that is, a = Up COS &, E =—gt+ v sin a 


Integrating, æ= vf cos « 4- C, y=-— ] gt? + vot sin a + C. 


Whent=0, «and y, and therefore C and C', are zero. 


Hence x = Vt COS a, and y=— 5 gt? + vi sin e. 


Eliminating t between these equations, we have as the equation of 
the path of the projectile, 
ga? 


y =a tan a — ——_——* 
2 vy cos? a 


This evidently represents a parabola whose axis is parallel to the 
axis of Y. 
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EXAMPLES 
4. Find the equation of the curve whose subnormal (Art. 146) 
has the constant value 4, and which passes through the point (1, 4). 
Ans. y!—82z--8. 


5. Find the equation of the curve whose subtangent (Art. 146) 
is twice the abscissa of the point of contaet, and which passes through 


the point (2, 1). Ans, mmy. 


6. The slope of the tangent to a curve at any point is - and 
E) 


the curve passes through the point (3, 2). Find its equation. 
Ans. 474997 — 72. 


7. Find the equation of the curve whose polar subtangent (Art. 
153) is 3 times the length of the corresponding radius vector, and 
4 


which passes through the point (2, 0). Ans. r=2 6. 


8. Find the equation of the curve whose polar subnormal (Art. 
153) is 3 times the length of the corresponding radius vector, and 
which passes through the point (2, 0). Wns pede 


9. Find the equation of a curve through the point (3 z} in which 


the angle between the radius vector and the tangent is half the 
vectorial angle. Ans. r=6(1 — cos 6). 


10. A balloon is ascending with a velocity of 20 miles an hour. 
A stone dropped from the balloon reaches the ground in 6 seconds. 
Find the height of the balloon when the stone is dropped, calling the 
acceleration of gravity 32 ft. per sec. Ans. 400 ft. 


11. If a particle moves so that its velocities parallel to the axes 
of X and Y are ky and kæ respectively, prove that its path is an 
equilateral hyperbola. 
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12. A body starts from the origin of coórdinates, and in ¢ seconds 
its velocity parallel to the axis of X is 6t, and its velocity parallel 
to the axis of Y is 37? — 3. Find (a) the distances traversed parallel 
to each axis in t seconds; (b) the distance traversed along the path 
(Ex. 41, p. 38); (c) the equation of the path. 

Ans. (a) =E; y= 0 5n 
(b) s=+3t. 
(c) 27 y? = x(a —9)*. 


13. A body is projected directly upward with an initial velocity 
of 400 feet per second. Neglecting the resistance of the air, find 
how high it will rise. Ans. 2500 ft. 

Find its height when its velocity is reduced one-half. 

Ans. 1875 ft. 


14. If a body projected from the top of a tower at an angle of 
45° above the horizontal plane, falls in 5 seconds at a distance from 
the bottom of the tower equal to its height, find the height of the 
tower (g = 32). -Ans. 200 ft 


CHAPTER XXII 
INTEGRATION OF RATIONAL FRACTIONS 


194. Formule for Integration of Rational Functions. On examin- 
ing the fundamental integrals in Art. 186, it will be seen that only 
four apply to the integration of rational algebraic functions, I., IL., 
XV., and XVI.; and of these only L, IL, and XV. are independent, 
since XVI. depends directly upon II. 

It will be shown in this chapter that by these three formule any 
rational function can be integrated. The integration of a rational 
polynomial has been explained in Chapter XX. We will now con- 
sider the integration of rational fractions. 


195. Preliminary Operation. If the degree of the numerator is 
equal to, or greater tban, that of the denominator, the fraction 
should be reduced to a mixed quantity, by dividing the numerator 
by the denominator. 

For example, 


24-208 4 20841 


xpi +1 
2%-30t+1 —2472 +37 +1 
RE EEN SINGER ET MT RI La ipu 
ot Fr? 2 ns o 


The degree of the numerator of the new fraction will be less than 
that of the denominator. 

The entire part of the mixed quantity is readily integrable, and 
thus the integration of any rational fraction is made to depend upon 
the integration of one whose numerator is of a lower degree than the 


denominator. 
249 
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196. Partial Fractions. A rational fraction is integrated by de- 
composing it into partial fractions, whose. denominators are the 
factors of the original denominator. The complete discussion of 
Partial Fractions belongs to Algebra. We shall only consider here 
the form of these partial fractions and the processes of determining 
them. 

Factors of the Denominator. It is shown by the Theory of Equa- 
tions that a polynomial of the nth degree, with respect to z, may be 
resolved into n factors of the first degree, 


(x — aj) (a —a,)(@ — az) +++ (@ — Ay). 


These factors are real or imaginary, but the imaginary factors 
occur in pairs, of the form 


De OW Sal and ei cb vs 


whose product is (x — a)’ + 0’, a real factor of the second degree. 

It follows that any polynomial may be resolved into real factors 
of the first or second degree, and only such factors will be considered 
in the denominators of fractions. 

There are four cases to be considered. 

First. Where the denominator contains factors of the first degree 
only, each of which occurs but once. 

Second. Where the denominator contains factors of the first 
degree only, some of which are repeated. 

Third. Where the denominator contains factors of the second 
degree, each of which occurs but once. 

Fourth. Where the denominator contains factors of the second 
degree, some of which are repeated. 


197. Case I. Factors of the Denominator all of the First Degree, 
and none repeated. 


The given fraction may be decomposed into partial fractions, as 
shown by the following example, 


z*--62z—8 


dx. 
d —42 E 
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Assume 
’+6e—8 #+62-8 _ A B Qu 
a—4a AAN PEU aM qu (1) 


where A, B, C are unknown constants. 


Clearing (1) of fractions, 
e+ 6a2—8 = Ax(r--2)4-Bz(»x—2)4-C(»—2)(4-2) . . . (2) 
=(A+ B+ C)a’?+2(A—B)x—40. 
Equating the coefficients of like powers of v in the two mem- 


bers of the equation, according to the method of Undetermined 
. Coefficients, we have 


A+B+C=1, 2(A—B)=6, —4C=—8. 
whence AS HEe—2. O= 2, 


AOS 1 2 2 
H Vn dU E 4 
d a—dox pod quo. ap 


and w+ 62—8,, _ Jog («—2)—2log (a+ 2)+2loge 
à a?—4z 
log & (* — 2), 
= log (s 2y 


The following is a shorter method of finding A, B, C: 
Suppose the denominator of the given fraction to contain the fac. 
tor — a, not repeated. Then the fraction may be expressed as 


F(x) Ez A a ya) ‘ 
(r—a)$(x) u—a g(a) 
fi) — a XQ. 
nu" ge) S 


This being an identical equation is true for all values of x. 
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If we put x =a, we have A= FAC since by hypothesis $ (a) does 
not vanish when x = a. $(a)’ 

Thus we have the following rule: 

To find A, the numerator of the partial fraction E 


, putx=a 


in the given fraction, omitting the factor x — a itself. 
For example, having written equation (1), we find A by substitut- 
v+6x2—8 


GE OEE De’ omitting the factor 
xe — 2)(x x 


ing z—2 in the given fraction 
æ— 2. This gives 


dips o 
4(2) 


To find B, substitute x = — 2, omitting the factor x + 2. 


4-12-8__» 


> ESB = 


To find C, substitute x = 0, omitting the factor a. 


oO, 
—4 
EXAMPLES 


The constant of integration C will be omitted in the examples in 
this chapter, and the following chapters on the integration of func- 
tions. 


‘de a 3 (0 — ye 
LS x a, 8a? Cee 
egg Lo Ug o ee T 


(24 20+1)de — ge FD 2—9)9 
a—4Aaz tat 6 ig! (23 * 


(w +1) du | -tlo g (eter 1% 


4 w?* — w 
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x da Ls Cars MN 
(ce +1)(x+3)(7+5) 8 °(@+1)(s+ 5%} 


5 x? de EIS ($2 — 1) (3v —2» 
ray is,” (2x — 1y 


aa + ba a 


b 
PAP n NM log (az —b 
(az —b)(b —a) ^ ab cg ce) 


N 


(æ + ada Hes (22 + a)(a—a)® 
2¢—axvr—aa 6 a 


(2 + a+ bdo d 
i db tip s+ — log (@ +a) + T log (a +b). 
ER A PEO DER 
(y+n)(y?—1) 2(n?—1) (y +1)" 


10. ee E LI og (aa + b) (bv — a) 
(ata? — AE a?) 2ab apodo 


11 (a +1)da A log (a+ STA 
* J @=19)—4(e@ +8) 360 (2+3) 0-17 


V 


12 (x + 1)da 
PU 217 4» 


uite T os E222 osa 
SFG B 54-2 15 og [( x + X js 4 g 
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198. Case II. Factors of the denominator all of the first degree, and 
some repeated. 


Here the method of decomposition of Gate I. requires modifica- 
tion. Suppose, for example, we have 


If we follow the method of the preceding case, we should write 


% 
a?-4-1 A B C D 
a(a—1)® 2 o D ESI: 


But since the common denominator of the fractions in the second 
member of this equation is (æ — 1), their sum cannot be equal to the 
given fraction with the denominator z(z —1)* To meet this objec- 
tion, we assume 


z(r—1)5 «a Cy" (1) z—i 


Clearing of fractions, 
æ + 1= A(x—1) + Bx + Cx(x — 1) + Dz(z — 1) 
— (A+ Dy? - (—3.4 -- 0—2 Dy? -- (3.A4- B-C+4 Dye — A. 
Hence A+D=1, es . .. (1) 
-35400-9D:2-0 2 (m N 
3A+B—C+D=0, 
— A=1. 
Whence A=—1, B=2, C=1, D'=2. 


(+1) __1 2 1 2 
Therefore FeLi 2 Got DELEN a "T 
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aio | 1 1 
H EX ere lop pe cq] Ls 
ence JE T » og x GP Us Ts og (z—1) 


=— Gt log E=, 


The numerators A and B may be determined by the short method 
given for Case I., and then C and D may be found by (1) and (2). . 


EXAMPLES 
a — oF +1 121 E. 
2 giang e NE 1 ] 
A 2^7 i iu UD 


=D 5 1 o—1 


] 
ice Lei So ead 
8 dx 1 1 a? 
EE lop 
3 hoy AA ET 
(1927—32)d» 1 log OS 
(4¢+1)(2%—8)? 4(2—83) 4 “4de+l 
ade 2 i 3z—2 
EET INI. cest t RE MI CUP een . 
Véa” 189244) ' 216 323-2 
a? + a3 | Gg —3 ax 1 x 
Gas "qc A a 
M 
2+1Y, 16(2—32) 2% 81m 
de ft — d 3(z — 1) pee ce) 
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$ SE e=- (a — dy Meno +3(a — b) log (@ + b). 


s+b) å 2(x +0) eb. 
a a xx 

10. Serene = sæ : e ee) 
e (e+ a) + TES log G0) 


199. Case III. Denominator containing Factors of the Second 
Degree, but none repeated. 
The form of decomposition will appear from the following 


example, 52412, 
sære 
5e+12 A, Br4+O 


We assume = 
(de HA) m a4’ 


(1) 


and in general for every partial fraction in this case, whose denomi- 
nator is of the second degree, we must assume a numerator of the 
form Ba + C. 

Clearing (1) of fractions, 


5%+12=(A+ By? + Cx 4-4 A. 
A+B=0, C=5, 4A—12. 
Whence A=3, B=—3, C=5; 


Se+12 3, —3045 


therefore = 
a(t +4) ac ape 
fa | es DID LAM dæ 
x +4 zm a? + 4 


3 2 
ED log (4-4) tan. 
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be 2 5 as. 


Hence xard) = 3 log t$ tan 2 


Take for another example, 
(229 —32—8)dz . 
(x — 1) (a? —2 x 4- 5) 
This fraction is decomposed as follows : 


26-32-31 3-2, 
(r—1)424—22z--b)  «—1 2-244+5 


pezon _(Gzx—3)de da 
a—20+45 J 2—2-L-5 a?—2m--5 


3 1 7 —1 
=3 log (à —2a+5)+5 Mn a 


(22 — 3v- 3)de | TA e 5) De 
Du EE i we A 


The integration of any fraction with a quadratic denominator like 


the preceding, fS , may be shown as follows: 


Having written the denominator in the form («+ a)? + b’, we have 


(pr--g)dv  (" p(v-4-a)de (q — pa)dz 
(a+ a) + b? (Haf +o J (24+a) +o 


log [(@ +a) +0] +12 tan 75. 


! 
dois 


258 INTEGRAL CALCULUS 


EXAMPLES 
32 25 +3 8 a 1 a? X22 
de=- —6s4zl 3-V3 tan". 
Poca ee ao V3 
9. EE Qat—sxde _ a1 jog C DEED y 242 1 E. 
apa —2 6 (v 4-1y 3 Và 
4¢—8e+1, 6»—1 1 æ? BIN N 2 
3. TIE E de SS GE Coe pi IV tan (avV/2). 


æde 2 1 ei sl 
E = 1 tano. 
: "n RET el a an 


When the given fraction and the denominators of the partial 
fractions contain only even powers of v, they may be regarded as 
functions of x°, and we may assume A, B, C, etc., as the numerators 
of the partial fractions. 

In the following example, the partial “fractions may be assumed as 


A B 
Piglet 
oda 1 cec: 
AR pee t 1% 3 =1 
(@ + a?) (a? + 05) rmi PE E QE < a 


1 — 2*)dx 1 v 1 32 
E {Se E GER A t =19 EU OA == cle a C ME 
(4a? - 1) (2? +4) -& E n 2 o7 3 25 


(a? +AA + 2?) d 1 (a? + br 


== tant 
(hM) a) ab ada. 


8. fi (w—1l)da — et lop eae 5 ay ien 
x(a’?—6%+13) 26 a? 13 2 
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9. ji (3 £ —2 x — 20 de lo (Qa— g—62z--5y 


13 
(@+3)\(2e—6a+5) 4 5 (pay 


+ E tanp es EZ = > tan” (2 x — 3). 


10. Epa =" log y UY ly p s 


(a? + 2)da e+oeti$ V3, ,.m-v3 
I @+2)de _ x Ee MA. 1 f 
> "n qui cm pue er 


1 w? dw 1 w—wV/2+1 1 OY 
: 1 = —— lo = + tan 
w--l 42 “ut+uv2+1 2v2 1—w* 


1 iQ tata 2 Q442z—1, 


x 
43. RN IA le eee 
2 E 6 (x 4- 1) V OPES 3v3 V3 


200. Case IV. Denominator containing Factors of the Second De- 


gree, some of which are repeated. 
This case is related to Case III., as Case II. to Case I., and requires 


à similar modification of the partial fractions. 
For illustration take 
22? +æ + 3 
oi 
GL 


We assume 


22-pa*--3 Av+B,Ce+D_ 
(a? +1) (Pq? c +1 


20840243 = Ci? + Da? + (A+ O)z 4- B 4- D. 


MORE 055 De 
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2P+e+3 l Dian a 
(a? +1) (+1)? e lt 


—24+2 7, 75 2 x da 
rn" mii een xu Lesen 


Therefore 


Mor > CONT T 


To integrate the last fraction, we use the following formula of 
reduction, 


daka 1 x N dæ "|x 
dra Seat 


This formula enables us to integrate Sa @ re by making it 
a 


2n 
depend upon f M By successive applications the given 
a)" 


integral is made to depend ultimately upon f qu , which is 


1 tan” Cum 
a a 


a? 


* This formula may be derived as follows : 
2 2] = (x2 +02) — 9 ng2(q2 2)—n-1 
pleat Z leg + a?) ] = (2 +a?) nx? (a2 + a?) 

= E 4r 02)" —2n [ (a? de a?) = a] (a? dk a?)-n-1 

= (1—2 n) (2? + a?)—" + 2 na? (x? + a2) -»-3, 


Integrating both members after multiplying by dz, 


PL Me: (Cs L9 Harte 2 x 
me 220 fc as t 2 na FE 


da = as dx 
BAN a ee db Mi e 
(x? QL @ a?) ( " Mos a2)” 


Substituting for n, n — 1, we have 


E 35 e = = dx y 
2(n—1) nj a3) (a? + a2)” 35A Ma an 
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Substituting in the formula n = 2 and a? 21, we have 


d 
aq -i[ a PR de esa, x Tiu. 


Gr eSI Ur GET). :9 

—22c--2 1 a 
whence E pe ceu dr et =l 

+i x P41 Bari + tan” 2, 
und Day She eS he 

(x +1)? 
A partial fraction of the form ——2%+9% _ by substitutin 
(a+ rer” 7 j 

e+a=z, becomes Ei, the integration of which has already 


been explained. npo 


donas LN 52416 y, 


For example, if x— 3 = 2, (a? E Dar 125 (2? EE 3) 


es erat? aos 


By the formula of reduction, 


Sas" al ery ng fats] 


2 ib 2 dz 
=e i NIS 2 
2 z 1 ess. 


= 35 — ta — > 
12(2 + 37% i 24 (2 +83) 94-83 V3 


Decio 7 162 — 15 xe 22 n AT T 
(ps Wee Su eq +8). CE 


(5% +1) de 164 — 63 


(à$—62z--12) 12(77—67—+12) 


Hence 


2 (x — 3 demo. 2 tans 9. 


ur 6a+12) 3v3 V3 
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EXAMPLES 


$-a—1. 3a'+2 lie (29 AT E 
FO 177 Fala 1) + 5 log ( + )+5 tans, 


a*—a n^ 2a ET. 
2. fås Beier! 2a tan ^ 


4 --3 uit 4002 1 tan? 22. 
(9.85 BOPI 16/8 v8 


For the following example, see note preceding Ex. 5, Case III. 
36 a? (a? -- 1? + 25 a? Y NE a? + 4 
(4 a? + 9)* (9 2? + 4)? 2 (4a? + 9)(9 2? + 4) 


il 13x 
=-=; . 
+ 75g d eery- 


ay c AL do cred 3(x +T) 
(a? +47 —+ 9) 2 (a? + 4x + 9) 


+ 5 log (a+ 424 9)— 2V tan 1222, 


(a? — 2)dx c 4-4 
un: CUM —T(S + 2+ 2) 
n tani29 T1 | 2 (4132241, 
TU VE o v v3 


Iad _ ^ — 3c AL DOOR (a+ 1) UL 
3 


(S40 2+1 2 "32501 


de Ay. FRR 364 = 29 
[(@+ 2)* — (x + 1)? 2 (2x +3) (2x -- 6 x 4- 5) 


— 3tan” (2x +3). 


CHAPTER XXIII 
INTEGRATION OF IRRATIONAL FUNCTIONS 


201. We have shown in the preceding chapter that the integral 
of any rational function can be expressed in terms of algebraic, loga- 
rithmic, and inverse-trigonometric functions. 

We shall now consider the integration of irrational functions. 


202. Integration by Rationalization. Some integrals involving 
radicals may be integrated, by reducing them to rational integrals 
by a change of variable. This is possible, however, in only a very 
limited number of cases. This process is sometimes called integra- 
tion by rationalization. 


p 
203. Integrals containing (az +b)". Such an integral may be 
rationalized by the substitution ax +b =z, 


2 
For example, take f mde , 
(22 4-3) 
2 
Assume 22-4 -3—2, 2273, ds E 
6 E “dz 
2 D 
bg vas ett c sf e-9u 
(22+ 9) 


FBE 87 82/2 Br 2 z--3) (827—18 24 81). 
=3(7 7 +92)= d Ge A +9)= EN $4-3)5(827—18 0481) 
283 
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Another example is eges . 
Va 4-1 
Assume MZ OM A OF, 
DO he 22 dz _ il 
Th 7 cde af Jd eii 
DNE JES Gaetan 


-3[5-5--«- loce) egt a4 2at — lon (ob - E 


2 £ i 
204. Integrals containing (ax +b), (av+b)*,---. In this case 
the integral is rationalized by the substitution ax+b=2", where 
n is the least common multiple of q, s, --., the denominators of the 
fractional exponents. 
Take, for example, i : Lenk =- 
(s — 23 4- (s — 2) 
Assume qi dr=6 de 


(a— 2)? = 2, (y — 2)5 = aA. 
da 6 2 dz 2? dz 
ee 2) ra Jere Ber 


= E z + log (2 + n|- 3(æ — 2)5 —6(s — 2)* + 6 log [(@—2)? +1] 


EXAMPLES 
p= Il 
1. |u- — a oe 
a 2V2—2+vV2 tan \ 7 


9. (ENGEL = Gai sco auc, a 


26 3 10 | 


d: 1 2 
p* Su: a 3622) — (322) + log (1 + 322) 


dl 


e 


L 
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ig Y 
4 Je REL y 12297 (253. dat 4 4 log (at 4-1). 
at part i 


L^. fi sr tet 
Gui) 24(4 y +1)? 


dw 2 
6 ee» Nafsaow/ SIE SE dL) 
dcr eem oU pr gl ) 


ay ul; 
Y. M EHE neis Slog (Qe: 
tå my a 2 2 4 


8. fever as CRED (15 ata? 12 abe +80). 
a 


1 i 
E f/f" = 280 itt stan Ger. 
(3x+1)' +4(37+ 1)” 


40. St uve — log (x + 3) —2VFtan dy ELL. 
a+; 


vii. "m (a — 2)da Be oat tog CL Ze DE ee 
| Cro SØ NR, .- 8 — (2x—3) 
a4 Q2-3)* 


19. f ESTE: BR 
Vet VG] 
=2V22+1-2V2-142V3 Shay lu pu i 


EL F ELLIAM — % 
OTS le 14 V8(cos s m 
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=2 a4 Flog (223 — 1) +5 log (at + 2) 


fva ai 


tant 


v2 


19M COR o 
jJ (225 —1)(a* +2) 


14, (SIGE _ ova FI + log (042 Va 1) 


(z-- 1) 1 A 
FE (1+vVx+1). 


205. Roots of Polynomials of Higher Degrees. — In the rationaliza- 
tion of irrational integrals we now pass from roots of binomials of 
the first degree to roots of polynomials of higher degrees. 

Here rationalization is limited to the square root of an expression 
of the second degree. 


206. Integrals containing Va?*+awx+b. This may be rational- 
ized by the substitution 


va? -- az 4- b —z— a. 


da 


For example, consider E, . 
eV — a +2 


If, following the method of the preceding articles, we assume 
va —mx-L2-z a—»-2-2, 


the expression for z, and consequently that for dz, in terms of z, 
will involve radicals. This difficulty is avoided by assuming 


Vi —e+2=2—2, —0+2=2%-—22x, 


cancelling x? in both members. 


2—2 dy m 2 z+ 2)dz 
22—1' væ? 


VE aque apes 
2z—1 
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\ 


Hence, 
2(2? — z -- 2)dz 
mc e aL Da lun va 
a va?—c--2 ee ete £$—2 X2 ~g4V/2 
22—1 22—1 
Substituting 2¿=V0—x+2+0x, 
Ji de vt 1 log Vf —24*2-ec—v2. 
eva -——z--2 23 Vir eee se 


207. Incegrals containing V — a?-F- ac +b. This may be rational- 
ized by the sabstitution 


V— a? 4-az + b= VH Yea a or =(8 + a)z, 


where « — x and B +v are the factors of — 2? + az + b. 
These factors will be real, unless V—a?*+ ax +b is imaginary for 
all values of a. 


Take, for example, == . 
aw 2 4- z — a? 


Assume  V2+2-*=V(Q2-0(1+%0)=(2— 0). 


22*—1 E 6zdz 
RL (2 +1) 


1+2=(2—2)2’, Ci 


3z 
vår —(2—9)09-—,1' 


Therefore, 


iff de laz, de ado 


avV2+x—a? 2-1" 2 “2av2+1 


m Bolt 
Substituting gm y pU", 


ik de M NOCHES E 
aV2-a—e@ v2 V24+2a+V2—a4 
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EXAMPLES 
14. f de Han EN A d 
ava+4x—d4 2 
no jeu. cre eror eS 
a? arva+4da 


La an 


2(n +1) 2(n — 1) 
(@+1)de —— qw 4i. mtem 
=2 tan” Se ane 
po: LEA Za— US Nace AS RUN SERE 


Va + a? eya 49 Diino 2m 

RE zT ] 

SEE AO ROA 
where 2=04+V +0, 


208. Integrable Cases: — The preceding articles include those 
forms of irrational integrals that can be rationalized. In general, 
integrals containing fractional powers of polynomials above the first 
degree — except the square root of polynomials of the second degree 
— cannot be rationalized, and cannot be integrated in terms of the 
elementary functions, that is, cannot be expressed in terms of alge- 
braic, exponential, logarithmic, trigonometric, or anti-trigonometri¢ 
functions. 
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Every integral may be regarded as defining a certain function. 
It has been shown in Art. 192 that if f(x) is any continuous func- 
tion of a, fr (x)dx is a function of x, which may be geometrically 


represented by an area bounded by the curve y=f(x); but this 
cannot always be expressed in terms of the elementary functions. 


CHAPTER XXIV 
TRIGONOMETRIC FORMS READILY INTEGRABLE 


209. It is to be noticed that any power of a trigonometric func- 
tion may be integrated by Formula I., when accompanied by its 
differential. 


Thus, 
; sin*a : costra 
f sivo eos x da = 3 cos” z sin «da = — A 
n+1 n+] 
tanti y cot"*? a 
fw c sec? v dz = , | cotracosectade= — A 
1 n+1 
sec"+ y 
fes sec æ tan z da = ; 
n+ 
n+l 
f ose a cosec c cot w dæ = — S 7 
n+1 


Having in mind these integrals, the student should readily under- 
stand the transformations in the following articles. 


210. To find f sin" de or f cos"adx. When n is an odd posi- 


tive integer, we may integrate as in the following examples: 


fs» ada = f si asin e dæ = fa — cos? x)? sin a de 


=fa —2 costa + costa) sin a da = — eos a + 2909 9 — OXT, 
270 
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Another example is 


_f cost? a de = {cost2 woos 2 ede = 5 f (1— sin? 2 2) cos 2.02 dx 


= 3(sin day zx = 


211. To find | sin” x cos” æde. When either m or n is an odd 


positive integer, this form may be integrated in the same manner as 
in the preceding article. For example, 


f si x cos? a da: = f sin: x cost z cos x da = | sintx(1— sin? x)? cose da 
sing 2sin’s , siny 
= f (int c — 2 sin "æ + sin? æ)cos æ de = 7, — X E 


Another example is 
alb 3 Leni e 3 NES c 
sin*zcos?zdz- | cos? æ sin? xsin de= | cos?a(1 — cos” o) sin xde 


3 3 
= f (coste—cost x) sin x de = — 2 cos? g + 2 cos zo 


5 9 
EXAMPLES 
5 7 
71. sin’ æ de = — cos æ + cost a — 1005 depen 
; 4 sinx 6sin?a 4sin’a , sin?g 
9 — a cats, feasts . 
Fr. feos? «da = sine 3 + 5 7 + 9 
vé. f sie 2 dv = —2 008% +5 eos — 2 cost. 


8 1 SE sin?  3sin!"$ , 3sin?$  sinP$. 
+ Ss eque figs das ls 
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6 8 
Ly ff simt 0002049 — 80778 — Sr. 


6. f (sintx + cost v) sin? cos? x dx 


eos , 4cos’a 6cos’a , coda 
3 3 5 7 i; 3 


A. f (eos? $ + sin? p) (cos? $ — sin? $) dø 


= sin? $ cos ¢ + cos? $ sin $ + : (sin? $ + cos’ q). 


+7 6 4 
L8. (eee costy | =e UE 7, S208 pen 


eos y 6 4 2 
| cos’ x de . 2 1 
LO. — = LE Y E 5 
19 f sin‘ a se ae sing 3 sing 


L10 (DEDUCI ERR 
vsiliz  — 3vsinc 


1. f Sio" € cos? z — cos" w sin? x) da * 
. Sin"z--cos"g  gin"*?g--cos"t?g 


qm 4-1 m+3 


1. Sin 2u+ cos 2 2) costa da = : (sin? a — cos’ x) + sin % cos? a. 


43. f sina asin’ ede tne _Ssin’e í 
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212. To find f a de, or Je cot" x dw. 


These forms can be readily integrated when n is any integer. 
ie tan” x dz = f tan"? y (sec? æ — 1) da 
za v sec? x da — f tan"? a dz 


urs =$ tan”? g da. 


Thus (tanta de is made to depend upon f tan”? y dz, and uiti 
mately, by successive reductions, upon f tan a da or f da. 


For example, Jj tan? z de = f tan’ x (sec? x — 1) de 


4 
= T M f x da. 


fita de = {tana ero — 1) de 


2 
EON log sec v. 
4 2 
Hence Ø(tantædz = ae — mm T + log sec g. 


Another example is 


5 
foo DUNE f cottx (cosec? x — 1) dx = — a e f ovv x de 


5 3 
=-A2_ (cot? (coses — 1) dao — 7975 9028. (cotta da 


5 3 
= — 2088 y cota y, f (coset —1) de = ~ z4 Z cot g— a. 
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213. To find j sec” yde or f: cosec"zdz. When n is an even 


positive integer, we may certo as follows: 
f sec? a da = ff (tan? a+1)? secta da = ll (tanta + 2 tan? z + 1)sec?z de 


tama 2taniz 
TAE: 


+ tan qa. 


Another example is 


J esee x de = { (cot? € 4-1) cosec? a da = — EL cot x. 


214. To find fe c sec” x da or f cot™ x cosec"ædæ. When n is 


an even positive integer, these forms may be integrated in the same 
manner as in the preceding article. For example, 


fe x secta da = f tan’ x (tan? a +1) sec? x de 


an? 1 
= f (tantz + tana) secta de = T as sm © 


When m is an odd positive integer, we may integrate as follows: 


jov w sec? x da = f tani æ sec? w seca tana de 
= f (sec? g —1)*sec? x sec g tana de 


= f Gee x—2 sec* a +sec? v) sec v tan v da 


Sec zz  2seo'r , secta 


T 5 3 


Another example is 


IE cosecóx dæ = | cot? x cosect w cosec x cota de 


cosec! a id cosec’ & 


= f (cosec® w — cosect w) cosec z cot de = — 7 5 
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EXAMPLES 
1 iani tan'r tan'z tanig 
a an’ x dæ = 7 ETE + 3 — tan g + a. 
2. cot o dx = -i cot 2 +5 cot! 2 — cot? 5 — log sin? 5. 


3. Psecoy dy= t tany 4 Stn y taniy + tang, 


5 
4. cose? Sande — 3 (SC 52 4 Sor sey cot? 3.2 + cot Sr) 


5. MC — tan x) sec? x tantx dx 


= 3 (tan? x — secta) + - (tan? a-- sec? x) + E (tan* x — sec’ æ). 


6. fe $ + tan? $)? d$ 


— P (tan q + seo? q) +E 2997 9 otn $4 


tan'z--1 ,. tando tanta 


tan c 4-1 5 


+ tan x + log cos c. 


8 peta au tana — 2 sec? 2 sec? a | OWN 
sec a+ tan x 3 


6 4 Z 
ec? x + sect x tan“ x 
9. Sec v sec Y a =e 


cone —cot? x + 3 log tana. 
an? w 


cosec® 0 + cot^ 0 qos A } 
. ((gosec 0 + cot 0 ¿y 2 (tan? 0 — sin? 6) + log (sin 0 tan 6). 
ño S cosec? 0 cot? 0 9 al an sin? 9) + log (sin 0 tan 0) 
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11. JS vee tan æ (V seč v— v tan’ a) da 


= 2 (tan? t— sec? x) + d (tan? e+ sec? a). 


12. f 6e x tan? y — tan"-' x sect x) dx 


Seo" y —tan"**y  2(sec"+?y4tan”+? o) 4 Sec" 2 — tan” w 
m 


y m + 4 m + 2 


A term sec” æ cosec*ada may be integrated, when m +n is 


sec v 


even, by substituting coseca = m 


tantx , 3tan’?x 
AY PA 


13. fse x cosec? æ dæ = 


14. S (secta — cosec? x)? da 


if 5 35v 
= spit CET —3tane— OT DATE: 


215. To find | sin”xcos”x dx by Multiple Angles. The integra- 


tion of this form, when either m or n is an odd positive integer, has 
been given in Art. 211. The following method is applicable when 
both m and n are even positive integers. 

By trigonometric transformation sin" æ cos” æ, when m and n are 
positive integers, can be expressed in 2 series of terms of the first 
degree, involving sines and cosines of multiples of a. 

If we use the method of Art. 211 for integrating terms with one 
odd exponent occurring during the process, the following formule 
for the double angle will be sufficient for the transformation of the 
terms with even exponents: 
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siu A cos A= 5 sin 2 A, 
M 1 
sin? A= 7 (1 — eos 2 A), 
2 il 
cos’ A = ¿e + cos 2 A). 
For example, required | sintxcos?x da. 
sintx cos? æ = (sin v cos x)? sin? x = sin? 2 x(1 — cos 2 c) 


— — ¿sin*2 w cos 2043 (1—cos 42). 


: in?j2v æ sindæ 
He f: or gere s _ sinter, 
nce sin* x cos* 2 da 48 LET: 64 


EXAMPLES 


ud. sint a da = ile —sin2a+ ma 3i 


-9. | costedxe= i = +sin2x + un iz y . 


; 1 sin 4 a 
13. 2 2y da=-—la— A 
sin? x cos? x dæ 1e 1 ) 


sin? 2 x 82% 


y 4, sntede = 3 (52—dsin 20-4 de 3 


ON 
sin 4 z )e 
gen 2) 
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L5. costar de = ic (52-44 sin 2a—S 22+ Sind). 
L6. sin‘ æ cost» da = gg (32 — gin pere 
4. cost sin? ada ¿(504 Sein! 22 — sin 44, S82). 
8. sina de = ¿(GEA sin 2 2--sin'2-- Esin 4a 


sin 8 x 
Pee 


CHAPTER XXV 
INTEGRATION BY PARTS. REDUCTION FORMULZE 
21G. Integration by Parts. From the differential of a product 


d(uv) =u dv + v du, 


we have wv = fe dv + f vdu. 


Hence few=w- POUR: GH it xo VOD 


This formula expresses a method of integration, which is called 
integration by parts. 
For example, let us apply it to 


fa log x du. 


Let u=logx, then dv=xwdx; 
whence du = ae and v= a. 
x 2 


Substituting in (1), we have 


2 2 
flog 2-2 da = log 2-5 — l2 EU E LP ESL EA 


x 0 
uv lorc. 
DDD 


^ 279 
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Integration by parts may be regarded as a process, which begins 
by integrating as if a certain factor were constant. 

Thus in (2), if in if log x-x dx we treat log x as if it were a con- 
stant factor, we obtain log x Z - From this we must subtract a 


new integral formed as indicated by the following connecting lines. 


2 
fe? x de = log x E eem 
2c 


This method of remembering the process may be found useful. 
Another example is fa cos x da. 
Assuming u = cos v, we have 
2 
fes mde — cose . Z f$ singdi). 

2 2 

As the new integral contains a higher power of æ than the original 
integral, nothing is gained by this application of the process. 

But if we take u — v, we find 


f 008 «de os sin 2 — sin x dæ 


= v sin + cos x. 
EXAMPLES 
4 
1. foras qo -1) 


az —Gr ax —ax T ax [Gr 
2. fc +e ) de == (e —e IE + e-*), 


3. Sansa 0083 2)de=(—3 + 5\sin 3a — (5+3)c0s32. 
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4. 


Or 


m 


-J 


oo 


e 


1 


11. 


12. 


13. 


14. 


. f@+t log (x + 3) dz = 


: f sect ¿og sin$ d$ — ($9 + tan $ Jlogsin pe 29. 


= 


2 


ICT sin? Jd» =F log 5 — 77280085 + 4 sin 5. 


dx = - 2 a phe ed — paz ed a 
; fz 1 dr=e E O e (e J 


fios + as (o fon (ax + b)— x. 


? log (s +3) - 5 2- 


A 
2 2 


3 


Jose 4,2 372 (logo —2)+ tan E 
Viv =2 3 3 2 


[28832 ae — — SEC +) + log 5 
(x 4- 1)? 4-2 


fi^ ? dx = vtan? — “log (a? + a?). 
a d 2 


3 
fot tana dar - tanta T + 7 


log (4-1) 
f si © dy = x sin E id qu 
a 


— ani 
fer- 1)sin-!z dx = (a? — x) sin~* a — CP. 
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EN j 
15. festen = s (E93 — cosa) + GE + Rt 


Y 2 
16. f «Getz — tana) de = æ tan? x +2- + log sec d. 


17. PEAD ae s - H og (e + 1). 
e e 
18. frog (a+ VæF a) dx = vlog (a + Va + a?) 


+ alog (a + Va? + a?) — a. 


In each of the following examples integration by parts must be 
applied successively. 


19. foem fases + 64 +3). 


20. f(e —eyaz =$ 520-1422 Qu 2041). 


21. fe (log x) da = a | dog gy — 2 log x ab = 

n n n? 

22. f#sinzedr=(22— S sin 24— (242 
sin 22 de [n à sin2z 2 n eos 2 a. 


23. f sonia da = ait (tan~ a)? — ztan-! a + : log (a? +1). 


24. f 918 6-7 1g — a) de == = log (e + a) log (e — a) 


2 PE 
E log (a + a) — C—O log (ea) HE 
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217. To find Jis sin ng dx, and f e” cos na de. 


Integrating by parts, with u = e”, 


É e C0S NTRA FO 
f sine de = ————+— | e*cosnadz, . . (1) 
n 


N 


Integrating the same, with u = sin ng, 


: e*sinnx m 
e” sin ng de = === | e*cosnada. . . . (2) 
a A, 


We see that (1) and (2) are two equations containing the two 
required integrals, f e” sin nz de and fe cosneda. Eliminating 
the latter, by multiplying (1) by n’, and (2) by a°, and adding, gives 


(a? + n?) | e” sin nz dx = e” (a sin nz — ncos ne); 


hence for sin ne do = TG sin te nen), 2 emanate) 


a? =e qm? 
Substituting this in (1) and transposing, gives 


a ez (an sin næ + a? cos næ 
2 f ecos nade = ( + acos na), 


7 


n (a? + n*)n 
hence Cee te deen EID Te E G.S M) c ee 
a? -- m 
EXAMPLES 


The student is advised to apply the process of Art. 217 to Exs. 
1-4. For the remaining examples he may substitute the values of 
a and n in (3) and (4). 


| ferina =£ sina — 5 cosa), 
34 

1 

| 

l 


fe cos nas EO sin 5s +3 00852). 
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e eta . 

| forsinado= RG sin x + cos 2), 

L 


—92z 
ues eos x dæ = = (sin x — 2 cos 2). 


ax 
3. fA sin az de = 2 (sin ax — cos ax). 
a 


ux 


fea cos gd K (2 sinz = 3 toss). 


e 


AS . sin2e+5cos2a 
e 13 e” i 


e 


f 2x 
1 S (G+ sin 22) (e + cos 2) da — Z+ E (sin a + 2e052) 


2 cosg 


+ (sin 22200522) == 


2x 2 T g7 1 
Ue e” cos $a de= - o sin Oa + con 6 a). 


oo 


i S@sin2esin3 ads f| sin + cose — FMI], 


2x 
9. me" cos a de = 7 [5a (sin x +2 cos x) — 4 sin x — 3 cos x]. 


218. Reduction Formule for Binomial Algebraic Integrals. These 
are formule by which the integral, 


fe (a + ba)? de, 


may be made to depend upon a similar integral, with either m or p 
numerically diminished. There are four such formule, as follows: 
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fr (a + ba")? de 
m—n+1 p+1 UT 
Ala UA na fer bau")? dx, . (A) 


(np + m +1)b (np + m+1)b 
fr (a + ba")? dx 


Eee OY A E) 


fe (a + ba”)? dx 
= a bat) pm DO (ymin (a + bar)? 
(m+1)a (m+ 1)a Sn kee RUNE 
S a" (a + ba")? de 


art (a ba? | np-4- n 4-m 4-1 ^ 
— "(a bays de, . (D 
n(p+1)a n(p+1)a ( ) (D) 


Formule (A) and (B) are used when the exponent to be reduced, 
m or p, is positive, (A) changing m into m — n, and (B) changing p 
into p — 1. 

Formule (C) and (D) are used when the exponent to be reduced, 
m or p, is negative, (C) changing into m+n, and (D) changing p 
into p 4- 1. 

If, in the application of one of these formule to a particular case, 
any denominator becomes zero, the formula is then inapplicable. 
For this reason, 


Formule (A) and (B) fail, when np+m+1=0. 
Formula (C) fails, when m+1=0. 
Formula (D) fails, when p+1=0, 


In these exceptional cases the required integral can be obtained 
without the use of reduction formule. 
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219. Derivation of Formula (A). Let us put for brevity 


X=a+ bx", dX-nba" da. 


Then fox dx = fa qn -n Xt X 
nb 


Integrating by parts with u=x"-"+!, we have 


m-n+ XPH ë m—n+if n 
q^ X? dz =~ LÅ am" Xr dy, n. . (1 
jt nb(p+1) nb(p+1) 0) 


Comparing the integrals in (1), we see that not only is m diminished 
by n, but p is increased by 1. 

In order that p may remain unchanged, further transformation is 
necessary. 

By substituting X**! = (a +ba") X?, 
the last integral may be separated into two. 


(eee de = a far xo da + b | x” X? da. 


Substituting this in (1) and freeing from fractions, 


nb(p +1) | xX? dz =a" "Xp 
— (m — n + D(a fax dæ +b | aX? do) 


Transposing the last integral to the first number, 
(np + m 4- 1) b. | 2” X? da = a" X? — (m —n +1) a fax dx, (2) 


which immediately gives (A). 
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220. Derivation of Formula (B). Integrating by parts with 
n= X”, we have 
gm etl gmt 


== ES ee, Xr- »n—1 
m --1 PE TEE d rra s 


fræ da = X? 


UA ARD 
m--1 m+1 


BUX) dat ee EU 


Comparing the integrals, we see that not only is p decreased by 1, 
but that m is increased by m. 
To avoid the change in m, substitute in the last integral of (1) 


ba^ = X—a. 


Also freeing from fractions, 
(m+ 1) farx» de = at! X? — np (fex dx — a fan xe? a). 
Transposing to the first member the last integral but one, 
(np+m + 1) fex dæ zm Xr + npa far Xe? qe m I 
which immediately gives (B). 


221. Derivation of Formula (C). This may be obtained from (2), 
Art. 219, by transposing the two integrals, and replacing throughout, 
m —n by m. This gives 


(m 4- 1) a fan X da = am X?» — (np + m +n 4- 1) b fani xr da, 
from which we obtain (C). 


222. Derivation of Formula (D). This may be obtained from (2), 
Art. 220, by transposing the two integrals, and replacing p —1 by p. 
This gives 


n(p+ 1a f 2X? de = — aq Xet + (np 4- 0 + m 4- 1) g^ Xr+ ga, 


from which we obtain (D). 


288 INTEGRAL CALCULUS 


EXAMPLES 
ade c x 
| (eee — x sina? : 
v a? — a? RI E i; a 


Here JA See — a?) 5 da. 


Apply (4), making 


m= 2, n=2, p--i, a=, b=—1. 


ed 2 3 a 1 Aat 

AG a^) + sin ay 
2. [Ve rmv +e loge + VEE 
2 2 1 


Apply (B), making 


m=0, n=2, »=> a=0, b=1, 


f (à has Serre f E 
d+ x i 


Y 2 
= HG pani 3 log(a + Va? + 2). 


3. J at: 
vea  2-w 24 y 
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Apply (C), making 


m=—3, n=2, p=—=, a=—a’, b=1. 


Lo) 


1 
fre — a’) "da- DU + a f aa? — a?) ~È de 


2 ax? 20% 
4 da Lm 1 d > ec-12 
v(a? — a’)? GN a 
Apply (D), making 
m= -— 1, n= 2, mo a= — a, b=1. 


9 


foe a-i de = — EE = EE. E f: aa? — a)-3dz 


l E seer? 


= (AA > A o CG 


ea d 4 
Gow drag xa sin. 
5. [Vida a2 Vea E sin? 


ALAE aces Us (ii cab 
e (FE Va tg ho ( ) 


i Lip PAG ey) 
7. f (e bas o 6 a — 2.0) va — a + SE sin = 


i ugue o log eee d 
8. f (9 as - Sas — a) —a +5 log (w + va? d. 
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4 
9. fava =a da =F (20a) Vea +5 sin? 
8 ES a 
10. f 99 xd ase 22a +a) VE FE log (w+ VÆ FE) 


ae 
ie a av a? — a? 


12. Derive the formula of reduction used in Case IV of Rationa 
Fractions. 


= al c DEN da 
(+a 2(»n—1)a ke Tay cc (ai? E 


13. Ege oou EN te 
Paa Z2awyg gg 2a’ a 


dx 20° —1 
4. = va? +1. 
1 Sr 3a? 


a? d 3 
15. f et g Van 8 +22 vers? 
V2 ax — a? a 
a? de x? da 
Write f: pd oi 2f and apply (A) twice. 
Tra Wi CPP ND 


16. f dv _ V2 aa— 2, 
Y gv 2aac—a ax 


17. Jv aa — a? de =” g Via sin-1* —9, 
a 


— a 


OF 2 


v2 dz et + S vergit 
2 a 
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Write f ax — a? da =fv a? — (x — a) de, and substitute 
in Ex. 5. 


18. J~ Zatan as? y az — a + vers, 
a 


19. fee. V2 ax — a? +a vers? 
a 


v2 ax — a? m m V2 ax — a? 
dæ 
21. — = 
jm 


V2 az —a? m —1 dæ 
(2m — jax” (2m — Da f mius vr ape 


20. f z" da = V2 as- | (2m—1)a er da 


22. fe~z ax — x’ dæ 


| (2 az — at) Emp e > 
ee ecco AID "Ty 2 ax — a? da. 


23. pl ax — a? da: 
q” 


Carey, pl faeces da. 
(Qum —8yaa* * E 3)a > 


— 


223. Trigonometric Reduction Formule.—The methods explained 
in Arts. 211, 214, are applicable only in certain cases. 
By means of the following formule, 


if; sin" z cos" x dz, S tan" æ sec" a dæ, and f cot™ x cosec” x da, 


may be obtained for all integral values of m and m, by successive 
reduction. 
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sin” y cos^*!a m—1 


sin”? x cos^ da. (1) 
m+n m+ ne 


far x cos" a dæ = — 


. sin™t! a cost) e n—1 ; a 
J sinn 2 008" PT EEA sin” w cos”? xda. . (2) 


f sin” z cos" z dx 


m+1 n+l . 
A Ll MR A diae POE (3) 


DUE Pl m+1 
IE x cos" x da 
ORE E mint sin™acos* ede. . Mu 
finado MTL m SIN"? da MO) 
m m 
f costa de= secos Ta pz feos 7002, ER TE 


tan" v sec” a 
n m-2 n 
f vsec” x da = Pere] * s (tan x sec” x dæ. (T) 


jy cot” y cosec” a da: 


cot” 1x cosec” w 


n—2 
f x da = 2 a ma IE ni f Sect an. a a a ween eNO) 
n— —1 ; 
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n—2 
f cosec" a dx = — 90890" cote | n =f cosecr-a doc (10) 
n—1 n— 


n-1 
ftant ade = S22 E ee POO, se. st code DA 0080) 


n 


n—1 
fon ede =— 8872 f oota az. Sarre LO) 


n — 


224. Derivation of the Preceding Formule. — To derive (1), we 
integrate by parts with u = sin". 


E sin?-1g cos”! a = : 
IE LCOS. do = — —— ms m—1 sin”? æ cos”? da. 
n+1 n+1 


fein x cos"t? æ da = 15 € cos" z da: — f sinna cos” æ dæ. 


Substituting this in the preceding equation, and freeing from 
fractions, we have 


(m+ n) $ sin” x cos” æ da 
= — sin”! cos” æ + (m — 1) f sina cos" x da, 


which gives (1). 

To derive (2), integrate by parts with u = cos”! z, and proceed as 
in the derivation of (1). 

Formula (3) may be derived from (1) by transposing the integrals, 
and replacing m — 2 by m. 

Formula (4) may be derived from (2) by transposing the integrals, . 
and replacing » — 2 by n. 

To derive (5), make n=0 in (1); and to derive (6), make m — 0 
in (2). 

The derivation of (7), (8), (9), and (10) is left to the student. We 
have already derived (11) and (12) in Art. 212. 
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EXAMPLES 


1. sin? æ da = — 


2 


cosx/sin'a , 5 
( 16 


t» 


Sy de — 0939 aL 3 31 dano, 
fomno ej A en Oe D 


IE sin x 3l 5 5 
: fs dud 2 cos? x Sonn IO CSS UMS 


+ LA. (see x + tan v). 


3 agitat sina) +7 


16 
4. fos daz sia 2 (cos a+ “cos! a+ SS e+ Poos o) + d 
5. f s» a cos? z dx = XU eke 22 s 2 a E E 
e fitu tries tens flog tang 


7 f da E il a 5 E 
i sin‘ æcos? x cos xi3sintx Ssing 2 


+ : log (sec a + tan 2). 


oo 


3 
: fms sec? x da = (Poe tana sec? a + sec v tan e 
6 Se), 16 


JP ES log (sec x + tan g). 


16 


9 for a cosec? q da; — COEL cosec w ts cosectæ , cosec? a 


2 3 12 


1 
— —log tans 


16 


+ 


1 


5) 


8 


CHAPTER XXVI 
INTEGRATION BY SUBSTITUTION 


225. The substitution of a new variable has been used in Chapter 
XXIII, for the rationalization of certain irrational integrals. We 
shall consider in this chapter some other cases where, by a change 
of variable, a given integral may be made to depend upon a new 
integral of simpler form. 

We shall first consider some substitutions applicable to integrals 
of algebraie functions, and afterward those applieable to integrals 
of trigonometric functions. 


226. Integrals of form f: f (a?)« dx, containing (a+ bx). One of 


the most obvious substitutions, when applicable, is 2? =z. 


By this, any integral of the form f. T 
; : 1 
is changed into ABO dz. 


Integrals containing (a + ba?)s are often of this form. 


3 
Take for example f 
V1—2? 


By the substitution a cse, 
dr d 2 dz 


Vi-w 2) Vi-z 


This is of the form of Art. 203, and is rationalized by putting 


1—2-2w* 
295 - 
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The two substitutions in succession are equivalent to the single 
substitution 1—2a?2w. 
Applying this to the given integral, 


a4=1—uw, xvdg=— wdw. 


oe = AS faw 


vl—a 
=—(w—$)=— 38 00) =- E een 
SS 
EXAMPLES 


2. fre — a?)5 dz: = a6 at — aa? — 5at)(a? — a8, 


da Ve eo a a? 
3: == REI AAA =z lo pa LS 
avVa + a? "nog Vite tra 24 (Va? + a? +a) 
cq em da 
a Va + a? +a 
Aon 3r? 4-1 a? 
me T 1541 FORE] 


5. pede? ds Dic 31 223 al 
E s 198 (V8 =a + 1) - log (V3 — 9 —3). 


227. Integration of Expressions containing Va? — à? or Va? + a’, 
by a Trigonometric Substitution. Frequently the shortest method of 
treating such integrals is to change the variable as follows: 


INTEGRATION BY SUBSTITUTION 
For va? —2?, let x —asinÓ or z—acos6. 
For Væ +a, let x=atan6é or w= acot ð. 


For va? —a?, let x=asec@ or x=acosecd. 


For example, find fe de 
(ear 


Let x = asin 6, de = a cos 606, 


a? — a? = a? — a? sin? ð = a? cos? 0. 


sf = s cos 0 dø => 2007. — ang ec ap 
(a? — ES 3 a? cos? 0 cosh ad qug d 


da 


Take for another example f ——————* 
E av x? + a? 


Let x = a tan 6. 
f da a a sec? 0 d fas um =i (4 
eVe + a? ~ J atan6-a secó tan 0 sin 6 


v a? + aa 
x 


= * log (cosec 0 — cot 0) = “log 


TONERS 
Again, find f= da 
Let x= asec 0. 


PEL (atm tuse nO a (tan? 940 
x 


asec 0 


=a f eco — 1)d6 = a (tan 0 — 6) 


= V2? — a? — asec"! — 
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EXAMPLES 


ci mers 
1 [VERB an =F V — +S sin. 


2 fec Ere, 
eV a? + a? aa 

3 BeOS lop (e+ Va) 
(4 vdd c Mates 

& f= ER 
oJ Va 3 a 


e 


RO T E 
SE a-- Va + a? rar + log (14 Va + a? 4 a. 


MERE (an? 
8 Janae E Salat 


ft Es 
ata? +1 3a? 


3 


o 


(yes da -J2 x1 = de= Ve —1-log (e+ VED): 


de mc] 

9. E 
Jemen NzF1 
w. fagam Ni 


dæ 
i: ee Gee incus ca ee 
Va + + sin oa 
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For V3+20—22=V4-(a-1) letz—1-28sin6. 


12. if; E puni N om 
(242043) 2Væ7+27+3 


For Ve+22+3=V(0+1D+2, letz--1--V2tan 6. 


13. f eE a 
^3 avyvl2ar— e? 


(2 ax — x°)? 


14. ¡EZ do=VW(2+5)/(2+3)+2l0g (Va 4- 5 4- Vx +3). 


15. 4i ada E pa 00 
n Pm d S 


228. Substitutions for the Integration of Trigonometric Functions. 
A trigonometric function can often be integrated by transforming it, 
by a change of variable, into an algebraic function. For this purpose 


two methods of substitution may be used, as shown in the two follow- 
ing articles. 


229. Substitution, sinx=2,cosu=2, or tanx=2. 


Consider, for example, f sin x cos z dæ 
1—sin w+ cos? 


dz : 
Vu 


f sing cos de  — 2V1—2 E 2 de 
1— sing + cos’ x 1—2+1—2 EET 2—2—2 


e ede m wr 1 
(2+2)(1—2) 2+ NES 14 


Let sing=z, then v= sinz, dx= 


2: — Flog (2+ )-3 log (1—2)— => log [(2 + sin (1 — sin 2)]. 
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EXAMPLES 


de 1 bM m 
Enc = qan s 
! jl a+b*tan?a a?—b? L "AE C = jj 


sf TE =5+ +5 log (sin x + cos c). 


3 paz lo 1— sing 1 logit V2 sine 
RY sinde 8 8 + sing 4>/2 1— v2snz 
Let 
date TT: sin æ (1+ cosg 
4. faz BIG ES ED Let 
sing+sin2a 3 Hs (1 +2 cos x)? e 
5. [PEERS au 32 — Flog (sino +2 cosa). 
sin 2 + 2 cos ax B x5 
Let 
tan æ "yd da 1 jog tane— v8 
tan o% /3 tana+/3 


sin x= 2. 
eos t= 2. 
tang=z. 


7. Show, by transforming into algebraic functions, that only one of 
the following integrals can be expressed in terms of the elementary 


functions. (See Art. 208.) 


fv tan x da Ej: dz , where z-—tanza. 


142? 


V2 dz 
ip sinc dx = ik LUE ; where z-— sing, 


VS VE 
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230. The Rational Substitution, tan 27^ By this substitution, 


sin x, cos x, tan z, and dx are expressed rationally in terms of z. For 
2 tan * 
sin x= 2 == 22 5 
1+ tan? ? 142 
2 
1— tan? 
pr CA cet 
cos v= MENOS 
1+ tan? T Dess 
2tan? 
t 2 22 
anao = = . 
1— tan?? 1-2 
2 
From “tan tz de= zar 
2 1-2 


it follows that the integral of any trigonometric function of z, 
not containing radicals, may be made to depend upon the integral 
of a rational function of z, and can therefore be expressed in terms 


of elementary functions of a. 


Applying the substitution of the 


231. To find f 
a+bsina 


preceding article, tan 27 2, 


24 
e rn uie 
a+bsine — Pee ie a(l +2) +2 da 
1 +2? 


x ip 2 adz x 2 adz 1 
aa? 2 abz + a? (az 4- by! + a? — 9? 
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If a > b, numerically, 

P atan s + b 

==: IE AEO MU. LT . 
a+bsinz /q?—}? Vai — b P E. =P EVE 


If a<b, numerically, 
f da: ej 2a dz E il log 5 — VU = @ 
a+bsinz (az +b —(bP—a?) Ba? ar +b+V0—a 


4 a tans +b- vbi a 

AE ———————É—.. 
2 2 <= 

vi —a atang F0 -F Vdr — a? 


232. To find f — 7 — 
+ bcos æ 
2 dz 
f da x 142 2 dz 
a -- becos c ay 9 — 7) =D (a—b)#+a+b 
14 2 
E 2 dz 
a—b gat abd 
a—b 


If a> b, numerically, 


f zu TU OP es RV en 
= an 
a+bcosx a—b Ya+b Va+b 


= 2 — tan (4/4 =u tan c 2 
a/a? — b? a+b 2 


INTEGRATION BY SUBSTITUTION 


If a< b, numerically, 


it de _ A 2 fT 
a+bcose X b—aJ, b+a 


b—a 
Es AT log 2V9—4—Vb+a 
Vb? — a? 2Vb—a+vVb4-a4 


1 b—atan5+Vb+a 


See ap. cum 
Vb—atan5—Vb+a 


EXAMPLES 
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Integrate the following functions by means of the rational sub- 
stitution. 


1. fS =3tan” 2tan 2). 
b-—ocosm 2 2 


1 lo tanz-4-2— V3 


2. fica E 
1+2sin2x 243  tanz--24- V8 


3tan*+2 


tan 


) 5sinx+12cosx 13 eg S a 
2 


af 


btan” — a+ Va? +b? 
dæ 1 "2 " 


asins-Lbems Va pH tan? a Vea 
2 


x 


tan 


d: (eer ES - a 
1 + tan - 
3F ans 
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d tan 51 
a 
. | —— > = tan” y 
$ a x 2 
tan? 
de 1 3 an +1 
ee 
5 + 7 sin x — cos € mm 
q — = = tån 3— ——__— 1 1+ tant). 
: oras 22 1+tan E os i an 2) 


233. Miscellaneous Substitutions. Various substitutions applicable . 
to certain cases will be suggested by experience. 


The reciprocal substitution, x= : ,may be mentioned as simplify- 


ing many integrals. 
EXAMPLES 


Apply the reciprocal substitution z = L to Exs. 1-6. 
z 


3 aa? 
f dæ "s Va + a? 
eva + a? ax 


x 


da il 
4. =>: —2—. 
avia a A+ J/g? ia 


5. [fy a 
at 8 at 
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6. f Í]-—— — = sin”! e—1 . 
1V 87 +27—1 3æ 


ado E 8 6 
(242) 3(2+ DET (v +27 Fo 


233 + log (7 +2). 
Let c 4-2-— z. 


8. Jf e 96 + odo FEDT + (a ye orn. 


Let x+b =z. 
9 de de LEN Phe. ade] 
: a(a+ba)?  a'|2(a--bxy  a--bw Been 
Let a+ bx = xz. 
fan (era 1 7 Sina — sina log tan. Let x+a=2z. 
p " bor Le d 32€ 41 
11. j- aa te log Ve” + e + 1 — — tan FE 
e - e + er 8 RB Es 
Let e* — 2. 
Le: 9 — "de — V(a— «(b + a+ (a+ b) sin-t4 Zt. 
DE a+b 


Substitute b --z —2?, and the integral takes the form of Ex. 5, 
p. 289. 


13. INST 
= V(@+a)(@+ b)+(a—b)log(Vx+a+ Va +6). 


Substitute + b=2?, and the integral takes the form of Ex. 2, 
p. 288. 


CHAPTER XXVII 
INTEGRATION AS A SUMMATION. DEFINITE INTEGRAL 


234. Integral the Limit of aSum. An integral may be regarded 
and defined as the limit of a sum of a series of terms, and it is in 
this form that integration is most readily applied to practical 
problems. 


235. Area of curve the limit of a sum of rectangles. Let it be re 
quired to find the area PABQ included between the given curve OS 
the axis of X, and the ordi- 
nates AP and BQ. 

Let y=w% be the equa- 
tion of the given curve. 

Let OA — a, and OB =b. 

Suppose AB divided into 
n equal parts (in the figure, 
n — 6), and let Ax denote 
one of the equal parts, AA), 
npe 

Then AB=b—a=nAx. O A 

At A, A, =, draw the 
ordinates A,P,, 4P» --., and complete the rectangles PA, PA; +++ 

From the equation of the curve y= a, 


PA — ài, P,A, = (a+ Az)}, P,A, — (a+ 2A2)?, +, QB— b. 
Area of rectangle PA, — PA x AA, — a Ar. 
Area of rectangle P,A,= P,A, x 4,4, = (a + Av)? Ax. 
Area of USES AC = PA, ADA, = e + d Az. 


»|--------—------L 


CA AO = ES SIE 


1 Az 


mx of Lorem TB PA, X Vi b= (b— Ax)? Aq. 
306 


INTEGRATION AS A SUMMATION. 307 


The sum of all the n rectangles is 
a? Ax + (a+ Aa)? Az + (a * 2 Ax)? Az + ++ + (b — Aa) Az, 
which mar be represented by E a Aq, 


where a? Ax represents each term of the series, x taking in succes- 
sion the values a, a+ Av, a 4- 2 Az, ---, b — Aa. 

It is evident that the area PABQ is the limit of the sum of the 
rectangles, as n increases, and Az decreases. 


b 
That 1s, Area PABQ — Lim,, , BE a? Ax. 


236. Definite Integral. From the preceding article 
Y a Aa =a? Ax 4- (a + INDE Ac +(a+2 Ax)? Ax + ---4-(b — Aa)! Aa, 
The limit of this sum, as Aw approaches zero, is denoted by 
ig dz. That is, by definition, 


by ; Vos 
ii $3 dx = Lim ,, 5 m x? Az. 
a 


a 
fa da is called the definite integral, from a to b, of a? do, 
“tt is to be noticed that a new definition is thus given to the sym- 
bol f , which has been previously defined as an anti-differential. 


The relation between these two definitions will be shown in the fol- 
lowing article. 


b 
237. Evaluation of the Definite Integral f aida. This is effected 


by finding a function whose derivative is a, 
HA 2^ 
a 
TNG 


By the definition of derivative, Art. 15, 
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Hence 


where e is a quantity that vanishes with Ax. 


a 
Hence 2G Ac DE A Aa + e Aa. 


Substituting in this equation successively for a, 


a, a+Ax, a+2 Aa, ---,b— Az, 


2 3 2oi 

5 (a+ 40) — E = al Ae +a Aa, 

2 102 BM 3 

30+ 2 Ax) Po OPADE E O A 


3(a+3Ax)!—2(a+2A2)! = (a +2 A2)! Atte Ax, 


e Xs 50 = Ao) =(b — Ax) Ax + e, Ac. 


Adding and cancelling terms in the first members, 
i i 
E = d = a? Ar +(a+ An) Aa +(a+2 Aa Aa fo +(6— Ax)? Ax 


+ « Ax +e Az + e AX + - +e, Ax 


=J aar+ ean. . lw IX MN uo 


Comparing with the figure, Art. 235, y x? Ax, as we have before 
seen, represents the sum of the lts and pa e Ax represents 


the sum of the triangular-shaped areas between these rectangles and 
the curve. 


The latter sum approaches the limit zero, as Ax approaches zero. 
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For if e, is the greatest of the quantities «, e; ++ e, it follows that 
b b 
>, EAE EI Ax, 
i b 
that is, > c Ax < e(b — a). 


As e, vanishes with Az, 
b 
Lim, >, e Az — 0. 


Taking the limit of (1), 


mp Dapre b 
T Lim ao 2, ad Ax, 
; by 2b? 29 
that is, Í el da — 277 — 24 — Area PABQ. 


b i ; 
Thus the value of f a? de is found from the integral 


by substituting for x, 6 and a in succession, thus giving 


20$ 2a 
3 3 


The process may be expressed 


3 
ff alae ES 2 a? 
a 3 


This is called integrating between limits, the initial value a of the 
variable being the lower limit, and the final value b the upper limit 
In contradistinction 


is called the indefinite integral of aid. 
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238. General Definition of Definite Integral... In general if f(x) is a 
given function of æ which is continuous from a to b, inclusive, the 
definite integral 


Ss (x) de =Limar=o KOS + f (a + Az)A« + f (a + 2 Ax)Ax 
+. +f an)ae | 
If I (2) de =F (x), the indefinite integral, 


J [@de=FO-FO. /3 na iret Se 


This may be illustrated by the area bounded by a curve as in Art. 
235, by supposing y = f (x) to be the equation of the curve OS. 
The proof of Art. 237 may be similarly generalized by substitut- 
3 


ing f(x) for at, and F(x) for 2 . 
o b 
Geometrically the definite integral ER J(x)dæ denotes the area 


swept over by the ordinate of a point of the curve y=.f(w), as æ 
varies from a to b, 


It is to be noticed that in Art. 192, by a somewhat different course 
of reasoning, we have arrived at the same result, 
Area PABQ = F(b) — F(a). 


239. Constant of Integration. It is to be noticed that the arbitrary 


constant C in the indefinite integral disappears in the definite 
integral. 


b 
Thus, if in evaluating f ai dx, we take for the indefinite integral 


3 
uta 24 C, 


3 
3 8 i 
we find Sar?” o- QE 4 0) a2 2a 
Or if ff 9as— FG) +0, 


f feas - FO - C- [Fa  C)- F0) — FQ). 
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EXAMPLES 
1. Compute X Aw for different values of Ag. 
When Az — .2, 
Y eas = (14i hoe ro 
+18°)(.2) = 2.04. 
When Av=.1, 
Y saa (135.1 + (EX genis a9 0 
+ 1.95) (.1) = 2.18. 


2 
When Az =.05, > a*Aa = 2.26. 
1 


" 2 2 ID 
Limao >, x? Ax -f a? da == 
1 1 9 [1 


8—1 
= — = 2.33. 
3 


Cure OS yv. 04A=1/0B=2: 
Area PABQ = 2.33 square units. 


2. Compute n 27 for different values of Az, 


When Av=1, Y| |R 
s e +5+ 5) (1) = 1.833, 
12x 
When Av=5, 325.195. 
P 
na a S = 1406 2 
When w=1, >) l . n BX 
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4 4 
ERE >= Ax _ de _ = log % 


OA=1, OB=4. Area PABQ=1.386 square 


“= log 4 — log 1 = log 4 = 1.386. 


Curve RQ, y= E 
units. 


3. Compute $ x Ax, when Av=1; when Ax=.5; when Av — 2. 
Es 18; 19; 19.6. 


Find Lim,,-o >» € Aw. Ans. 20. 
3 


` 4. Compute 5 when Av=.2; when Az—.1;. when 
o1+a? E vA 
Ag = .05. Ans.” .8985 4.8105 5199 
Ans. T> 785, 
: 4 


Find Lim,. Y 1 ES 
m 


5. Compute SB "ie Zov Av, when Axz—1; when Az—.5; when 
IND uS An 3.121; 3.150; 3.161 


Find Lim, >o log,xAx. Ans. 13 log 13—3 logye—10=3.177. 
10 


3 
6. Compute >, tan $ Ad, when Ad =5°= 35 when Ab = v when 
Ap= i 
= ET Ans. .316; .328; .340. 


3 
Find Lim, > tan $ Ad. Ans. log, V2 = .346. 
7 


i f, e rods 15. sf re tm 

3 6 5 Vær 144 
So (ee =3 10. (Fo HE eae 
01g —cvc--1 3-3 
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8 
13. d E 7 
ji V (x — 2)(8 — a) 14. If sin’ de => 


T 
4 


15. in*8gg — 7. 1, 
: JS sintoas 1278 16. ff ve'2009=2 Tv 


a 
12 


17. f s28- cosas, T 
cos 0 — cos a doas ut 


2 3 
18. E UE 
error ae 91082 


»1 
19. de ox! 
J, 14-2z 4-22? + 2a? + of 1108 (2 e). 


rae) 


20. Fee 
0 
2a 
21. y z log (e +a) dz — IF log (3 a) E 


4 a 
22. 4E tanda = mr — log 4. 
0 4 


b a? da RE jl T tan a a 
a (a+ a?) (a? + b?) ERU z) 


By (5) and (6), Art. 223, we find 


T T 
2 2 
. mat > 
Jj sin” æ de = nf sin”? y da, 
0 N 0 
7T 


p OSS 1 n—2 
eos" x dx = eos" x dx; 
0 n 0 


from which derive the following results: 
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24. If nis even, 


mm m 


J sinodo f costado = ELE n—1r, 
o < © 2.4.6..." 2 


25. If n is odd, 


T 


TE ; He e 2.4.6---(n — 1) 
sin” g dæ= | costadx= . 
0 0 3:5. Tn 
240. Sign of Definite Integral. In considering the definite inte- 
b 
gral S f (x)dx, we have supposed a< b, and f (x) to be positive be- 


tween the limits a and b. ^ 
If f(x) is negative from x= a to x=), p f (x) Av, being the sum 


of a series of negative terms, is negative, and consequently 
"b 

J f (2) dx is negative. 
T b 
If f(x) changes sign between z—a and vad, f f) dæ is the 


algebraie sum of a positive and a negative quantity. 


For example, f * cosa dis = 1 =area AOB. 


9r 
2 


f cos «dx = — 2 = area BCD. 


9 
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3n 
2 
Ji cos x dæ = — 1 = 1 — 2. 
0 
2r 
df cos x dz =0=1—2 +1. 
The change of sign resulting from a < b is considered in Art. 243. 


241. Infinite Limits. In the definition of a definite integral the 
limits have been assumed to be finite. When one of the limits is 
infinite, the expression may be thus defined : 


Ji “f(@)de = lim, ik f (2) da. 


For example, consider Ex. 12, p. 312, 


2380 de 8 a? dx : a5 
1 [ORE 2 == Lun e f, rag mes (4 a'tan of eae 


Referring to Art. 126, we find the geometrical interpretation of 
this result. 

The area included between the curve, the axes of X and Y, anda 
variable ordinate, approaches the limit 27a’, as the distance of the 
ordinate is indefinitely increased. 


Applying the same process to f g we find 
1 2% 


b A, 
Lim, = Lim, logb=a. 
1 4 


In this case there is no limit, and the expression S dx has no 
meaning. 1 V 
242. Infinite Values of f(x). In the definition of fo F(X) da, f (a) 


is assumed to be a continuous function from z-a to »=b. If 
f(x) is continuous for all values from a to b except v — a, where it 
is infinite, the definite integral may be defined thus: 


Sr dx = Limo { f (7) dx. 
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If f (b) = co, f (v) being continuous for other values of 2, 
IO dx = Lim, | f» de. 
For example, consider Ex. 9, p. 312, 
[s 
Ven 


Here 0, when y — a. 


a? — y 
Hence i 
2 dy dy (s 1a@—h r 
= Lim,- S hsm = 
a Vai — y? da Vai — y? Lr a 6 


Another example is Ex. 13, p. 313, 


=> 
? (02861) 


Her — t o», when x= 2, and also when « —3. 


e 
V (e — 2)(8 — 2) 


fe im, ("2 — 
2 \/(«— 2) (3 —2) 2 (2 — 2)(8 — a) 


Hence 


. . 3h . . 
=Limposin1(29—5) | "= Lime [sin (1— 24) — sin? (14-210) 
= sin !1—sin?(—1)- m. 


If f(@) is infinite for some value c between a and b, and is con- 
tinuous for other values, the definite integral should be separated 
into two. 


fred. (reas e f Fade. See Art. 243. 


These new definite integrals may be treated as already explained. 
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EXAMPLES 
1. fam 9. JS aoa = 
o +a? :4 o (à +a 2ab(a- b) 


>. d» de jl 
3. a Slog (2 Lv 8). 4. ee 21002 
J. ei | gl ) M x(1+a*) 2 os 


243. Change of Limits. The sign of a definite integral is changed 
by the transposition of the limits, 


[1@ @w=-[7@ ds. 


This is evident from (1), Art. 238, and also from the definition. 
For if x varies from b to a, the sign of Az is opposite to that where æ 
varies from a to b. Hence the signs of all the terms of D f (2) Ax 
will be changed, if the limits a and 5 are transposed. 


to Ar=-— Sf) Az; 


Honce f "f (2) da = — {i f (2) da. 


A definite integral may be separated into two or more definite 
integrals by the relation, 


b c b 
| f 79 d= f f (2) de +f TO de. 
This follows directly from the definition. 


244. Change of Limits for a Change of Variable. ' When a new 
variable is used in obtaining the indefinite integral, we may avoid 
returning to the original variable, by changing the limits to corre- 
spond with the new variable. 

For example, to evaluate 


fe de assume Va=2, 
01+Va 
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dr _22dz 


Then we have LE 
1+ Va 1+2 


Now when x = 4, z=2; and when x=0, 2=0, 


da ?2 2 dz 
Hence f = =2[z—log(1+2 
eee ee 111 
EXAMPLES 
2 i É 
1. fre verias- 2. Let «+2=2% 
8 3n+5 
2. SNAG > ——— ee —2=2. 
fe Y x de ES Ea Let «—2=2 
2 = 
gu 2 G+ 8) Let. a?4-1 — 2 
o (2? + 1)3 8 
4. "Vias 2 rra? 3 
2000 de = É 1^ Let x—a=asin0, 


Dn -pogceu m . 
b _ A j3áéá_— 

6. J V@=O0-H n=" (b— ay. Let x= acos? o +b sin? y. 
a 2 3 2 ` 

7 f, -a ae Let «-—2a sin? ð. 


e» 


f. sva dae CE ijo Let x=asin@ 


2 
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245. Definite Integral asa Sum. In the application of integration 

it is often convenient, in forming the definite integral from the data 
b 

of the problem, to regard f f (a) dx as the sum of an infinite number 


of infinitely small terms, f(#)dw being called an element of the 
required definite integral. 
From this point of view, 


fro de =f (a) da 4- f (a + da) de -- f (a -- 2 da) det + + f (b) de. 


This may be regarded as an abbreviation of the definition of a 
definite integral given in Art. 238. 


CHAPTER XXVIII 


APPLICATION OF INTEGRATION TO PLANE CURVES. 
APPLICATION TO CERTAIN VOLUMES 


246. Areas of Curves. Rectangular Coordinates. We have already 
used this problem as an illustration of a definite integral. We will 
now consider it more generally, and derive the formula for the area 
in rectangular coórdinates. 


247. To find the area between a given curve, the axis of X, and two 
given ordinates AP and BQ; that is, to find the area generated by the 
ordinate moving from AP to 
BQ.. 

Let OA=a, OB=b. 

Let w and y be the coördi- 
nates of any point P, of the 
curve; then 


v+ Ao, y+ Ay, 
will be the coórdinates of P}. 


The area of the rectangle 
P,A,A, 15 


P,A, X A, A, =Y Ax. O A A; Az As 


| 
| 
| 
I 
| 
I 
| 
| 
A 


The sum of all the rectangles PAA, P,A,A,, P,A,A;, ++, may be 
represented by > E Az, 


The required area PQBA is the limit of the sum of the rectangles, 
as Ac is indefinitely diminished. That is 


b 
af y de, 


* By Art. 245, one readily sees that this rectangle represents an element of area. 
320 
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the lower limit a= OA, being the initial value of v, and the upper 
limit b = OB, the final value of a. 

Similarly the area between the curve, the axis of Y, and two 
given abscissas, GP and HQ, is 


h 
MEN x dy, 


the limits of integration being the initial and final values of y, 
g—OG, and h=OH8. 


EXAMPLES 


1. Find the area between the parabola y?— 4 «x and the axis of 
X, from the origin to the ordinate at the point (A, k). 


h d 
Here A= | ydz— | 2a*x* de 
o f Y FA 


3f 
A cda hs 


0 3 


i 
EE TALL 
3 


Since 4?=4 ah, k=2a*h?, which 
gives 
P p 
A==h2a*h? == 
SI 


aes : OMPN. 


2. Find the area of the ellipse 


1 Y 
B 
Area BOA 
"efe (ON 
0 («70 
aee C anc SÅ 
ore 2 a |o 
LI 


* In finding areas, after the element of area and the limits of integration are . 
chosen, the problem reduces to the evaluation of a definite integral. 
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The entire area = rab. A 
Or we may integrate by letting « = a sin ¢. 


a SR 3 2 2 
Then i Vai— Fda =a (eode T f A +082 4) d$— TT. 
0 0 0 


Ares BOA- D. Za Tab, 
a 


3. Find the area included between the parabola 2? = 4 ay, and the 


3 
witch y = He" Ans. (2 T— 3) a’. 


Having found the point of intersection P, (2 a, a), we proceed as 
follows: 


Area AOP — AOMP — OMP 


£4 * [Ns 8 ade ez . 208 
== — — = TÅ" — — + * 
0 ea EE o 4a 3 


Area between two curves = (2 T— 3" 


4. Find the area of the parabola 
(y — 5) 282 — 2), 
on the right of the axis of Y. Ans. 102. 


* Length of element of area is the y of the witch minus the y of the parabola. 
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5. Show that the area of a sector of the equilateral hyperbola 
x? — y? =a’, included between the axis of X and a diameter through 


2 
the point (z, y) of the curve, is 5 log ery, 
a 


6. Find the entire area within the curve (Art. 133) (2) + Bj =1. 
a 


Ans. a aab. 


7. Find the entire area within the hypocycloid (Art. 132) 


2 
a+ yi= a’. Let x=asin® $. Ans. = . 
8. Find the entire area between the cissoid (Art. 125) c a » 

a — 
and the line x= 2a, its asymptote. Ans. 37a’. 


9. Find the area of one loop of the curve (Art. 134) a*y? = aa" — a. 


Ans za 


8 

T RE TVN 

Also from t=, to =a. Ans. aa 3 Ja: 

10. Find the area of the evolute of the ellipse (Art. 167) 

(ax)? + (by)$— (a? ont, Ans. ZA 
a 


11. What is the ratio between a and b, when the areas of the 
ellipse and its evolute are equal? 


Ans, S5 VOE V2 21, 
12. Find the area included between the parabolas 


y=0ax and a*!-—by. Ans. —. 
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13. Find the area included between the parabola 
y =2% and the circle y=4x—«u. Ans. 2 (- — 5 


14. Find the area included between the parabola 
y?=4aa, and its evolute (Art. 167) 27 ay? = 4 (x — 2 ay. 
952 Ve 
Ans. TER 


Parametric Equations. Instead of a single equation between w and y 
for the equation of a curve, the relation between x and y may be ex- 
pressed by means of a third variable. Thus the equations 


aero Binh dd. SAA (1) 
represent a circle; for if we eliminate ¢ from (1) we have 
a? + y? = a? (sin? $ + cos? $) =a’. 


Equations (1) are called the parametric equations of the circle, and 
the third variable ¢ is called the parameter. 


The formula A xj dx is applied to (1) by substituting 
y=acos¢?, dx =q cos ġ de. 


For a quadrant of the circle 


a 2 
iel ydo — | atcostg dg — 77. 
vo 0 4 


15. Find the area of one arch of the cycloid (Art. 284) 
x —a($ — sin $) y =a (1 — cos q). Ans. 3 7a’. 


JE 


16. The parametric equations of the trochoid, described by a point 
at distance b from the centre of a circle, radius a, which rolls upon a 
stralght line, are 

x=ap—bsin $, y =a — b cos ¢. (Art. 292) 


Find the area of one arch of the trochoid above the tangent at the 
lowest points of the curve. 
Ans. c (2a-- b) b, when b — a or bz» a. 
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248. Areas of Curves. Polar Coórdinates. To find the Area POQ 
included between a Given Curve PQ and Two Given Radii Vectores; that 
is, to find the area generated by the 
radius vector turning from OP to 
OQ. 

Te BO X= Q0X= PB. 

Let r and @ be the coórdinates of 
any point P, of the curve, then 


r+Ar, 04- A6; 
will be the coórdinates of P. 


The area of the circular sector 
"AO fous 


ar 
5 OP: x PR, rr 00 = 57° AQ. 


The sum of the sectors POR, P,OR,, P,OR, +++, may be rep- 


resented by 81 
5 r A0. 


The required area POQ is the limit of the sum of the sectors, 
as Ad approaches zero. That is, 


A=} fr at, 


the initial value of 6, «= POX, being the lower limit, and the 
final value of 6, B= QOX, the upper limit. 


EXAMPLES 
1. Find the area of one loop of the curve (Art. 144) r=asin2 6. 


ani final f'a sintzoao =t f (1 —c0s 46920 
2 0 2 0 4 0 


_%/y sin46 ? ma 
x TI 7 AGES RN 
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2 
The entire area of the four loops = 


which is half the area of the circumscribed circle. 


2. Find the entire area of the circle (Art. 135) r= a sin 6. 


In the two following curves find the area described by the radius 
vector in moving from 6=0 to 0 —*. 


3. r= sec 0 + tan. 


4. r—a(1 — tan? 0). 


5. Find the entire area of the cardioid (Art. 141) r — a(1 — cos 6) 
Ly ee 


ae or six times the area of the generating circle 
de ares trom des to 6 = 


2 

ve Ans. (3 7 —2) a 

6. Find the area described by the radius vector in the parabola 

(Art. 139) r= a sec? e, from 6=0 to 0=7. Ans. te 
Also find the area from @ =, to 0 = z Ange 


9/3 
7. Find the entire area of the lemniscate (Art. 143) 7? = a? cos 2 6. 


Ans. a’. 
8. Show that the area bounded by any two radii vectores of the 


reciprocal spiral (Art. 137) rü =a is proportional to the difference 
between the lengths of these radii. 


9. In the spiral of Archimedes (Art. 136), r = a0, find the area 
described by the radius vector in one entire revolution from 6 = 0. 


Ans. Eran 
Also find the area of the strip added by the nth revolution. 


Ans. 8(n—1) xa? 
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10. Find the area of the part of the circle (Art. 135) 
r—asin0--bcos0, from 6—0 to o 


Ans. t E) d 2. 
11. Find the area common to the two circles (Art. 135). 


r=a sin 0 +b cos, r-acosÓ0--b sin. 


2 2 2 2 2 
Áns. T 4 Otan12 Gils ge EUM where a >b. 
2 a 4 4 


12. Find the area of the loop of the Folium of Descartes (Art. 127) 
pa Satan ð sec Ans. SE 

1 + tan?6 2 
13. Show that the line r— 245996. (7 4y=2a), divides the 


1--tan6 
area of the loop of the preceding example in the ratio 2 : 1. 


14. Find the entire area within the curve (Art. 145) r = a sin? ^ no 


= 2 
part being counted twice. Ans. (10m -- 9/3) a 


249. Lengths of Curves. Rectangular Codrdinates. To find the 
Length of the Arc PQ between Two Given Points P and Q. 

bos Ouian OB-—b. 

Denoting the required length of 
arc by s, we have from (1), Art. 155, 


; ds l1 + e da. 
at 


Hence 
= dy\? 
S SNA da + C, 


and between the given limits 


s= fy1+(2) TCI ep 


the limits being the initial and final values of a. 
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We may also use the formula 


fi (E a A c 


the limits being the initial and final values of Y, 


g= OG, and h= OH. 


EXAMPLES 


1. Find the length of the arc of the parabola y?=4aa, from tht 
vertex to the extremity of the latus rectum. 


Here dy = a? 
da 


i 
2 


therefore s= f. (1 5 2i w= f" (s + 5j vm 
0 2 0 x 


This may be integrated by Ex. 13, p. 305, making 5 — 0. 
es) de = V az 4- a? 4- alog (Va Fa + vo 


f fa dz =a[-V2 + log (1+ V2)] =2.29558 a. 


Or we may use the formula (2), 


s= Ni Vit d Vo dy — En VY+ 4 a? + 4 a? dy 


coc E 2a 
2a BE VA 4a! + te log (y + Vy +4 @)| 
0 


=a[ V2 + log (1+ v2)] 
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2. Find the length of the are of the semicubical parabola 


«Art. 130) ay? =x, from wat to =5a. Ans. d 


3. Find the entire length i id are DÉ the hypocycloid (Art. 132) 
ai m Sat Ans. 6a. 


4. Find the length of the arc of the catenary (Art. 128) 


one m 
em ge El °), 2 z 
from z — 0 to the point (a, y). Ans. (^ —e *) 


5. Find the length of the are of the curve 


y=logsecx, from 2 —0 to x= 


T: 

3i VE 
Ans. log (2 + V3). 
6. Find the length of the curve gl ) 


6 xy — 2* +3, from g= 1- tos —2. Ans. E 
7. Find the perimeter of the loop of the curve 
9 ay? = (x —2a)(x —5a). Ans. 4V3a. 


8. Find the length of that part of the evolute of the parabola 
(Art. 167) 27 ay? = 4 (x — 2 a) included within the parabola y? = 4 ax. 
Ans. 4 (3: V3— 1) a. 


9. Find the length of the curve 


yeslop c ; from 4 21 to $—2. 
e pl Ans. log (e + e^). 
10. Find the length of one quadrant of the curve e + ( 3 =1. 
NU OE abr be 
a+b 


11. The parametric equations of acurve are x= e? sin 0, y = e^ cos 0. 
Find the length of are from 6=0 to 0— 2 Ans. V2 (e$ — 1). 
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12. The parametric equations of the epicycloid, the radius of the 
fixed circle being a, and that of the rolling circle > are (Art. 131) 


-5 cos $ — cos 3 ẹ), 


y — 58 sin $ — sin3 $), 


$ being the angle of the fixed circle, over which the small circle has 
rolled. 
Find the entire length of the curve. Ans. 12 a. 


250. Lengths of Curves. Polar Coordinates. To find the Length 
of the Arc PQ between Two Given Points P and Q. 
Let POX=2 QOX = f. 

We have from (3), Art. 156, 


dr 
ds =| 7” d 
Aaea 
therefore 


s= "+ (35) [a ey 


the limits being the limiting values 
of 6. 


Or we have ds= É + lll dr; (2), Art. 156, 


therefore sm f^ [rer ies di UNG CD : e os a) 


the limits being the limiting values of r. That is, OP —a, OQ =b. 


EXAMPLES 


1. Find the length of the are of the spiral of Archimedes 
(Art. 136), r — a6, from the origin to the end of the first revolution. 


Here qu a, and we have by (1), 
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2m 27 
s= (P8 + tda f. (1+ 6246 
0 0 


= af RE + Slog (6+ val 


=a| evi +47 + Slog (27 + MEZ 


Or we may use the formula (2) 


2ra | ZING 
=f y! ay dr. 


duci ds zi e 
=q ¿UF + Fog (+ vio 
mo Vie FI + hoger + viz] 


2. Find the entire length of the circle (Art. 135) r 22a sin 6. 
Ans. 2 ra. 
3. Find the length of the arc of the circle (Art. 135) 


r=asin0 + bcos 6, from 0 = 0 to (r, 0). Ans. Væ +00. 


4. Find the length of the logarithmic spiral (Art. 138) r = e”, from 
she point (7, 6,) to (ra 02), using the formula (2), and the equation 


0 ES log ud Ans. ve rie, mt 1). 
a a, ‘ 
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5. Find the entire length of the cardioid (Art. 141) 
r =a (1 — cos 6). Ans. 8 a. 


Also show that the arc of the upper half of the curve is bisected by 


27 
= =. 
3 


6. Solve Ex. 5 by using formula (2) and the equation @ = vers-!—. T 


7. Find the arc of the reciprocal spiral (Art. 137) r 6 = a, from 


== 


Yr Ned 
Ans. (14 4 10g4 
12 4 i Gee og Ja 


8. Find the arc of the parabola (Art. 139) r = aseo £ from 


f 


6=0tod=%, Ans. (seed + log tan x: 


9. Find the entire length of the arc of the curve (Art. 145) 


yg. Bin* s An 238 


2 


Also show that the arc AB is one third of OABC. 
Hence OA, AB, BO, are in arithmetical progression. 


10. Find the entire length of the curve 7 = a sin” 5 n being a posi- 
tive integer. 


See for integration Exs. 24, 25, p. 314. 


OMe OT nee 
Ans. E EA O . 
1.3.5. (n—1) a, when n is even 


ma, When n is odd. 


E "n 


» "i 
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251. Volumes of Surfaces of Revolution. To find the Volume gener- 
ated by revolving about OX the Plane Area A PQB. 

Let OA — a, OB = b. i 

Let x and y be the coórdinates 
of any point P, of the given 
curve. 

It is evident that the rectan- 
gle P,A,A, will generate a right 
cylinder, whose volume is 


ay” Az, 


The sum of all these cylinders 
may be represented by 


b 
Ty y? Ax. 9 A 


The required volume is the limit of the sum of the cylinders, as 
Az approaches zero. That is, 


b 
oc nf y? da. 


Similarly the volume generated by revolving PGHQ about OY is 


h 
Vy nf a? dy, 
9 


where OG = g, and OH =h. 


1 
| 
' 
scu ee AED 


EXAMPLES 


1. Find the volume generated by revolving the ellipse 


qe oe 
nope 


about its major axis, OX. This is called the prolate spheroid. : 


LEN ay eee fl 2 mU (ag — EY _ 2 rab? | 
DE f Pass f i 2) dæ F ax 3), 3 


Va 5 ae 
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2. Find the volume generated by revolving the ellipse about its 
minor axis, OY. This is called the oblate spheroid. 


Ween pr =F 24%) dy = 2295. 


V= : Tab. 


3. If the parabola y? = 4 ax is revolved about OX, show that the 
volume from «=0 to =2a is one third the volume from 2 —2a 
tor=4a. 


4, Find the volume generated by revolving the segment LOL! of 
the parabola about the latus rectum LL. 


de 2a Å eT TG ER 5 
Here ps JS (PNY dy =x | (a — x)’ dy 


2a 2\2 
= UN Hn RE URS 
rf (a a VEU 


5. Find the volume generated by revolving 
about OX one loop of the curve (Art. 134) 


2 
ay = aat — af. Ans. 35 ras, 


6. Find the entire volume generated by revolving about OX the 


hypocycloid (Art. 132) at + y! = af. Ans. 2 ap, 


105 
7. Find the volumes generated by revolving about OX, and 
about OY, the curve (Art. 133) Gi n A- n 
a 
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8. The part of the line ub ee intercepted between the coör- 


dinate axes, is revolved about the line x=2a. Find the included 


volume. Ans. 2 matb. 
9. The segment of the parabola, a? — 3x +2 y 2 0, above OX, is 
revolved about OX. Find the volume generated. Ans. NT. 


10. A segment of a circle is revolved about a diameter parallel to 
its chord. Show that the volume generated is equal to that of a 
sphere whose diameter is equal to the chord. 


11. Find the volume generated by revolving about OY the witch 
3 
(Art. 126), y — E from (0,2a) toy — a. Ans. 4 (log 4 — 1) af. 
12. Find the volume generated by rerne the upper half, 
ABA'OA, of the curve (Art. 133) e )* D )) = 1, about the tangent 
at B. 3m 32 DIT 
DAS 
13. Find the volume generated by revolving about OX the area 


2 2 
included between the ellipse = + a ;7 1, and the parabola 2 ay’ = 3 b^. 


Ans. n mab’. 


14. A segment of the catenary (Art. 128), y= 5 (e+e *), by a 


~ chord through the points æ = + alog2, is revolved about the tangent 
at the vertex. Find the volume generated. 
A ee log 2 ) za’ 
16 8 
15. Find the volume generated by revolving about the latus rec- 


tum of the ellipse + b=1, the segment cut off by the latus 
a 4 
b 


rectum. Ans. 27 (a? == SEES UP IC 3 a) 
3a a 
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252. Derivative of Area of Surface of Revolution. In order to 
obtain the formula for the surface generated by the revolution of a 
given arc, it is necessary to find the derivative of this surface with 
respect to the arc. 

Let S denote the surface gen- 
erated by revolving about OX 
the arc s, AP. 

Using for abbreviation the 
expression “Surf ( )" to denote 
*the surface generated by re- 
volving ( ) about QX,” we have 


S=Surf(s), AS = Surf (As). 


This may be written O | M '..N. SX 


Surf (As) 


Se Vs : og €! 
uon FO). D E 


Now the surface generated by the chord PQ is the convex surface 
of the frustum of a right cone, which is the product of the slant 
height by the circumference of a section mid way between the bases. 


Hence Surf (Chord PQ) = 2, (O ) Chord PQ 


22 VU EAS Chord PQ 
= m (2 y + Ay) Chord PQ. 


Substituting this for the last factor in (1), and dividing both sides | 
by As, we have 


AS _ Surf (As) Chord PQ 
As Surf (Chord PQ) Lu) AS 


Taking the limit of each member, as As approaches zero, noticing 


o Surf (As) 


Lima, = 
Surf (Chord PQ) >? 
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and Lim, ors PQ 1, we have 
S 


Similarly if OY is the axis of revolution, 
ds 


un m/m 


253. Areas of Surfaces of Revolution. To find the Area of the Sur- 
face generated by revolving about OX the Arc PQ. 
By the preceding article we have 


hence S f 2 ry ds. 


To express this in terms of x and 
y, we have from (1), Art. 155, 


docs L a ES, Tas 


which gives 


52. ff + Gy Tas . (1) à 


If OY is the axis of revolution, 


b vi 
S, =2 r fads = 25 f 21 + ta da. . Chee (2) 


se. ffi (2) J as nee ED 


s da\? Y 
and instead of (2) 8,-2« f 014 (4) | 0 O 
g 
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EXAMPLES 
1. Find the area of the surface generated by revolving about OX 
the hypocycloid (Art. 132) a3 + y$ =a’, 


Here om (a — ÆDER a = — (as —a bgt 


Using (1) 58,= De MG E DE +f e 
x 


—2m- | (ai — i= de =2 ra? 


gi 0 
= 6 ra” S = 12 ra? 
5 5 
Or we may use (1^ = — (a — i) 3? 


y E TER E 6 ra? 
= dy =2 if 3 dy = . 
7 ] y TA n yr ay 5 

2. Show that the area of the surface generated by revolving the 
parabola y?= 4 ax, about OX, from « = 0 to x = 3a, is one eighth of 
that from v = 3 a to x = 15 a. 


3. Find the area of the surface generated by revolving about OX 
the loop of the curve 9 ay?’ = g (3 a — c). Ans. 37a’. 


4. Find the surface generated by revolving about OX, the arc 
of the curve 6 a? zy = xt + 3at, from z— a to x=2a. 
5. The arc of the preceding curve from «=a to x = 3a, revolves 


about OY. What is the surface generated? Ans. (20 + log 3)ra?. 


6. Find the surface generated by revolving about OY the curve 
4y= a? — 2 log x, from z —1 to æ = 4. Ans, 24 v. 
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7. Find the entire surface generated by revolving about OX the 


ellipse 3a? +4y=3 02, RE 2 ma ah. 
2° V3 

8. Find the entire surface generated by revolving about OY the 

preceding ellipse. Ans (4 425.1093 va^ 
nodo) 

9. Find the surface generated by revolving about OX a loop 

of the curve 8 a^y? = afa? — g. usc TO 
"4 


10. An are, subtending an angle 2a, of a circle whose radius is a, 
revolves about its chord. Find the surface generated. 
Ans. 47a’ (sina — a cos a). 


11. The arc of the catenary (Art. 128) y= AG + cs) from «=a 


to x = 2a, revolves about OY. Find the surface generated. 
Ans. (È + 2 e™ — 3 e?) xa’, 


12. The parametric equations of a curve are 
O h y-e?cosQ. 
Find the surface generated by revolving the are from 0 = 0 to 
0 2 about OX. Ans. 2 (E =p) 
13. Find the surface generated by revolving about OY the arc of 
the preceding example. 25m 2Vim (2 ef +1). 
5 


14. The parametric equations of the epicycloid, the radius of the 
fixed circle being a, and that of the rolling circle 5 (Art. 131) 
are n= 32 cos $ — 50083 d; y=? sin $— 2 sin34. 


Find the entire surface generated by revolving the curve about OX. 
Ans. Stal 


15. Find the surface generated by revolving one arch of the pre- 
ceding curve about OY. Ans. 67a’, 
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254. Volume by Area of Section. The volume of a solid may be 
found by a single integration, when the areas of parallel sections 
can be expressed in terms 


of their perpendicular dis- 
tances from a fixed point. AN 
Let us denote this dis- 
tance by x, and the area 
of a section, supposed to 6 IA v 
be a function of z, by X. 
The volume included 
between two sections sep- 


arated by the distance du 


wil ultimately be X dz, 
and we have for the volume of the solid 


V= fx dæ, 


the limits being the initial, and final, values of x. 


EXAMPLES 


1. Find the volume of a pyramid or cone having any base. 

Let A be the area of the base, and h the altitude. 

Let x denote the perpendicular distance from the vertex of a sec- 
tion parallel to the base. Calling the area of this section X, we 
have, by solid geometry, 


NG ea muda 
ur ee DTVD 
Hence, 
ie FANGE Ah® Ah 
=> Xd ==> = = 
V f a =f e? de IOS 


2. Find the volume of a right conoid 
with circular base, the radius of base being 
a, and altitude h. 


The section E TQ, perpendicular to OA, is an isosceles triangle 
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Let x = OP; then 


X=area ER TQ — PT x PQ=h V2 ax — x’. 


26 a 
Hence, y-f Xds-aff Vias =F de = ret 
0 0 


This is one half the cylinder of the same base and altitude. 


3. Find the volume of the ellipsoid 


Let us find the 
area of a section 
C'B'D' perpendicular 
to OX, at the dis- 
tance from the origin 
OM — «. 

This section is an 
ellipse whose semi- 
axes are MB' and 
MC". - 

To find MB’, let 
2—0 in (1), and we 
have 


y= MB =L VET. 
a 


Lo find MC’, let y=0 in (1), and we have 


z= MO =f Væ s. 
a 


‘The area of the ellipse (Ex. 2, p. 321) is x (MB?) (MC). 


Hence, 


cem abe (a? — 2%), 


a? 


and y- 2("x d= C — a?) dz = 1 abe. 
0 aw Jo 3 
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4. A rectangle moves from a fixed point, one side varying as the 
distance from the point, and the other as the square of this distance. 
At the distance of 20 feet the rectangle becomes a square of 3 feet. 
What is the volume then generated ? Ans. 45 cubic feet. 


5. The axes of two right circular cylinders having equal bases, 
radius a, intersect at right angles. Find the volume common to 
the two. (See Fig., p. 359.) E S 


6. A torus is generated by a circle, radius b, revolving about an 
axis in its plane, « being the distance of the centre of the circle from 
.the axis. Find the volume by means of sections perpendicular to 
the axis. Ans. 2 ral’. 


7. A football is 16 inches long, and a plane section containing a 
seam of the cover is an ellipse 8 inches broad. Find the volume of 
the ball, assuming that the leather is so stiff that every plane cross- 
section is a square. Ans. 3414 cu. in. 


8. Given a right cylinder, altitude h, and radius of base a. 
Through a diameter of the upper base two planes are passed, touch- ` 
ing the-lower base on opposite sides. Find the volume included 


between the planes. ELS ( vi $m 


9. Two cylinders of equal altitude A have a circle of radius a, 
for their common upper base. Their lower bases are tangent to 
each other. Find the volume common to the two cylinders. 

Aah 
Ans. ——— 
3 


CHAPTER XXIX 
SUCCESSIVE INTEGRATION 


255. Definite Double Integral. — A. double integral is the integral 
of an integral. 
Thus, v and y being independent variables, the definite double 


integral Ud 
if S S(x, y)d« dy, 


indicates the following operations: 

Treating x as a constant, integrate f(x, y) with respect to y 
between the limits d and c; then integrate the result with respect 
to x between the limits b and a.* 

p example, 


S'S 20- y)da dy = foe (by —5) dom f eL de 


Notice that the order of the two integrations is indicated in the 
given definite integral by the order of the differentials du dy, taken 


2a b 
from right to left, the pairs of limits f f being used in the same 
a 0 


order. 
It should be said, however, that the order of the integrations is 


denoted differently by different writers. 


256. Variable Limits. — The limits of the first integration, instead 
of being constants, are often functions of the variable of the second 
integration. 


* Using parentheses, this might be represented by Dead JA. nay) de 
343 
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For example, 

a 2 a 4 
Sua $ jn y dy —5 Sf Gr 2ay" — a? yay = o. 
0 Yya 0 y-a 


As another example, 


ff wt pacay f" ay 4- € M 
0 Vo 0 2 Jo 
ele 7349-93-29. 
Seva - a Ja $ 


When the limits are all constants, as in Art. 255, the order of the 
integrations may be reversed without affecting the result. That is, 


f F f "ab — y)d« dy pon — y)dy da. 
a 0 0 a 


Where the definite integral has variable limits, the order of integra- 
tions can be changed only by new limits adapted to the new order. 


257. Triple Integrals. — A similar notation is used for three suc- 
cessive integrations. Thus 


a b 2a p 53 a? 
¡Eee dyr dædyde= | S 22 vtta dy 

b 0 a b 0 2 
E p " dil (alu UN Sal as 
TG 3)=% O (a? — b. 


EXAMPLES 
Evaluate the following definite integrals: 


ae ODA 
1. SS A — ae, 


2t f f rsin dar dg = E 
b B 


D? 
(cos 8 — cos «). 


oo 


» 


a 


e 


-J 


oo 


e 


10. 


11; 


12. 


13. 


14. 


15. 


SUCCESSIVE INTEGRATION 


yji "ne O 
SS aE (od 


24 


T t 3 
tsin? ġ dt d$ — 7. +7. 
SIGE sin? $ $ 6^8 
iT om 2 log 2. 
z2 a? + y 


SP fæ + y? + 22) dz dy dz = ve (a? + b? +), 
0 0 0 


e (hm 1 
if; di f sin (xyz) de dy dz — —- 
ib OA Ads 2 
a 2u v dud d ba 

uel [ww ^L av w 5. 
loz 2 dirae dud 
if SiS eme ge 


T a cos 6) 3 
MTS "7? sin 6dàdy ==. 
o Jo 9 


SS vm dy de = oc. 
0 ey 
l1 ^U 1 
Ñ e dv dao ==. 
IS 3 
2 pa 16* af 
4 Tum t ce pee Wesce hes 
Jae Lag -(r 7j 10 
6 728 | 1 
Tone sin (2 $ — 0)d0 dp — L.- 
o Je 12 


5 
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CHAPTER XXX 
APPLICATIONS OF DOUBLE INTEGRATION 


258. Moment of Inertia. If 7, ro rs, «++, 7, are the distances from 
» given line, of n particles of masses m, Mo, ms, ***, m,, the sum 


mar? + marg + mar? +H mure = X (mr?) 


is defined in treatises on mechanies as the moment of inertia of the 
system about the given line. 

The moment of inertia of a continuous solid about a given line is 
the sum of the products obtained by multiplying the mass of each 
infinitesimal portion of the solid by the square of its distance from 
the given line. 

The summation is then effected by integration, and we have for 
the moment of inertia of a body of mass M, 


r= fax. 


259. Moment of Inertia of a Plane Area. The moment of inertia 
of a given plane area about a given point O may be defined as the 
sum of the produets obtained, by multiplying the area of each infini- 
tesimal portion by the square of its distance from O. 

This may be regarded as the moment of inertia of a thin plane 
sheet of uniform thickness and density, about aline through O per- 
pendicular to the plane, the mass of a square unit of the sheet being 
taken as unity. 

We shall illustrate double integration by finding the moment of 
inertia of certain areas. 

346 
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260. Double Integration. Rectangular Coórdinates. To find the 
moment of inertia of the rectangle OACB about O. 

Let OA=a, OB= db, 

Suppose the rectangle 
divided into rectangular 
elements by lines parallel 
to the coórdinate axes. Let 
x, y, which are to be re- [5] 
garded as independent vari- PEL EUM 
ables, be the coórdinates of dunt 1 i» 
any point of intersection as 
P, and «+dz, y + dy the 
eoórdinates of Q. Then the area of the element PQ is da dy. 

Moment of inertia of PQ = OP -dæ dy — (a? + y?) dx dy. 

The moment of inertia of the entire rectangle OACB is the sum of 
all the terms obtained from (a+ y?) dz dy, by varying v from 0 to a, 
and y from 0 to b. 

If we suppose x to be constant, while y varies from 0 to b, we shall 
have the terms that constitute a vertical strip MAN.N' M". 

Hence 


b i 
Moment of inertia of MNN'M'= dx f (x? + y?) dy 
a0 


= dz (ay + D (vo dL yas 


Having thus found the moment of a vertical strip, we may sum all 
these strips by supposing c in this result to iu from 0 toa. That 
is, the moment of inertia of OACB, 


E BY gy b + ab? 
1- {"(s0t+ 5 )ae= Ee. 


The preceding operations are those represented by the double 


integral, 
I= {"(@+y)avdy. 
0 0 
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If we first collect all the elements in a horizontal strip, and then 
sum these horizontal strips, we have 


b a 3 3 
ies f (a? + y?) dy do PE 
0 0 


261. Variable Limits. To find the moment of inertia of the right 
triangle OAC about O. 
Let OA=a, AC =b. The y 


E 
equation of OC is " 
b 
y =-T. 
a 
This differs from the pre- 
M A X 


ceding problem only in the 
limits of the first integration. 
In collecting the elements in a vertical strip MN, y varies from 0 to 
MN. But MN is no longer a constant as in Art. 260, but varies with 


OM, according to the equation of OC, y= a 
a 


Hence the limits of y are 0 and 2 
a 


In collecting all the vertical strips by the second integration, a 
varies from 0 to a, as in Art. 260: 
Thus we have for the moment of inertia of OAC, 


ba 
i [rne (2) 
Os a+ 


By supposing the triangle composed of horizontal strips as HK, 
we shall find 


I= | fem auis 
E 


2 b? 
E OD tee Ne 
i iu) 
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262. Plane Area as a Double Integral. If in Art. 260 we omit the 
factor (a+ y”), we shall have, instead of the moment of inertia, the 
area of the given surface. 


That is, Area = 1i fa dy = ik dy da, 


the limits being determined as before. 


EXAMPLES 


LÍ. Find the moment of inertia about the origin of the right tri- 
angle formed by the.coórdinate axes and the line joining the points 
(a, 0), (0, b). b(a—z) 

Ans. Jof i (a? + y?) de dy <=. 
0 0 


+, Find the moment of inertia about the origin of the circle 

2 — 21 z Sata? 4 

mcr Ans. sf f : (2? + y?) de dy == 
0 0 


3. Find by a double integration the area between a straight line 
and a parabola, each of which joins the origin and the point (a, b), 
the axis of X being the axis of the parabola. 


p ay 
a y d b fb 
Ans. f S dæ dy =f if, dy dx = = 
0 bz 0 ay? 
a b2 


4. Find the moment of inertia about the origin of the preceding 


area. A ab a oh 
NS. e 


5. Find by a double integration the area included between the 
circle z? + y? = 10 ay, the line 32 +y — 10 a, and the axis of Y. 


10a—y 


a ^/10 ay—y? 10a 3 
Ans. f ib dy dæ + if f dy de 
0 a 0 
E —3z dis dy = 5a? 345 sin) 
sa VEA 2 5 
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6. Find the moment of inertia about the origin of the area be 


2 
tween the ellipse a + Y =1, and the line Z + Ze 
QE d QUE 


7. Find the moment of inertia about the origin of the area be- 
tween the parabola y?=4 a(a—uw), the circle a? +y — a°, and the 


axis of Y. 48 r 
Ans. (==— = Jat. 
ns E: Jc 
18. Find by a double integration the area included between the 
parabolas y? = 3 2, and y? —12 (60 — 2). Ans. 960. 


1-9. Find the moment of inertia of the area included between the 
parabola y? — 4a, «=4a,and the axis of X, about the focus of the 
parabola. p 2336 4 


110. Find the moment of inertia of the area included between the 
lines y —22, «+ 2 y= 5 a, and the axis of X, about the intersection 


of the first two lines. 125 a* 
Ans. 6 


263. Double Integration. Polar Coórdinates. To find the area of 
the quadrant of a circle AOB, whose radius is a. 

In rectangular coórdinates, Art. 
260, the lines of division consist of 
two systems, for one of which w is 
constant, and for the other, y is 
constant. 

So in polar coórdinates, we have 
one system of straight lines through 
the origin, for each of which 6 is 
constant, and another system of 
circles about the origin as centre, for 
each of which r is constant. 

Let r, 0, which are to be regarded 


as independent variables, be the coórdinates of any point of intersec 
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tiou as P, and r+ dr, 0 + d0, the coórdinates of Q. Then the area 


of PQ is ultimately PR x RQ Te 
X =r : Qm. 


If we first integrate, regarding 0 constant while r varies from 0 
to a, we collect all the elements in any sector MOM". 
The second integration sums all the sectors, by varying 0 from 0 


io =. 
2 NOE 
Hence Area BOA af el rdddr= 
o do 


If we reverse the order of integration, integrating first with respect 
to 0, and afterwards with respect to r, we collect all the elements in 
a circular strip NLL'N', and sum all these strips. This is written 


n BOA= f [^ ado 
0 0 


264. If the moment of inertia about O is required, we have for 
the moment of inertia of PQ, r?- rd6 dr. SES the moment of 


BOA is 
pe nn 


265. Variable Limits. To find the moment of inertia about O 
of the semicircle OBA with radius OC — a, the origin being on the 
circumference. 

The polar equation of the circle is 
r=2ac0s0. If we integrate first 
with respect to r, then with respect 
to 6, we shall have 


7 ^ 2a cos 4 
El jJ OP jane cu 
o Jo 4 


Here, in collecting the elements in a radial strip OM, r varies 
from 0 to OM. But OM varies with 6, aceording to the equation 
of the circle r —2a cos. Hence the limits are 0 and 2a cos 6. 


SIM 


^ 
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In collecting all these radial strips for the second integration, 0 


5 OT 
aries from 0 to i 


.By supposing the area composed of concentric circular strips 
about Y, as LK, we find 


WS 
[6] K A X 
2a 4 
T= f o ne ) 8dr dg 379. 
4 
EXAMPLES 


1. Find the moment of inertia about the origin of the area in- 
cluded between the two circles, r =a sin 9 and r= b sin 0, where a > b 


(Art. 135). T asin ĝ 3 
Ane Te f f i^ dé dr — 2. m(at— b). 
0 b sin O 92 


2. Find the moment of inertia about the origin of the area 


between the parabola (Art. 139), r=a sec, its latus rectum, and 


OX 48 at 
1 Ans. . 
dodo enr 
3. Find the moment of inertia about its centre of the area of the 
lemniscate (Art. 143) 7'— a?cos2 0. mat 
Ans. "uu . 


4. Find by double integration the entire area of the cardioid 


(Art. 141) r=a(1—cos 6). Ans, 37%. 
ree 
5. Find the moment of inertia about the origin of the area of the 
preceding cardioid. yr 35 rat 


16 
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6. Find the moment of inertia abont its centre, of the entire area 
of the four-leaved rose (Art. 144) r=asin20. Mns COE 
16 
7. Find by a double integration the area of one loop of the 
lemniscate (Art. 143) outside the circle 27? = a?. CH ( S 3) a 
3 


4 
8. Find the moment of inertia of the area of the preceding 
example about the centre of the lemniscate. y e s z) 5 


266. Volumes and Surfaces of Revolution. Polar Coórdinates. If 
in the figure of Art. 263 we suppose a revolution about OX, the 
volume generated by the infinitesimal area PQ is the product of 
this area by the cireumference through which it revolves, that is, 
2rrsind-rdédr. 

Hence for the entire volume 


V—2 f frsmoaear, 


the limits being determined as in Art. 263. 
If the revolution is about OY, 


V=2 «f fr cos 0 dé dr. 


The area of the surface generated about OX is (Art. 253) 
23i 
S=2r7 yds- 2s frsino (22) | dé. 


EXAMPLES 


1. Find the volume generated by revolving the cardioid (Art. 141) 
r =a (1 — cos 0) about OX. 8 


Ans. gra, twice the inscribed sphere. 
2. Show that the entire volume generated by revolving the four- 


leaved rose (Art. 144) r= a sin2 6, about OX, is BE 
circumscribed sphere. ve 


of the volume of the 
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3. Find the volume generated by revolving one loop of the four 
leaved rose r= a sin 20 about the axis of the loop. 


Ans. (8 VD 9) ame 


4. Find the volume generated by revolving the lemniscate (Art. 


143) 7? = a° cos 20 about OY. ? a3 /7 
) Ans aga v2 
8 
5. Find the volume generated by revolving the lemniseate about 
OX. MN 5 1 
SS AO 
6. Find area of surface generated by revolving the cardioid 
r = a(1 — cos 0) about OX. A 32 za? 
NS. — 
Ə 


7. Find surface generated by revolving the entire lemniscato 
1 — a* cos 20 (Art. 143) about OX. Ans. 2 «a (2— V2) 


8. Solve preceding example revolving about OY. Ans. 2ra? 2 


9. Find surface generated by revolving the entire lemniscate 
1? — a? sin 20 (Art. 143) about the tangent OT. Ans. 47a’. 


10. Find the moment of inertia of a sphere (radius a) about a 


diameter, m being the mass of a unit of volume. DER 8 ram 
NS. : 
15 


CHAPTER XXXI 
SURFACE, VOLUME, AND MOMENT OF INERTIA OF ANY SOLID 


267. To find the Area of Any Surface, whose Equation is given 
between Three Rectangular Coórdinates, x, y, Z. 
Let this equation be 
1 z= fa, y). 


Suppose the given surface to be divided into elements by two 
series of planes, parallel respectively to XZ and YZ. These planes 
will also divide the plane XY into elementary rectangles, one of 
which is PQ, the projection upon the plane X Y of the corresponding 
element of the surface P'Q'. 


Y 


Let æ, y, 2 be the coordinates of P' and x+da, y+dy, z+ dz, 


I 1 
of Q'. A 
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Since PQ is the projection of P'Q', the area of PQ is equal to that 
of P'Q' multiplied by the cosine of the inclination of P'Q' to the 
plane XY. This angle is evidently that made by the tangent plane 
at P' with the plane XY. Denoting this angle by y, 


Area PQ = Area P'Q' - cos y, 
Area P'Q'= Area PQ - sec y. 


We see from the figure that 
Area PQ = dedy. 


i 
Also from (8), Art. 110, sec y — L «ee Jt ii a 


where 2 and Z are partial derivatives, taken from the equation of 
y 


the given surface z= f(x, y). 


02M? VE 
Hence Area P'Q'=|14 [23] +(— dx dy. 
dx dy 


If S denote the required surface, 


s= (fpi yam... w 


the limits of the integration m M upon the projection, on the 
plane XY, of the surface required. 

For example, suppose the surface ABC to be one eighth of the 
surface of a sphere whose equation is 


HYH — a, 


Here REED Op doe ds 
dx z y 2 
EN ENGENE ety? a? ar 
Bs) (a) og are 
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Substituting in (1), we have 
da 7 
E s=af ía Va? — a? — 9f 


This is to be integrated over the region OBA, the projection of 
the required surface on the plane XY. 
The equation of the boundary .AB is 


a? -- y* — a’ 


Integrating first with respect to y, we collect all the elements in 
a strip M'N'KL, y varying from zero to ML, that is, between the 
limits 0 and Va? —2* 

Integrating afterwards with respect to v, we sum all the strips, to 
obtain the required surface ABC, x varying from 0 to a. 


y a2—x2 2 
Hence S=af" de Gedy Anus Riu 
vai ag i-i 22 


Another example is the following: 
The centre of a 
sphere, whose radius is 
à, is on the surface of à 
right circular cylinder, 
the radius of whose 


base is 7 Find the 


surface of the sphere 
intercepted by the 
cylinder. 

Take for the equa- 
tions of the sphere and 
cylinder, 


gi-4- y! 4-2 -—o, 
and e+ y? — aa. 


CPAQ is one fourth 
the required surface. Since this surface is a part of the sphere, the 
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partial derivatives E ; -z must be taken from 2a? +Y +27 = a?, 
CNO Y) 


giving, as in the preceding example, 
ES s=f Y AA ada dy 
vai — r= må 
to be integrated over the region ORA, the projection of CPAQ on ' 


the plane XY. 
The equation of the curve ORA is 2? + y? = ax 


umm E T 
i (rs 
Hence s= SELE NE om E Ja 
S= (2 r — 4) a. 


Let us now find the surface of the cylinder intercepted by the 
sphere, one fourth of which is CPARO. 
Since this is a part of the cylinder 2’+y?=az, the partial 


derivatives in (1) must be taken from this equation. But from 
a? + yY =ax, we find 2= 00, 57 00 

The formula (1) is, then, inapplicable in this case. 

It is also evident from the figure that the surface CPARO cannot 
be found from its projection on the plane XY, since this projection 
is the curve ORA. 

The difficulty is removed by projecting on the plane XZ, and 
using, instead of (1), 


s- f Jf [i nn (H Tasas. O 


We now find from e+ y? — aa, 


9y a—2% dy _ 
Qr. 230 497m 


Substituting in E and simplifying, 


DE “SI aes vet 
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This must be integrated over the region CP'AO, CP'A being the 
projection on XZ of CPA. 
To find the equation of CP'A, we eliminate y from 


e+y+2=a? and +y = ag, 


giving, i 2 — a? — az. 
a (*Vat—ax 
Hence is-2f J LLN Sea 
4 2Jo Jo Vax — a? 
EXAMPLES 


1. The axes of two equal right circular cylinders, a being rne 
radius of base, intersect at right 
angles; find the surface of one inter- 
cepted by the other. 

Take for the equations of the 
cylinders, 

2--27—3a^ and +=’. 
tins n 50. 


2. Find the area of the part of the 
plane 


Mrd ce er 
Ge y 


in the first octant, inter- 
cepted by the codrdinate 
planes. 


(le e ee 
Ans. 2 Ve + cta? + ab, 


3. Find the area of the 
surface of the cylinder 
a? + y? =a’, included be- 
tween the plane z=ma and 
the plane X Y. Lo ane 
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4. Find the area of the surface of the paraboloid of revolution 


y+2=4 aa, intercepted by the 
parabolic cylinder y?= ax, and 


the plane w=3a. 56 «a? 
Ans. ITO, 


5. In the preceding example, 
find the area of the surface of 
the cylinder intercepted by the 
paraboloid of révolution and the 
given plane. 


Ans. (18 13— 


Ji 
DVS Y 


6. Find the area of that part of the surface 


2 + (x cos « + y sin a) = a? 


which is situated in the first octant. 

The surface is a 
right circular cyl- 
inder, whose axis 
is the line 2 = 0, 
x cos «+y sin «—0, 
and radius of base a. 


a 
Lie a=. 
sin @ COS Y 


7. A diameter of 
a sphere whose 
radius is a is the 
axis of a right 
prism with a square y 
base, 26 being the 


SA 
eo 


side of the square. Find the surface of the sphere intercepted by 


the prism. 


Ans. 8 a(2 b sin-! 


— asin 


b p 
Vai — pi a — b?) 
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268. To find the Volume of Any Solid bounded by a Surface, whose 
Equation is given between Three Rectangular Coordinates, 2, y, z. 

The solid may be supposed to be divided, by planes parallel to the 
coórdinate planes, into elementary rectangular parallelopipeds. The 
volume of one of these parallelopipeds is de dy dz, and the volume of 


the entire solid is 
y f f f away ae, 


the limits of the integration depending upon the equation of the 

bounding surface. 
For example, let us find the volume of one eighth of the ellipsoid 

whose equation is m 


Y 


PQ represents one of the elementary parallelopipeds whose volume 


is dx dy dz. 
If we integrate with respect to z, we collect all the elements in the 


column MN”, z varying from zero to MM; that is, 


from 0 to = ¢ A pea 
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Integrating next with respect to y, we collect all the columns in 
the slice KLN'H, y varying from zero to KL; that is, 


from 0- to yix -5. 


This value of y is taken from the equation of the curve ALB, 


which is S ^ 
P47 =1. 
a? i b? 


Finally, we integrate with respect to v, to collect all the slices in 
the entire solid ABC. Here œ varies from zero to OA; that is, from 
0 to a. l 

The y and g integrations are said to be over the region AOB. 


a Vi cV 1— — 
Hence we have ves » f 
0 0 0 


År abc 


For the entire ellipsoid V= 


EXAMPLES 


1. Find the volume of one of the wedges cut from the cylinder 
2? + y? — a? by the plane z =v tan « and the plane XY. (See Figure, 


Ex. 3, Art. 267.) m T 
a Val—a? xtana P 3 
i Ans. 2f f i da dy dz = ZS E 
0 «70 0 3 


2. Find the volume of the tetrahedron bounded by the coórdinate 
planes and by the plane 


RUNI abc 
P + + r ; Ans. ca 

3. Find the volume included between the paraboloid of revolution 
y+2=4aa, the parabolic cylinder y?=ax, and the plane «=3a. 
(See Figure, Ex. 4, Art. 267.) Ans. (67+9 V3)a, 
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4. Find the volume contained between the paraboloid of revolution 
Y + y! = az, the cylinder a? + y? = 2a, and the plane X Y. 


Ans. Eur 
2 
5. Find the voiume of the cylinder a? + y? = aa, intercepted by the 
paraboloid of revolution y? + 2? = 2 a. T ,2 
(1*8) 


6. The centre of a sphere (radius a) is on the surface of a right 


circular cylinder, the radius of whose base is > Find the volume of 


the part of the cylinder intercepted by the sphere. (See second Figure, 


Te) Ans. 2 IE a’, 
3 3 
7. Find the volume in the first octant, bounded by the surface 
ay? Y 3 fg M A abc 
eo) a = 
8. Find the entire volume within the surface 
io e Ans, $76 
DATA a NS 35 


269. Moment of Inertia of Any Solid. This may be expressed by a 
triple integral. 
Thus, the moment of inertia about OX, m being the mass of a unit 


of volume, is 
Je n ff Hi f (y? + 2) de dy dz, 


with similar formule for the moments of inertia about the axes 


OY, OZ. 
FxAMPLES 


1. Find the moment of inertia about OX of the rectangular paral- 
lelopiped bounded by the planes a=a, y=b, 2=c, and the co- 
órdinate planes. Ans. (+e) mabe 

i 3 
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2. Find the moment of inertia about OZ of the tetrahedron 
bounded by the plane 


e e, 
a bc 


and by the coórdinate planes. Ans. (a? + D?) ma 


3. Find the moment of inertia about OX of the portion of the 
cylinder 2+ y?=a* included between the planes z=h and 2 — — h. 


2 2 
Ans. rmah E + = 
4. Find the moment of inertia of the preceding cylinder about 0Z. 
Ans. «mah. 


9. Find the moment of inertia of a sphere (radius a) about a 
diameter. Ans, SM 


15 


6. Find the moment of inertia about OZ of the ellipsoid 


O A 4 wmabe 


CHAPTER XXXII 


CENTRE OF GRAVITY. PRESSURE OF FLUIDS. 
FORCE OF ATTRACTION 


CENTRE OF GRAVITY 


270. Definition. The centre of gravity of a body is a point so 
situated that the force of gravity acting on the body produces no 
tendency to rotate about an axis passing through the point. 


271. Coordinates of Centre of Gravity. To find the centre of 
gravity, C, of any body, take P as any infinitesimal part of the 
given body, PQ the line 
of direction of gravity, 
and MN any horizontal 
axis passing through C. 
Let BD be the common 
perpendicular between 
MN and PQ. Take the 
axis of X parallel to BD 
and represent by vs and 
%, OL and OL', the x 
coordinates of P and C re- 
spectively. Then the dis- y 
tance BD=L'L=x-—z. 

The force exerted by gravity on P is proportional to and there- 
fore may be measured by its mass. Denoting its mass by dm, the 
moment of this force about MN would be (x — 2) dm; and if dm is 
an infinitesimal in one, two, or three dimensions, the tendency of 


the whole body to rotate about MN is equal to th (a — 2)dm, 
365 
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Since this must equal zero, 


E 
and t= . (1) 


Similar formule may be derived for y and z. 


Nore. — The mass of a unit’s volume is called density. li we 
represent the density by p, the differential mass or dm is equal to p 
multiplied by the differential of the arc, area, or volume. 


Ex. 1. Find the centre of gravity of a quarter of the arc of a circle 
Let the equation of the circle be a? + y? = a’. 
Here dm = pds. 

Substituting in (1), Art. 271, we have X 


d Tc "ay ha 
ME ae | x(a ) oa 
f ja £ 


From the symmetry of the figure 7 = 


2a 


T 


Ex. 2. Find the centre of gravity of the surface bounded by a 
parabola, its axis, and one of its ordinates. 


Let the equation of the parabola be y?=4 pr, B being (9 p, 6 p). 
Here dm = p dx dy, and substituting in formula (1), Art. 271. 


% (Vins 
Hum Po da dy Y 
T= 0 0 
{fava 
0 Jo y 
9» 3 
vay f o? da 
ESL IOS a 
vip f. x? dæ 
0 


27 
m 
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Similarly, 


Ex. 3. Find the centre of gravity of a circular disk of radius 
a, whose density varies directly as the distance from the centre, and 
from which a circle described 
upon a radius as a diameter Y 
has been cut. 

Let the equation of the 
large circle be r=a; and 


the equation of the small 
circle be r = — a cos 8. 
The disk is symmetrical y X 


with respect to OX, hence 
CE 
Here 


dm = pr dg dr = kr” d0 dr, 


Gf p— Kr). 
Also x= OM = r cos 6. 


: ff cos 000 ar+ (7 f" Posodi dr 
— 0 0 T. —a cos O 


Therefore X = : 


ff arare (7 f 2 d0 dr 
0 0 A —a cos O 


T(J, osoa + fT Coso- costo) | 


a? z T 3 
al aot f (1 + eos dà | 


"m 6a 
US. A 


X= 


= 016164. 
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Ex. 4. Find the centre of gravity of a cone of revolution, the 
radius of the base being 2 and the altitude 6. 

The equation of OB is y=42. 

Here dm = pry? dv, and substituting in (1), Art. 271, 


The cone is symmetrical with 
respect to OX, hence y = 0. 

NorE.— On comparing the 
formule for the centre of grav- 
ity of are, area, and volume, 


we notice that, in each case, the element of the numerator integral 
is x times the element of the denominator integral. 


5. Find the centre of gravity of the are of the hypocycloid 
(Art. 132) a3 + y? =af in the first quadrant. Ans. vm => a. 


6. Find the centre of gravity of the arc of one arch of the cycloid 
(Art. 284) y i " 
v =a vers?7 — V2 ay — y". Ans. B= và, yj — 20. 


7. Find the centre of gravity of a straight rod of length a, the 
density of which varies as the third power of the distance of each 
point from one end. us pee 

5 

8. Find the centre of gravity of the surface of a hemisphere 

when the density at each point of the surface varies as its perpen- 


dicular distance from the base of the hemisphere. 2a 


Ans. ==. 
3 
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9. Find the centre of gravity of a semiellipse. Ans. ==. 
m 
10. de the centre of gravity of the area between the cissoid 

SER 
y 2a—c 


and its asymptote. Ans. DE 2 a. 
3 


11. Find the centre of gravity of the area bounded by the parab- | 
ola j? — 82, the line y4+4x—6=0, and the axis of X. 
Ans. z=%; 7 =f. 
12. Find the centre of gravity of one loop of the curve r= asin 2 6. 
Us 12804 ALISON 


ANS == AE 
105 x’ 105 r 


13. Find the centre of gravity of the upper half of the cardioid 
r=a(1—.cos 6). 


14. Find the centre of gravity of one loop of the lemniscate 
ae > 
y! =a? cos 2 6. ¿DA 5B a. 


15. Find the centre of gravity of a hemisphere. Ans. v= : a. 
3 


16. Find the centre of gravity of a hemispheroid. Ans. % = ze 

17. A right cone of height h is scooped out of a right cylinder of 
the same height and base. Find the distance of the centre of gravity 
of the remainder from the vertex. WR 3 x 


272. Theorems of Pappus. 

Theorem I. |f a plane area be revolved about an axis in its plane 
and not crossing the area, the volume of the sclid generated is equal 
to the product of the area and the length of the path described by 
the centre of gravity of the area. 
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Theorem II. If the are of a curve be revolved about an axis in 
its plane and not crossing the arc, the area of the surface generated is 
equal to the product of the length of the arc and the path described 
by the centre of gravity of the arc. 


273. Proof of the Theorems. Let the area be in the plane XY 
and let it revolve about the axis of X. Then by (1), Art. 271, we 


have 
ADE quon 
Fu dx dy 


Or y f'fazav- f y dx dy. 


Then 2 ry f fazay= f my da. dy. o ve A 


But the right-hand member of equation (1) is the volume described 
by revolving the area through the angle 27, 2 zy is the length of the 


path described by the centre of gravity, and Ji fax dy is the plane 
area. 

The first theorem is thus seen to be true, and the second can be 
proved true in a similar manner. 


EXAMPLES 


1. Find the volume and surface generated by revolving a rec- 


tangle with dimensions a and b about an axis c units from the centre 


of the rectangle. Ans. 2 rabc, and 4 x(a + b)c. 


2. Find the volume and surface generated by revolving an equi- 
lateral triangle each side œ units in length, about an axis c units 
from the centre of the triangle. 2 

Ans, TZEN 3 


2 and 6 zac. 
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3. Find the volume and surface generated by revolving a circle 
of radius a about an axis b units from the centre of the circle. 


Ans. 2 7’a’b and 4 ab. 


4. Find the volume generated by revolving an ellipse, semiaxes 
a and b, about an axis c units from the centre of the ellipse. 


Ans. 2 abc. 


PRESSURE OF LIQUIDS 


274. The pressure of a liquid on any given horizontal surface is 
equal to the weight of a column of the liquid whose base is the 
given surface and whose height is equal to the distance of this sur- 
face below the surface of the liquid. 

The pressure on any vertical surface varies as the depth, and the 
method of determining it is illustrated by the following examples. 


Ex.1. Suppose it is required to find the pressure on the 
rectangular board OABC, the edge OC being at the surface of the 
water. 

Let BO — a, and .AB — 5. [6] C Y 

Suppose the rectangle divided 
into horizontal strips one of which 
is HK. 

Let OH — ve, then the width of 
the strip is da. 

If the pressure on this strip 
were uniform throughout and the 
same as it is at the top of the strip, 
the pressure on the strip would be 
wbx-dx, where w is the weight of 
a cubic unit of the water. And 
the entire pressure on the board is evidently the integral of this 
expression. 


That is, Entire pressure = f, “wha de = 2%. 
0 
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Ex. 2. Find the pressure on that part of the board in Exam. 
ple 1, which is below the diagonal. 

In this case the area of HK is y dx, and the entire pressure on the 
triangular board is 


a 
åt wyx da. 
0 


But Ch b, 
a 


O Y 


hence entire pressure 


= o f ada = bwa’, 
aJo 3 


X 

Nore. — Call the weight of a cubic foot of water, 621 lbs. 

Ex. 3. One face of a box immersed in water is in the form of 
a square, the diagonals being 8 feet in length. The centre of the 
square is 6 feet below the surface of the water, and one diagonal is 
vertical. Find the pressure 
on the square face. 

Let SW be the surface 
of the water. "Taking the 
axes as in the figure, the 
equations of AB and BC 
are y=4+x, and y=4—x, 
respectively. 

Then, if P represents the 
entire pressure on the 
board, 


4 4— 
P-iw( f " (6 + 2)dy de 
0 Jy-4 


= 192 w= 12000 lbs. 


Ex. 4. Find the pressure on a sphere 6 feet in diameter, im- 
mersed in water, the centre of the sphere being 10 feet below the 
surface of the wate 


\ 
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Let S W be the surface of S Ww 
the water. 

Take the axes as in the 
figure, and let the elemen- 
tary surface be a zone. 
The area of a zone at a 
distance x from the cen- 
tre of the sphere is 27ry ds. |  N\ eetet ~~ 
The pressure on the zone á 
is 2 rwy (10 + z)ds. 

Then, if P represents 
the entire pressure on the 


m 
e 


e 


sphere, 
P=2 mo f y(10 +ojds. 
But y —v9 — x°, and ds =* dw, 
y 
Hence P=07 vf (10 + x)da, 
=8 


= 360 qw = 225007 lbs. 


5. A rectangular flood gate whose upper edge is in the surface of 
the water, is divided into three parts by two lines from the middle 
of lower edge to the extremities of upper edge. Show that the parts 
sustain equal pressures. 


6. A rectangular flood gate 10 feet broad and 6 feet deep has its 
upper edge in the surface of the water. How far must it be sunk to 
double the pressure ? Ans. 3 ft. 


7. A board in the form of a parabolic segment by a chord perpen- 
dicular to the axis is immersed in water. The vertex is at the sur- 
face and the axis vertical. It is 20 feet deep and 12 feet broad. 


Find the pressure in tons. Ans. 60 
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8. How far must the board in Ex. T be sunk to double the 
pressure ? Ans. 12 ft, 


9. Suppose the position of the parabolic board in Ex. 7 reversed, 
the chord being in the surface; what is the pressure ? 


Ans. 40 tons. 
10. How far must the board in Ex. 9 be sunk to double the 
pressure ? Ans. 8 ft. 


11. A trough 2 feet deep and 2 feet broad at the top has semi- 
elliptical ends. If it is full of water, find the pressure on one end. 
Ans. 1662 lbs. 


12. One end of an unfinished water main 2 feet in diameter is 
closed by a temporary bulkhead and the water is let in from the © 
reservoir. Find the pressure on the bulkhead if its centre is 30 feet 
below the surface of the water in the reservoir. Ans. 18757 lbs. 


13. A water tank is in the form of a hemisphere 24 feet in diame- 
ter surmounted by a cylinder of the same diameter and 10 feet high. 
Find the total pressure on the surface of the tank when the tank is 
filled to within 2 feet of the top. Ans. 150 x tons. 


14. A cylindrical vessel, whose depth is 12 inches and base a 
circle of 20 inches diameter, is filled with equal parts of water and 
oil. Assuming the oil to be half as heavy as the water, show that 
the pressure on the base equals the lateral pressure. 


275. Centre of Pressure. Since the pressure of a liquid on a verti- 
cal surface varies as the depth, there exists a horizontal line about 
which the statical moment of the entire pressure on the surface is 
zero. Such a line passes through the centre of pressure and the 
abscissa of this point may be found by the method used in the follow- 
ing example. 


Ex. 1. Find the abscissa of the centre of liquid pressure on 
a vertical surface bounded by the curve y = f(a), the axis of X and 
the two ordinates y, and y Given that the origin is at a distance 
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h below the surface of the liquid, the axis of X vertical, and the 
weight of a cubic unit of liquid is w. 

Let P,P,RQ be the surface bounded by the curve y = f (x), the 
axis of X, and the two ordinates y, = QP, and y, — RP, Divide 
the surface into horizontal strips of width da, one of which is HK. 
Let OH =x. Let MN pass through the centre of liquid pressure, 
and OM = a. 

Then the pressure on the 
strip HK is wy (h + v) da, 
and the moment of this 
pressure about MN is 

wy (h + x)(x —2) da. 

Therefore, the moment 
of the entire pressure is 
the integral of this ex- 
pression between the ab- 
scissas of P, and P that 
is, between a and 2. 
But this must equal zero, 
therefore 


ji wy (h-4- 2) (1-2) de=0. 
% 
f xy (h + x) dæ 


Or pls Af ee A 


Ss (h + x) de 


2. Find the centre of pressure of the water on the parabolic 
board given in Ex. 7, Art. 274. Ans. 142 ft. below vertex. 


3. Find the centre of pressure of the water on the bulkhead given 
in Ex. 12, Art. 274. Ans. 2, inch below centre of bulkhead. 


4. A rectangular flood gate a feet deep and b feet broad, with its 
upper edge at the surface, is to be braced along a horizontal line. 
How far down must the brace be put that the gate may not tend to 
turn about it? Ans, 3 a ft. 
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5. One end of a cylindrical aqueduct 6 feet in diameter which is 
half full of water is closed by a water-tight bulkhead held in place 
by a brace. How far below the centre of the bulkhead should the 
brace be put? What pressure must it be able to withstand ? 

Ans. $ = qum ft.; P= 1125 lbs. 


6. A water pipe passes through a masonry dam, enters a reservoir, 
and is closed by a cast-iron circular valve which is hinged at the 
top. The diameter of the valve is 3 feet, and the depth of its centre 
below the water level in the reservoir is 12 feet. Find the pressure 
on the valve, and the distance of the centre of pressure below the 
hinge. , Ans. P = 16873 x lbs. and 22 ft. 


7. Water is flowing along a ditch of rectangular section 4 feet 
deep and 1 foot wide. The water is stopped by a board fitting the 
ditch and held vertical by two bars crossing the ditch horizontally, 
one at the bottom and the other one foot from the bottom of the 
ditch. How high must the water rise to force a passage by upset- 
ting the board ? Ans. To within 1 ft. of top of ditch. 


ATTRACTION AT A POINT 


276. A particle of mass m is situated at a perpendicular distance 
c from one end of a thin, straight, homogeneous wire of mass M and 
length 7. Required to find the attraction on the particle due to the 
wire. 

Let O be the particle and AB the wire. Let X and Y be the 


components of the attraction along the axes of X and Y respectively. 
Divide AB into elements of length dy 
and let PQ be one of these elements. 


The mass of PQ is Tay, since T is 


the mass of a unit’s length. 

If the mass of PQ were concen- 
trated at P, the attraction at O due 
to PQ is, according to Newton's Law 


of Attraction, ku M dy 


(c+ y?) 
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and the components along OX and OY are 


«mM dy SET Mand km. M dy 


(tI ANT NG 


respectively. 


Substituting for cos 0 and sin 0 their values we have 


x= eu f” dy — | «mM . xmM . 


l G +y? eve +P cl 


rur y dg mi NOE: ] 
(Pu) d ve E 


where the angle AOB = o. 


Denoting by R the total attraction of the wire on the particle, 


R= VX Y= + 2M VIE = cosa) 


The line of attraction evidently makes with OA an angle whose 


tangent is 


I 1 — cose SO ana 
ENE sin « 2 


The resultant attraction, therefore, bisects the angle o. 


Norr. — If we take as our unit of force the force of attraction be- 
tween two unit masses concentrated at points which are at unit’s 
distance apart, x becomes unity. 
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EXAMPLES 
1. Find the attraction perpendicular to the wire in preceding 
example when the particle is at a distance 2 above O. 


Ans. ror err] 
€ [VITAL VICE 


2. Find the attraction of a thin, straight, homogeneous wire of 
length 7 and mass M upon a particle or mass m which is situated at 
* distance c from one end of the wire and in its line of direction. 

km M R. 
` e(e4- 1) 

3. Find the attraction of a homogeneous circular disk of radius a 
ipon a particle of mass m in its axis and at a distance c from the 
lisk. 

Ans. 2 E — ees where p is the mass of the disk corre- 

ve -r a? 
sponding to unit’s surface. 


4. Find the attraction due to a homogeneous right circular cylinder 
of length 2 / and radius a upon a mass m in the axis produced of the 
eylinder and distant c from one end. 


Ans. 2 «mp [2 1 + VEF ce — Va? + (c + 21)], where p is the mass 
of unit’s volume of the cylinder. 


\ 


CHAPTER XXXIII 


HYPERBOLIC FUNCTIONS. CYCLOID, TROCHOID, EPICYCLOID, 
AND HYPOCYCLOID 


This chapter includes certain subjects involving both the Differen- 
tial and Integral Calculus. 


HYPERBOLIC FUNCTIONS 


277. Definition. There are certain combinations of exponential 
functions called hyperbolic functions, having relations to each other 
analogous to those between the trigonometric functions. 

They are defined as follows: 


e? — e-* 


is called the hyperbolic sine of x, and written sinh a. 


+e” is called the hyperbolic cosine of x, and written cosh 2. 


T. e77 


Thus sinh « = © FR. 


cosh wre a 
Also for the hyperbolic tangent, cotangent, secant, and cosecant 


of x, 
eink s e er 


tanh g = = 
$ cosha e+ e 

coth «= i = PU , 

tanhx  e€—e* 

il 2 

sech x = ——— = 

cosha e+ e? 

2 

cosech x= 1 


sinha er—e”* 
379 
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It is evident from the definitions that 
sinh 0 — 0, cosh 0 —1, 
sinh(— x) = — sinh g, cosh (— x) = cosh a. 


278. Relations between Hyperbolic Functions. From the definitions 
in the preceding article, we find. 
cosh? z — sinh? z — 1, 
tanh? x + sech? x — 1, 
coth? z — cosech? x = 1, 
sinh (x + y) = sinh g cosh y + cosh v sinh y, 
cosh (æ + y) = cosh æ cosh y x sinh x sinh y, 
tanh a + tanh y 
1 + tanh v tanh y? 
sinh 2 x = 2 sinh v cosh a, 
cosh 2 «= cosh? æ + sinh? a, 


tanh 2 g = Lamb 
1 + tanh? x 


tanh (x + y) = 


279. Inverse Hyperbolic Functions. 


If persmhy, —— . v. 9. (ONDES EUN 
then y =sinh” x. 


This function may be expressed as a logarithm as follows: 


From (1) r=% p go 


Solving this with reference to y, 

y = log (o-- VIFT). 
Hence sinh c = log (a + Va +1). 
Similarly, cosh-  — + log (x + Va? — 1). 


s: Ie 
tanh-! EX 
Š 2 MOIS a? 
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Co eee eee 1, og? 1, 
4» 2 — 11 


sech”! a = cosh=1 = + log 1+Vi- a, 
x a 


cosech-! # = sinh-1 — Jog EYI, 
v 47 
280. Differentiation of Hyperbolic Functions. From the definitions 
we have 
are 
5 sinh C= cosh q, 
dæ 


d : 
— cosh g = sinh a, 
da 


Y tanh x = sech? 9^ 
dac 


Y coth a = — cosech? at, 

da 

d 

— sech x = — sech v tanh g, 

dæ 

a cosech z = — cosech g coth a. 
dæ 


To differentiate the inverse function 
A 


we have q — sinh y, 


dæ cosh y= Vain? y 4-1 — va? 4-1. 


dy 
JN 
de vVæ+1 
Hence d sinha Eoi 
da va r1 


382 
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Similarly, 2. Cosh == vs ‘i 
d - 
E tanks a.m Au 
E 1 
XT coth ] c= EP 
e sech x= : : 
do: av1-— a 
M cep ey ee AN 
da TA 


281. Inverse Circular, and Inverse Hyperbolic, Functions as Integrals. 
A comparison of the integrals involving the inverse circular func- 
tions, with those involving the inverse hyperbolic functions, shows 


the close analogy between them. 


da EN. 
——— — Sin, 
Va? o an a 
or = —cos"!% 
da 1 x 
(ee 
ae tea qy a 
or =— = eot-1%. 
a a 
da 1 
f == sec), 
ava—oa a a 
il x 
or = — = eogec^! 2. 
a a 


ps IE NODIS 
Va? + a? a 
ES o = cosh”? x E 
Va? a E a 
da 1 æ 
== t 14 
jos a anh a 
or zi coth-19. 
a a 
f—— = — i sech-! e. 
eva? — a? a a 
E, ez ue cosech-! . 
Va + a? a a 


282. Circular and Hyperbolic Functions as related to the Circle and 
Equilateral Hyperbola. The hyperbolic functions are so called because 
their relation to the equilateral hyperbola corresponds to that of the 


circular functions to the circle. 


HYPERBOLIC FUNCTIONS 383 


Let us express z and y, the coórdinates of a point P of the 
circle 
w+ y= a?, M 
in terms of the area of the circular sector 
PROA: 
Calling the area of the sector u, and 0 
the angle POA, we have P 


C= am eos 0, y =a sin 0. 


Hence v= a oos 77, y=a sin 27. (1) 9 FY By ee DO 

Now if x and y are the coórdinates of a point P of the equilateral 
hyperbola 

C= aad’, . is. (2) 

and u the area of the hyperbolic 
sector POA, it will be shown 
that equations (1) will still 
hold, provided that “sin” and 
“cos” are changed into “sinh” 
and “ cosh.” 

Here the area POA is 


2 
ues. log TEY 
2 a 
(See Ex. 5, p. 323.) 
2u 
whence zty ee OLLI : + (3) 
2u 
From (2) and (3), T Y =e. 
Cada Sig 2 2u s 
xz ev+ea 2u gy e?—e " .,2W, 
Hence Re cx ir: PT Ne Indc ; 


y 2 
whence «=a cosh ent , y=asinh —7, as was to be proved. 
n a. 
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283. Exercises in Hyperbolic Functions. 
1. sinh 8a2=3 sinh « + 4 sinh’ a. 


2. cosh 8 x = — 3 cosh x + 4 cosh? w. 
3. tanh-!sin xz = sech-! eos x. 
4. tan” sinh æ = sec cosh a. 
5. tan”! sinh 2 v = 2 tan” tanh a. 
6. tanh-! sin 2» —2 tanh-! tan a. 
1. cos? cosh 2x = 2 cos”? cosh a. 
8. cosh cos 2 2 = 2 cosh™ cos a. 
E E dy 2 
9. y= tan v+ tanh «, 22 = é 
e i ; de oat 
10. y = log cosh a, Y _ tanh a. 
dæ 
11. y = sinh v sin «+ cosh « cos æ, 1 — 2 sinh a cos a. 
a 
12. y — tan^! tanh a, Y _ sech 2 a. 
da 
13. y= sinh * tan 2, PY _ sec a, 
a 
14. y = sin? tanh v + tan? sinh a, al = 2 sech xv. 
o 


15. y = tan! Vtanh x + tanh V tanh a, 2 = V coth a. 
a 


16. Express the equation of the catenary y — qe +e *), (Art. 128) 


and also the length of the arc from the vertex, in hyperbolic 
functions. 


Ans. y =a cosh”, and s= a sinh 2. 
a a 
17. Show that the equation of the catenary, referred to its vertex 


as origin, is y —2asinh? 25 
a 
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EQUATIONS AND PROPERTIES OF THE CYCLOID 


284. Definition and Equation. The cycloid is the curve described 
by a point in the circumference of a circle, as it rolls along a straight 
line. 

Let OX be the straight line. As the circle NPT, with radius a, 
rolls along this line, the point P describes the cycloid OBO". 

Let the angle through which the circle has rolled from O, 


and let x, y, be the coórdinates of P. 


As the are PN has rolled over the line ON, it is evident that 
ON —are PN — ab: 


Then x= OM = ON— PR -ad-— a sin e, DOE 
y= PM-—CN- CH —a —a cos e, i 


If we eliminate ¢ between these equations, we have 


Oa i 2 
# =a cos! 2—4 _ +/2 ay — yf, 
a 


or ara Oye EQ) 
a 


This is the equation of the eycloid, but the parametric equations 
(1) are generally more useful than (2). 
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285. Cycloid referred to Vertex. The point B is called the vertex 
of the curve. If the origin is transferred from O to B with parallel 
axes, we have, v!, y', being the new coórdinates, 

y=y'+2a, qc — ov! +70. 
Substituting these in (1) of the preceding article, we obtain 
x' =a($— m) —asin $, 
y'=—a—acos e. 
Letting $ — r = $', the angle through which the circle has rolled 
from A, and omitting the accents on z' and y', we have 
v= ao! + a sin q”, | 
VELA Wedges E EC 
y¥=—a+acos¢, 
the equation of the cycloid referred to its vertex. 


286. Tangent and Normal. From (1) Art. 284, we have 


p A to E 
$ og? 
d = BID = 2 a sin 7 Cos y; 
dy p 
therefore Ap Ob ye eS 07757 e MEM 
But angle PTN= 4 PON = > 
dy 
hence pm cot P DN =tan TPR. 


Consequently PT is the tangent to the curve at P, and PN the 
normal]. 


287. Radius of Curvature. From (1) and (2) of the preceding 
article, we find 


oP 
d* cosec? + 
Mu oup NL PEE 1 
da 2 2d« FS 


4a sin? 4a sim 
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Substituting in the expression for the radius of curvature, we 
have 


3 
Rei IA De cR MN MT Dade EE 
p ( + eo 3 asin 5 a 2-PN. 


Hence, if we produce PN to Q, making NQ — PN, Q will be the 
centre of curvature for the point P. 
288. Evolute. Produce the diameter T'N, making NR — T'N, and 


on NR as diameter describe a circle. This circle will pass through 
Q, since VQ = PN. 


The are NQ = are PN= ON, 
and arc NQE — OA; 
therefore are QE — OA — ON — RK. 


Hence Q is a point in an equal cycloid, generated by rolling the 
circle NQR from K along the straight line KR. 

Hence the evolute of the cycloid OBO! is composed of the two 
semi-cycloids OK and KO”. 


289. Length of Arc. To find the length of the are OP (Fig. of 
Art. 284) we substitute in 


bs dy 13 
af E x z 


d m 
AL eot, and de=2asin’ 5d. 
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W 


s=2a f sin $ ap =4a(1— 00s Aj 


If $=2 m, we have for the entire arc, OBO'=8 a. 
This result is also evident from the property of the evolute, from 


which OQK= BK —4 a. 


We thus obtain 


290. Area. To find the area between the curve and the axis of 
X, we substitute in 


E = de, 
y = a(1 — eos ¿), dx = a (1 — cos ¢) dø. 
Thus we have for the entire area OBO'A, 
A= ef — cos $) dø = 3 rro”. 


Hence this area is three times that of the generating circle. 


TROCHOID 


291. Definition and Equation. When a circle rolls along a straight 
line, a point on a radius or radius produced describes a curve called 
the trochoid. 


O M N A QU. X 


As the circle, radius a, rolls on OX, the point P describes the 
trochoid HPBH". 
Let PC =}, and angle FON = ¢. 


ON= are FN= ao. 
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Then x= OM—ON-— PR -—ad$-— b sin e, (1) 
y= PM = CN— CR =a —b cos q. } 


These are the parametric equations of the trochoid. 

In the preceding figure b<a. If b>a, the generating point P is 
in the radius produced, and the trochoid is then of the form shown 
in the following figure, having loops about O, O', etc. 


Equations (1) apply to both cases, when b <a, or when b 7 a. 


292. Area. The area included between one arch of the trochoid 
and the tangent at the lowest points, is found to be r(2a-+b)0, 
when b <a, or when b — a. (See Ex. 16, p. 324.) 

In the first figure this area is HPBH'H, in the second figure 
AE BP! EH! EH. 
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EPICYCLOID AND HYPOCYCLOID 


293. Equation of Epicycloid. The epicycloid is the curve described 
by a point in the circumference of a circle, which rolls outside of a 


fixed circle. 
Suppose the circle BPS to roll on the fixed circle ADA', the point 


P describing the epicycloid APA’. 


Let OB=ayBC—b, BOA= ¢, BCP=y. 
Since the arcs BA and BP are equal, we have 
ad = by. 


x=0M=0N+ RP 
=(a+0) cos +0sin| y—(5—4) 


= (a +b) cos p — b cos (y+ p). . . . (1) 


= (a-4+0)sin g bees v-(F—4) | 
=(a+b)sing—bsin@y+¢). . . . (2) 
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Substituting in (1) and (2), y= uke 


bi? 
a= (a+b) cos $ — b eos 2 g, 
. . . . . (3) 
y — (a- 0) sin $ — b sin HE? g. 


294. Equation of Hypocycloi¢. The hypocycloid is the curve 
described by a point in the circumference of a circle, which rolls 
inside of a fixed circle. 

Suppose the circle BPS to roll within the fixed circle ADA’, the 
point P describing the hypocycloid APA’. 


Taking OB=a, CB=b, and BOA=4, the student will easily 
derive for the equations of the hypocycloid, 

—b 
eT 


a— b 


x= (a — b) cos $ + b cos 
NAE. (1) 


y — (a — b) sin $ — b sin $. 


Notice that these equations may be obtained from (3) of the pre- 
ceding article, by changing b into — b. 
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295. Cardioid. This is a special case of the epicycloid when a =b. 
Equations (8), Art. 293, then become 


e=2acosP—aeos2d. . « . 9s v - 2 
yz2sind-—asn2d:. 2. 6 we ee 
We may eliminate ¢ between these equations by first adding the 
squares of (1) and (2), giving 
Coy 5g Ae Cos dur... T he ate en 
Substituting the value of cos ¢ from (3) in (1), 
(+ yf sara) — 8 (aa), 
which may be written (+y — 8 a? 2 4 a? (8 a — 2 1). 


But the equation of the cardioid is much more simply expressed 
and derived in polar coördi- 


nates, the origin being at O on 
the cireumference of the fixed 
eircle. 
Here OP=r, angle POX — 8. IN 
Evidently E WP 
angle MCO = POX = 0. KV 
00008 MOO — On = OR — ON T 


that is, acos 0=a— 1; 
2 


whence r= 2 a(1 — cos 6), 


(See p. 170.) 


296. Hypocycloid a =2b. Here equations (1), Art. 294, become 
€ — Q COS e, DEALS 


the equations of the axis of X. 
That is, when a circle rolls inside of a fixed circle of twice its 


diameter, a point on the circumference of the moving circle describes 
a diameter of the fixed circle. 
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297. Astroid. Another special case of the hypocyoloid is a = 4 b. 
This curve is sometimes called the astroid. 
Here equations (1), Art. 294, become 


p= era cos 3 $ — a cos? $, 
4 4 
y =P sing — pins é= a sin? $. 
Eliminating $, as + y? = a’, (See p. 166.) 


298. Radius of Curvature of Epicycloid. By differentiating (3) 
Art. 293, we have 


G0, a 
a =(0+0(sin 7 $ sin $) A+ e qu 
"n o A Ops OND 
=2(0+ 0) sin 2 $ cos 2p PR PU 


dur to Ou 
M7» cos 5 $ +cos 4) oe (3) 


x d x 44-20 
O) m exer (y 
Therefore y 
dy Rae ONE 
a 2b $; 
whence 
ena ee 
Py 2420  pGt2b 4. dd _ a 4-26 2b 
da? 2b 2b dæ 4b(a+b) 


. a d 
sin 25? 


Substituting in the formula for the radius of curvature, we find 


2b 
t 2% + 
(us an 2i PCD a. 
De ss mae a E20 2b 
2b 
Ab (a +0) 4 b(a + b) E HNG 
a 4-26 sin 37t = a4 2b sin} 6) 
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If a=, the epicycloid becomes the cycloid, and 


Line. asin 0 ell; 
a+2b 


Hence p=4bsin £, as in Art. 287. 


299. Radius of Curvature of Hypocycloid. By changing b into — b in 
(5) of the preceding article, we have for the radius of curvature of 
the hypocycloid, numerically, 


pe ea er pe 
a— 2b 2 


300. Length of Arc. From (2) and (4), Art. 298, we have 


INN ara 
a ion e RI 


Hence for the entire arch APA! (Fig. Art. 293), we have 


mb 


2 
s-2(a4-0) (^ sin i ede Ste b, 


For the hypocycloid, the length of one arch is 


29 eb 


a 


301. Area between Curve and Fixed Circle To find the area 
APA'BA (Fig. Art. 293), it is better to use polar coórdinates r, 6. 


The formula 
A=} jr 720, 


will give the area APA'OA, and this, less the area of the sector 
A'OA, will be the required area. 
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Differentiating Y — tan 6, 
x 


we have mn = sec? 6 dé, 
v dy — y dx = x sec? 0 dé = 7° dé. 
From (8), Art. 293, and (1), (8), Art. 298, we find 
a dy — y dz — (a 4-b)(a + 2 D(a M cose dd 
Therefore 
fra —(a 4- b) (a+ 20 f(1 NDS ia 
Hence 


25b 


Aci AE 
Ara  APA'OA=}(a+b)(a+28) f (1 cos fa) ae 
== (a +0) (a +20). 


Subtracting the area of the sector 40 A' = rab, 
we have 


Area APA'BA — mp O E b (a +25 EF eee or 
a a 


The corresponding area for the hypocycloid is 


zb (3a—2b), 


a 
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CHAPTER XXXIV 
INTEGRALS FOR REFERENCE 


302.’ We give for reference a list of some of the integrals of the 
preceding chapters. 


2 Le log a. 

HH * 
3. f ue xy noe 

a d-gp gy a 


dæ il v —- a 
4. i Exige um. 
qug Og "s eta 
EXPONENTIAL INTEGRALS 
5 fe da = at . 
log a 


6. fe da = e, 


TRIGONOMETRIC INTEGRALS 


Up J sine de=— cosa. 


8. fos € dæ = sin a. 
396 
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9: f a da = log sec a. 
10. foot x dx — log sin v. 
11. Jf x de = log (sec a + tan x) 
= log tan E + 2) . 


13. f cosee x dx = log (cosec æ — cot æ) 
= log tan?. 
8 ST 


13. f secta da — tan a. 

14. f cose? x dæ = — cot x. 

15: fs w tan z dx = seca. 

16. f esee x cot x dæ = — cosec a. 


> in?z da = 9 — 
17 foiea D 


18. foods i sin2a, 


sin 2 c. 


m 


INTEGRA LS CONTAINING Vai — a? (CHAP. XXV. AND ART. 227) 
19. fs = sin”? Z . 
Va? — a? a 


20. [| a^ da 5 Va — d Z sini? 
Va? — a? a 
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1 x 
21. oe Rog ee 
Jaca aa eee 
eee mer 
| eV a? — a? ax 
dæ ATE — dp 31 c 
===> pa AE Mule 
ES laa 2022 Tag UTA 


24. Jve P dz Ve a p S suns. 
2° a 
25. f evan E atat E sin. 
8 8 a 
da 
26. ———— Art. 227. 
jn i 


27. f (@—a) de =Z2(6 a 2a) Vem DU sin, 
: a 


INTEGRALS CONTAINING Va? + à? (CHAP. XXV. AND ART. 227) 


28. {== log (z + Va? + a’). 


Va? + a? 
> a dx a 3 

29. Ee vm B+ aS log (e+ Va Ea. 
Ve+a? 2 

30. Sf =2108 —2 = No Va? al —a, 
ave+oa 9? arvea a % 


31. J mo erga 
aa + a? wa 
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32. f da: eee Te Oe rav 
eV a + a? 2 aa? 2 ai x 


33. f Vie ade = VET E+ Slog (e+ VE FE) 
34. farra 2024 VIE — T log (+ VE FT). 


35 Je === 
(24 aa)! PVH 


36. f eas (20450) V2*+ a? - vef Hog (e+ Va) 


INTEGRALS CONTAINING V2? — a? (CHAP. XXV. AND ART. 227) 


A lor EN 
37. f= = og (x + a’). 


a? de NERA... ce 
38. aaa ave a+ log(z- v a’). 


39. aa 1 sec 2. 
aævæ —a q a 
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42. J Via ade = Vaf — ai — 2 log (e+ VE A). 


43. fave dado s2- a?) Vx? — a? — Log (w+ Ve =a). 


de x 
44, A RD 
ilis A a?) at a — al 


45. f e eias e$ Gaba) VETE +22 loge Va — 


INTEGRALS CONTAINING V2 aa — a? 


46. SS = vers", 
V2 ac — a? a 


47. A e EN I E a verg-! f. 

Si F a 

48. f—— SP a a 
ae a? aa 


49. f vara => SV Ae a vers. 
a 


50. f«v2 ac — x’ dr = — Ie vu ax — a? +T versa? 
a 


51. a V2 aa — a? +a vers”. 
a 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


L 


INTEG PX FOR REFERENCE 


m ers 
a 


Sax 


8 
2 
. 


it dx x—o0 : 
(2 ax — aj Fer 


x dx = x 


Casa) ik avZas—a 
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INTEGRALS CONTAINING + az? + ba + Cc 


ít dz a 2 ue 2ax+b 
e a. vac 
TES 1 Re 2ae+b—~V/b?—4a0 tac 
Vb? — 4 ac "2 an th E 4 ac 


DE ee 


f vasi Fede 264/07 bæ +c 
a 


NR —4 aec 


8 o? 


T 


sin 


il 
log (2 aa +b + 2VavV aa? + ba + €). 


31 2 ax — b 


Vad + batte Va 


[=a Fiat cde 


VU + 4a 


log (2 aa + b + 2Vav aa? + bu +c). 


_ 2 an — A po a +4 ac sume 2 ax —b 


4a 


8 az 


VE 400 


\ 
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OTHER INTÉGRALS 


15 a+r 
6 $ 1E (Art. 233) 


=V (a+ x) (b +x) + (a — b) log (V a+ x+ NV b + 2). 


a+ b 
a+b 
(Art. 233) 


62. f DES E V(a— 0) (b +x) + (a+b) sin” 


3 9 a tan2 +b 
63. f sy ine Yh Yo (Art. 231) 
a+bsinxz vaæ— b Va — t É 
A atan ¿+ b — Vo a 
or = — — Jogo —— 
View atan Z 4- b 4- Voo 
dæ 2 x 
64. fae = ta > e D Art. 232 
a+bcos% Va— p : ( atb 5 ae ) 
1 vicata, vba 
or = j > og —————————————. 
5 A == — 
vVb*—a Vb—atang— vba 
65. f of sin nz dz = E USA Ae ue E (Art. 217) 
a+n 
66. (e cosna da = Men EE ur (Art. 217) 
a? -Em? 


If X is a rational polynomial in g, 


67. e Xa (x 14X |1dX 1dPX 


DR 


a a dx œde a? da? J 


Acceleration Wie a o S, 
Angles, between two curves . 
with coórdinate planes 
Are, derivative of . . . . 
Area, of any surface. . . . 
derivative of . . 
ofeurves . . 
of surface of revolution , 
LD t d OP ie Ge. NC Lea 
AisvariDtOtes i fei e. wf oe 
Attraction ata point . . . 


Cardioid Te T e vs 
Cauchy's test for convergence 
Centre, of curvature , 
ofgravity e o 
of pressure , 


242, 306, 


Change of variable 57, 58, 148, 
Circle, of curvature , . . 
osculating . . ON E 1» 


Comparison test for convergence E 


Computation, of logarithms 
AS 
Constant, definition of . . . 
derivative 0f . . . 
of integration 
Contact, order of . 


INDEX 


320, 325, 349 


. 337, 858 


. 166, 393 


< 179 
. 916 


170, 392 
i RE 
. 200 
305 
374 


299, 804, 317 


Convergence, absolute and conditional é 


interval of , . 
tests for dam 
Curvature, centreof, . . . 
eirele/of- 5 e) e 
direction of . . 


radius of , 
uniform . . 
variable . . 
Curves, angle of intersection of 
area of 


. 195, 200 
. 909 


206, 207, 209 


18 
: 990 
ONE 


. 189 


195, 196, 197 


E 


. 


198 
194 


. 114, 183 


continuous and discontinuous . 


direction of . 


for reference, higher plane 


length of. 
Osculating o a e « 
CAI el Fo ES 


Definite integral . . . . . 
asasum . . 


E 


change of limits . 


definition of . 
double, : 
infinite limits 


infinite variables 


signoff... 


. 


. 


16, 


242, 306, 320, 325, 349 


92 
173, 182 
162 


PAGK 
Differential coefficient . . > . . . . 12 
Ditferentials, definition of . . . . 68, 10 
formule for . . a se] 
Differentiation, algebraic formule Re 28 
definition of "no 26 

inverse trigonometric for- 
mule, 51 

logarithmic and exponential 
formule , 39 
order of partial 137 
partial 130 
. successive , o 4 61 
trigonometric formule ^ 45 
Derivative, definition 5 UNES 
general expression oe S LN PA 
illustrations of , 13, 16, 17, 18 
of an arc, . 186, 187 
ofarea . . vcn 241,286 
of function of a function . NOS 
partial a ected 
partial, of higher orders 25:196: 18.0 
relation between dy and de 57 

dæ dy 

totals ^. oe e te ROREM CREMA 
Element of an integral . 819 
Envelope, definition of . , . . 214, 215 
equation of o TE . 215 
otmormals s ET SSR MEE SENE DER 
DO OO Ola ee Reet Gn, ya se pers 390 
Equation, ofenvelope . . . . . . 215 
ofevoluto SE ERO 
of normal NR EE 176 
oft tangent “Aen: aa eee wu 
parametric > 6 a . V 024 
Evolute . SL PUES Ac . 201 
an envelope of normals . . 21T 
equation ofc TET . 9201 
properties of . . . a . .9209,904 
Functions, algebrale s 2 o ose see 2 
continuous a . . « . 22815 
definition . A VAT 
discontinuous s < o s ae «22 
expansion Of S SS 
hyperbolic . . G 879 
implicit, differentiation of . 15, 144 
increasing and decreasing , . 21 
‘inverse trigonometric , ues 55 
logarithmie . s. 89 
of two or more var ables . $ 180 
transcendental . . +. +. . 2 
trigonometric . s . . 45 


404 


Higher plane curves. . 


Hyperbolic functions  . 


Infinitesimals, order of . 


Inflexion, points of 


INDEX 


PAGE 
Gravity, centre of s e . o e © e . 900 
D 162 
Huyghens'* approximate length of are . ER 
Ey pocyClold! ents t er oa 391 
Increment. . NA 11 
Indefinite integral AE ES 309 
Indeterminant forms . e . e . . . 106 
Inertia, moment of . . . . . . . 346, 363 
73 
Sate ET ME 90 
Integrals, containing VRE data? . 296 
containing (az + 5)2 205228208 

D 5 
containing (aw+0)%, (aw+b)§ . 264 
containing + à? + wa + b 266 
definite . . TS Br SOT, 
double. . . . 943, 347, 349, 350 
for reference , ` 396 
fundamental. . . . 225 
indefinite . 2509 
triple , 344, 361, 363 
Integration, as a summation 306 
between limits ^ 309 
by algebraie substitution , 299 
by parts Š 279 
by substitution . ZOO: 
constant of . 224, 810 
definition of . . 223 


Intercepts of tangent 


lUnvolute 


of sec $ dæ, coseeno de . 


of sinna de, costo dæ. 
of sinma costa dæ. 
of tanna de, cotn æ de 
of tann a secen æ da, 

cotn a cotn v da 
of eaz sin næ de, ear cos 
of am (a+ bam)» de 
of f (a?) œ dæ . 
of rational fractions , 
successive 


properties of , . 


Leibnitz’s theorem 
Length of curves , 


Limit, definition of , 
Liquids, pressure of , 
Logarithmic functions 


oum 


Logarithms, computation of 
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